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Abstract— Stability and L2 (l2)-gain analysis of linear
(continuous-time and discrete-time) systems with uncertain
bounded time-varying delays possessing non-zero nominal
values and norm-bounded uncertainties. The delay derivatives
(in the continuous-time) are not assumed to be less than
q < 1. An input-output approach is applied by introducing
a new input-output model, which leads to effective frequency
domain and time domain criteria. The new method essentially
improves the existing results for delays with derivative not
greater than 1, which were treated in the past as fast-varying
delays (without any constraints on the delay derivative). New
BRLs are derived for systems with state and objective vector
delays. Numerical examples illustrate the efficiency of the new
method.

Keywords: time-varying delay, small-gain theorem, BRL,

Lyapunov-Krasovskii functional, uncertainties.

I. INTRODUCTION

The stability and control of systems with uncertain time-

delay is a subject of recurring interest. Most of the works

are based on application of different types of Lyapunov

Krasovskii Functionals (LKFs) (see e.g. [1], [2],[6], [9]-

[11]). The continuous-time systems with fast varying delays

were for the first time treated via descriptor type LKF [2],

where the derivative of the LKF along the trajectories of

the system depends on the state and the state derivative.

Robust stability has been analyzed also via IO approach,

which reduces the stability analysis of the uncertain system

to the stability analysis of the class of systems with the

same nominal part but with additional inputs and outputs.

This approach was introduced for constant delays in [7].

The stability conditions for constant delays by LKFs were

recovered by this approach in [12]. The method of [12] has
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been generalized to the case of slowly-varying delays (i.e.

to delays with the derivative less than q < 1) in [6]. All the

above works on IO approach consider the continuous-time

case.

Frequency domain stability criteria for continuous-time

and discrete-time systems with fast-varying delays have

been derived in [8] in terms of transfer functions. In [4]

a frequency domain stability criterion for continuous-time

systems with fast-varying delays has been found via direct

application of the Laplace transform.

The present paper is inspired by [6], where the IO

approach was developed for the case where the delay deriva-

tive is smaller than q < 1. We develop here the IO approach

to the continuous- and discrete-time systems with norm-

bounded uncertainties and with fast varying delays from

known segments. We introduce a new IO model with an

output, which explicitly depends on ẋ(t) ( x(k+1)−x(k)).
This corresponds to the term with ẋ(t) in the derivative of

descriptor LKF [2]. For the first time, we apply IO approach

to L2(l2)-gain analysis. As a result, new BRLs with the

delayed objective vector are obtained both, in the frequency

and in the time domain. The time domain results are based

on the application of the descriptor type LKF combined with

the free weighting matrices technique of [11].

II. STABILITY AND BRL IN THE FREQUENCY DOMAIN

A. Robust stability: continuous-time systems

We consider the following linear system with uncertain

coefficients and uncertain time-varying delays τi(t) (i=1,2):

ẋ(t)=(A0+H∆E0)x(t)+
2∑

i=1

(Ai+H∆Ei)x(t−τi(t)), (1)

where x(t) ∈ Rn is the system state, Ai, Ei, i = 0, 1, 2
and H are constant matrices of appropriate dimensions and
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∆(t) is a time-varying uncertain n× n matrix that satisfies

∆T (t)∆(t) ≤ In. (2)

The uncertain delays τi(t) are piecewise-continuous func-

tions of the form

τi(t) = hi + ηi(t), i = 1, 2, |ηi(t)| ≤ µi ≤ hi (3)

with the known upper bounds µ1 and µ2.

To obtain a less conservative result in the case of sign-

varying η1(t), we assume additionally that t − τ1(t) is a

non-decreasing function. The latter assumption means that

τ1(t) is differentiable almost for all t ≥ 0 and τ̇1(t) =
η̇1(t) ≤ 1 almost for all t ≥ 0. Note that this derivative

constraint is less strong than τ̇1 ≤ q < 1 of [6]. Moreover,

τ1(t) may include such delays that t − τ1(t) is piecewise

constant. This kind of delay appears [5] in sampled-data

control u(t) = Kx(tk), t ∈ [tk, tk+1) with the sampling

times 0 = t0 ≤ t1 ≤ ... satisfying tk+1 − tk ≤ 2µ1, where

x(tk) can be represented as x(tk) = x(t−µ1 − η1(t)) with

η1(t) = t − µ1 − tk, t ∈ [tk, tk+1) .

We assume

A1 The nominal system

ẋ(t) = A0x(t) + A1x(t − h1) + A2x(t − h2), (4)

is asymptotically stable.

The results are easily generalized to the case of any finite

number of the delays.

We represent (1) in the form:

ẋ(t) = A0x(t) +
∑2

i=1 Aix(t − hi) −
∑2

i=1 Ai

∫ −hi

−hi−ηi

ẋ(t + s)ds + H∆[E0x(t) +
∑2

i=1 Eix(t − hi)
−∑2

i=1 Ei

∫ −hi

−hi−ηi
ẋ(t + s)ds].

(5)

Following the idea of [7], [12], [6] to embed the perturbed

system (5) into a class of systems with additional inputs

and outputs, the stability of which guarantees the stability

of (5), we introduce the following forward system:

ẋ(t) = A0x(t) +
∑2

i=1 Aix(t − hi) +
∑2

i=1

√
µ

i
Aiui(t)

+Hu3(t),
y1(t) =

√
µ

1
ẋ(t), y2(t) =

√
2µ2ẋ(t),

y3(t) = E0x(t) +
∑2

i=1 Eix(t − hi) +
∑2

i=1

√
µ

i
Eiui(t),

(6a-d)

with feedback

u1(t)=− 1
µ1

∫ −h1

−h1−η1
y1(t+s)ds,

u2(t)=− 1√
2µ2

∫ −h2

−h2−η2
y2(t+s)ds, u3(t)=∆y3(t).

(7)

Note that y1(t) and y2(t) differ from the output of [7], [12],

[6], and correspond to the term with ẋ(t) in V̇n by descriptor

approach [2].

Let uT = [uT
1 uT

2 uT
3 ], yT = [yT

1 yT
2 yT

3 ]. Then the

forward system (6) can be written as y = Gu with transfer

function matrix

G(s)=

⎡
⎣
√

µ
1
sI√

2µ2sI

E0+
∑2

i=1
Eie

−his

⎤
⎦(sI−A0−

∑2
i=1Aie

−his)−1

[√
µ

1
A1

√
µ

2
A2 H

]
+

⎡
⎣ 0 0 0

0 0 0√
µ

1
E1

√
µ

2
E2 0

⎤
⎦.

(8)

Assume that yi(t) = 0, ∀t ≤ 0, i = 1, 2, 3. the following

result is proved.

Lemma 2.1: The following holds:

‖ui‖L2 ≤ ‖yi‖L2 , i = 1, 2, 3. (9)

Proof. For i = 1 we have by Cauchy-Schwartz inequality

for all t ≥ 0

µ2
1‖u1(t)‖2 = ‖ ∫ −h1

−h1−η1(t)
y1(t + s)ds‖2 ≤

η1(t)
∫ t−h1

t−h1−η1(t)
‖y1(s)‖2ds.

(10)

Denote s = p(t) = t − h1 − η1(t). Since p(t) is a non-

decreasing function, the set of segments t ∈ [t1, t2], where

p(t) is constant, is countable, while out of these segments

p(t) is increasing. Hence, for almost all s the inverse t =
p−1(s) = q(s) is well-defined and satisfies |q(s)−s−h1| ≤
µ1. Then, integrating (10) in t from 0 to ∞, changing the

order of integration and taking into account that y1(t) =
0, t ≤ 0, we find that

µ2
1‖u1‖2

L2
≤ ∫ ∞

0
η1(t)

∫ t−h1

t−h1−η1(t)
‖y1(s)‖2dsdt

=
∫ ∞
0

∫ s+h1

q(s)
η1(q(s))‖y1(s)‖2dtds ≤ µ2

1‖y1‖2
L2

.

For i = 2 the proof is similar. For i = 3 (9) is immediate.

From Lemma 2.1 it follows by the small gain theorem

(see e.g. [6]) that the system (1) is IO stable (and thus

asymptotically stable, since the nominal system is time-

invariant) if

‖G‖∞ < 1. (11)

Theorem 2.1: Consider (1) with delays given by (3),

where ηi(t), i = 0, 1 are piecewise-continuous functions

and η̇1(t) ≤ 1 for almost all t ≥ 0. Under A1 the system

is asymptotically stable if (11) holds, where G is given by

(8).

Remark 2.1: A stronger result is obtained by scaling G:

GX(s)=diag{X1, X2, ρIn}G(s)diag{X−1
1 , X−1

2 , ρ−1In},
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where Xi, i = 1, 2 are non-singular n × n matrices and

ρ �= 0 is a scalar. G is not scaled by
√

µi so as substituting

of µi = 0 leads to GX , which corresponds to the case

of known constant delays τi ≡ hi and norm-bounded

uncertainties.

Hence, under A1 (1) is asymptotically stable for all delays

satisfying (3) if there exist Xi and ρ such that ‖GX‖∞ < 1.

B. BRL: continuous-time systems

We consider the following linear system with uncertain

coefficients and uncertain time-varying delays τi(t) (i=1,2)

as above:

ẋ(t)=(A0+H∆E0)x(t)+
∑2

i=1(Ai+H∆Ei)x(t−τi(t))
+(B1 + H∆E3)w(t),
z(t) = C0x(t) +

∑2
i=1 Cix(t − τi(t)), x(s) = 0, s ≤ 0,

(12)

where w(t) ∈ Rq is an arbitrary disturbance vector in

L2[0 ∞) and z(t) ∈ Rp is the objective vector. Given

γ > 0, we search a condition which guarantees that L2-

gain of (5) is less than γ, i.e. that the following inequality

holds:

‖z‖2
L2

< γ2‖w‖2
L2

, ∀ 0 �= w ∈ L2. (13)

Consider an auxiliary system

ẋ(t)=(A0+H∆E0)x(t)+
∑2

i=1(Ai+H∆Ei)x(t−τi(t))
+γ−1(B1 + H∆E3)w̄(t),
z(t) = C0x(t) +

∑2
i=1 Cix(t − τi(t)),

x(t) = 0, t ≤ 0.
(14)

It is clear that

‖z‖2
L2

< ‖w̄‖2
L2

, ∀ 0 �= w̄ ∈ L2 (15)

for (14) is equivalent to (13) for (5).

To derive ’scaled conditions’ consider the following for-

ward system

ẋ(t) = A0x(t)+
∑2

i=1 Aix(t−hi)+
∑2

i=1

√
µ

i
AiX

−1
i ui(t)

+ρ−1Hu3(t) + γ−1B1w̄(t),
y1(t) =

√
µ

1
X1ẋ(t), y2(t) =

√
2µ2X2ẋ(t),

y3(t) = ρ[E0x(t) +
∑2

i=1 Eix(t − hi)
+

∑2
i=1

√
µ

i
EiX

−1
i ui(t) + γ−1E3w̄(t)],

z(t)=C0x(t)+
∑2

i=1 Cix(t−hi)+
∑2

i=1

√
µ

i
CiX

−1
i ui(t),
(16a-d)

with the feedback of (7).

The forward system (16) can be written as[
y

z

]
=Gγ

[
u

w̄

]
, uT = [uT

1 uT
2 uT

3 ], yT = [yT
1 yT

2 yT
3 ]

(17)

with transfer matrix

Gγ(s) =

⎡
⎢⎢⎢⎣

√
µ

1
sX1√

2µ2sX2

ρE0 +
∑2

i=1 ρEie
−his

C0 +
∑2

i=1 Cie
−his

⎤
⎥⎥⎥⎦ (sI − A0

−∑2
i=1 Aie

−his)−1[
√

µ
1
A1X

−1
1

√
µ

2
A2X

−1
2

H
ρ

B1
γ ]

+

⎡
⎢⎢⎢⎣

0 0 0 0
0 0 0 0
ρ
√

µ
1
E1X

−1
1 ρ

√
µ

2
E2X

−1
2 0 ρ

γ E3√
µ

1
C1X

−1
1

√
µ

2
C2X

−1
2 0 0

⎤
⎥⎥⎥⎦ .

(18)

Theorem 2.2: Assume A1. Given γ > 0, (12) is inter-

nally stable and has L2-gain less than γ for all delays

satisfying (3), if there exist non-singular n × n-matrices

X1, X2 and a scalar ρ �= 0 such that

‖Gγ‖∞ < 1. (19)

Proof: Eq. (17) and (19) imply that

‖y‖2
L2

+ ‖z‖2
L2

< ‖u‖2
L2

+ ‖w̄‖2
L2

.

The latter inequality together with ‖u‖2
L2

≤ ‖y‖2
L2

yield

(15) and (13).

C. Extension to the discrete-time delay systems

We consider the following linear discrete system with

uncertain coefficients and uncertain time-varying delays

τi(k) (i=1,2):
x(k + 1) = (A0 + H∆E0)x(k) +

∑2
i=1(Ai + H∆Ei)

x(k − τi(k)) + (B1 + H∆E3)w(k),
z(k) = C0x(k) +

∑2
i=1 Cix(k − τi(k)), x(l) = 0, l ≤ 0,

(20)

where x(k) ∈ Rn is the system state, A1, A2,H, Ei

and B1 are constant matrices of appropriate dimensions and

∆(k) is a time-varying uncertain matrix that satisfies

∆T (k)∆(k) ≤ I. (21)

The uncertain delays τi(k) are supposed to have the

following form:

τi(k) = hi + ηi(k), i = 1, 2,

−hi ≤ −µi− ≤ ηi(k) ≤ µi+ ≤ hi, |µi− − µi+| ≤ 1
(22)

with the known bounds µi+ ≥ 0 and µi− ≥ 0. Note

that similarly to the continuous-time case we choose hi

in the ’middle’ of the delay interval. Denote µi =
max{µi−, µi+}, i = 1, 2.

We assume additionally that k − τ1(k) is increasing

function, i.e. that τ1 satisfies the following constraint: τ1(k+
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1) − τ1(k) ≤ 0. Note that the constraint on τ1 is more

restrictive, than in the continuous-time case, where t − τ1

is supposed to be non-decreasing.

We assume

A1d The nominal system

x(k + 1) = A0x(k) + A1x(k − h1) + A2x(k − h2),
(23)

is asymptotically stable.

Given γ > 0, we are looking for a condition which

guarantees that (20) is internally stable (i.e. asymptotically

stable for w = 0) and has l2-gain less than γ, i.e. that the

following inequality holds:

‖z‖2
l2 < γ2‖w‖2

l2 , ∀ 0 �= w ∈ l2. (24)

We represent (20) in the form:

x(k + 1) = A0x(k) +
∑2

i=1 Aix(k − hi) −
∑2

i=1 Ai∑k−hi−1
j=k−hi−ηi

(x(j + 1) − x(j))
+H∆[E0x(k) +

∑2
i=1 Eix(k − hi) −

∑2
i=1 Ei∑k−hi−1

k−hi−ηi
(x(j + 1) − x(j))] + (B1 + H∆E3)w(k),

z(k) = C0x(k) +
∑2

i=1 Cix(k − hi)
−∑2

i=1 Ci

∑k−hi−1
k−hi−ηi

(x(j + 1) − x(j))].
(25)

Consider the following forward system

x(k + 1) = A0x(k) +
∑2

i=1 Aix(t − hi) +
∑2

i=1

√
µiAi

X−1
i ui(k) + ρ−1Hu3(k) + γ−1B1w(k),

y1(k) =
√

µ1X1[x(k + 1) − x(k)],
y2(k) =

√
µ2− + µ2+X2[x(k + 1) − x(k)],

y3(k) = ρ[E0x(k) +
∑2

i=1 Eix(k − hi)
+

∑2
i=1

√
µiEiX

−1
i ui(k)+γ−1E3w(k)],

z(k)=C0x(k)+
∑2

i=1Cix(k−hi)+
∑2

i=1

√
µiCiX

−1
i ui(k),
(26a-d)

with the feedback of

u1(k) = − 1
µ1

∑k−h1−1
j=k−h1−η1

y1(j),
u2(k) = − 1√

µ2−+µ2+

∑k−h2−1
j=k−h2−η2

y2(j)

u3(k) = ∆y3(k).

(27)

The forward system (26) can be written as

[
y

z

]
= Gd

[
u

w̄

]
, uT = [uT

1 uT
2 uT

3 ], yT = [yT
1 yT

2 yT
3 ]

(28)

with the transfer matrix

Gd(z) =

⎡
⎢⎢⎣

√
µ1(z − 1)X1√
µ2− + µ2+(z − 1)X2

ρE0 +
∑2

i=1
ρEiz

−hi

C0 +
∑2

i=1
Ciz

−hi

⎤
⎥⎥⎦(zI − A0−

∑2
i=1 Aiz

−hi)−1[
√

µ1A1X
−1
1

√
µ2A2X

−1
2

H
ρ

B1
γ ]

+

⎡
⎢⎢⎣

0 0 0 0

0 0 0 0

ρ
√

µ1E1X
−1
1 ρ

√
µ2E2X

−1
2 0 ρ

γ
E3√

µ1C1X
−1
1

√
µ2C2X

−1
2 0 0

⎤
⎥⎥⎦.

(29)

Theorem 2.3: Assume A1d. Given γ > 0, (20) is in-

ternally stable and has l2-gain less than γ for all delays

satisfying (22) and τ1(k + 1) − τ1(k) ≤ 0, if there exist

non-singular n×n-matrices Xi, i = 1, 2 and a scalar ρ �= 0
such that

‖Gd‖∞ < 1. (30)

Proof is similar to the continuous-time case.

III. STABILITY AND BRL IN THE TIME DOMAIN

In the continuous-time case, let Vn be Lyapunov-

Krasovskii Functional (LKF), which guarantees the stability

of the nominal system (4). The following condition along

(16)

W ∆= V̇n(t) + ‖y(t)‖2 + ‖z(t)‖2 − ‖u(t)‖2 − ‖w̄(t)||2
< −ε(‖x(t)‖2 + ‖u(t)‖2 + ‖w̄(t)‖2), ε > 0

(31)

guarantees that the H∞-norm of (16) is less than 1. There-

fore, (31) is a sufficient condition for the feasibility of the

frequency domain condition (19) of Theorem 2.2.

In the discrete-time case the corresponding condition

along (26) has a form

Wd
∆= Vn(k + 1)−Vn(k)+‖y(k)‖2+‖z(k)‖2−‖u(k)‖2

−‖w̄(k)‖2 < −ε(‖x(k)‖2+‖u(k)‖2 + ‖w̄(k)‖2).
(32)

Note that in this section we will derive conditions, which

will be sufficient for the feasibility of the frequency do-

main conditions of Theorems 2.2 and 2.3. We choose the

descriptor type Vn [2].

A. Discrete-time results

We combine the discrete-time descriptor LKF (see e.g.

[1]):

Vn(k)=xT(k)P1x(k)+
∑2

i=1

∑−1
m=−hi

∑k−1
j=k+m ȳ(j)TRiȳ(j)

+
∑2

i=1

∑k−1
j=k−hi

x(j)T Six(j), ȳ(k) = x(k + 1) − x(k),
P1 > 0, R > 0, S > 0.

(33)
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with the free weighting matrices technique of [11].

Lemma 3.1: The nominal system (23) is asymptotically

stable if there exist n×n matrices 0<P1, P2, P3, Si > 0,

Yi1, Yi2, Zi1, Zi2, Zi3, Ri > 0,Wi1,Wi2,Wi3, Ti such that

the following LMIs are feasible:

Γn =

⎡
⎢⎢⎣

Ψn P T

[
0

A1

]
− Y T

1 +

[
T1

0

]
+ h1W1

∗ −S1 − T1 − T T
1 + h1W13

∗ ∗
P T

[
0

A2

]
− Y T

2 +

[
T2

0

]
+ h2W2

0

−S2 − T2 − T T
2 + h2W23

⎤
⎥⎥⎦ < 0,

Ξi =

⎡
⎣ Zi Wi Y T

i

∗ Wi3 T T
i

∗ ∗ Ri

⎤
⎦≥0, i = 1, 2.

(34a,b)

where

P =

[
P1 0
P2 P3

]
, Yi = [Yi1 Yi2], Wi =

[
Wi1

Wi2

]
,

Zi =

[
Zi1 Zi2

∗ Zi3

]
,

Ψn =PT

[
0 I

A0 − I −I

]
+

[
0 AT

0 − I

I −I

]
P +

∑2
i=1 hiZi

+diag{∑2
i=1Si, P1+

∑2
i=1hiRi}+

∑2
i=1

[
Yi

0

]
+

∑2
i=1

[
Yi

0

]T

.

(35a-e)

Thus, along the trajectories of (26) we have

Vn(k + 1)−Vn(k) ≤ [ξT
1 (k) xT (k−h2)]Γn

[
ξ1(k)

x(k − h2)

]

+2x̄T(k)PT

[
0∑2

i=1

√
µ

i
AiX

−1
i ui(k)+ H

ρ u3(t)+ B1
γ w̄(k)

]

and

Wd ≤ ζT (k)Γζ(k) + ‖y(k)‖2 + ‖z(k)‖2,

where

ζT(k)=[ξT
1 (k) x(k − h2)T uT

1 (k) uT
2 (k) uT

3 (k) w̄T (k)]

and

Γ=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Γn P T

⎡
⎢⎢⎣

0

A1X
−1
1

0

0

⎤
⎥⎥⎦ P T

⎡
⎢⎢⎣

0

A2X
−1
2

0

0

⎤
⎥⎥⎦ P T

⎡
⎢⎢⎣

0
H
ρ

0

0

⎤
⎥⎥⎦ P T

⎡
⎢⎢⎣

0
B1
γ

0

0

⎤
⎥⎥⎦

∗ −µ−1
1 In 0 0 0

∗ ∗ −µ−1
2 In 0 0

∗ ∗ ∗ −In 0

∗ ∗ ∗ ∗ −Iq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

By applying Schur complements to the terms

‖y(k)‖2 + ‖z(k)‖2 and multiplying the resulting matrix

by diag{I4n, µ1X1, µ2X2, ρI, γIq, I2n, ρIn, Ip} and its

transpose from the right and from the left we conclude that

(32) is satisfied if⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Γ1

0

µ1R1a

0

0

0

0

0

0

0

(µ2−+µ2+)R2a

0

0

0

0

0

0

rET
0

0

rET
1

rET
2

rµ1E
T
1

rµ2E
T
2

0

rET
3

CT
0

0

CT
1

CT
2

µ1C
T
1

µ2C
T
2

0

0

∗ −µ1R1a 0 0 0

∗ ∗ −(µ2− + µ2+)R2a 0 0

∗ ∗ ∗ −rIn 0

∗ ∗ ∗ ∗ −Ip

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

<0,

(36)

where Ria = XT
i Xi, r = ρ2 and

Γ1=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Γn µ1P
T

⎡
⎢⎢⎣

0

A1

0

0

⎤
⎥⎥⎦ µ2P

T

⎡
⎢⎢⎣

0

A2

0

0

⎤
⎥⎥⎦ P T

⎡
⎢⎢⎣

0

H

0

0

⎤
⎥⎥⎦ P T

⎡
⎢⎢⎣

0

B1

0

0

⎤
⎥⎥⎦

∗ −µ1R1a 0 0 0

∗ ∗ −µ2R2a 0 0

∗ ∗ ∗ −rIn 0

∗ ∗ ∗ ∗ −γ2Iq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

We thus obtained the following.

Theorem 3.1: Given γ > 0, (20) is internally stable and

has L2-gain less than γ for all delays satisfying (22), if

there exist n×n matrices 0<P1, P2, P3, Si > 0, Yi1, Yi2,

Zi1, Zi2, Zi3, Ri, Wi1,Wi2,Wi3, Ti, Ria, i = 1, 2 and a

scalar r > 0 such that LMIs (34b) and (36) are feasible.

B. Continuous-time results

By combining the descriptor model transformation and

the corresponding LKF [2]

Vn = xT (t)P1x(t) +
∑2

i=1

[∫ 0

−hi

∫ t

t+θ
ẋT (s)Riẋ(s)dsdθ

+
∫ t

t−hi
xT (s)Six(s)ds

]
, Ri > 0, Si > 0,

with the technique of [11] and the arguments as above we

obtain:

Theorem 3.2: Given γ > 0, (12) is internally stable and

has L2-gain less than γ for all delays satisfying (22), if

there exist n×n matrices 0<P1, P2, P3, Si > 0, Yi1, Yi2,

Zi1, Zi2, Zi3, Ri, Wi1,Wi2,Wi3, Ti, Ria, i = 1, 2 and a

scalar ρ > 0 such that LMIs (34b) and (36) are feasible,
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where µ2−+µ2+ should be changed by 2µ2 and Ψn should

be substituted by Ψnc given by

Ψnc =PT

[
0 I

A0 −I

]
+

[
0 AT

0

I −I

]
P +

∑2
i=1 hiZi

+
[ ∑2

i=1
Si 0

0
∑2

i=1
hiRi

]
+

∑2
i=1

[
Yi

0

]
+

∑2
i=1

[
Yi

0

]T

.

C. Examples

In order to verify the conditions of Theorems 2.1 and

2.2 for the continuous case, or the one of Theorem 2.3 for

discrete-time, a constant nonsingular matrix D of a specific

diagonal block structure is sought that satisfies, for say G

of Theorem 2.1, the following inequality:

D−T GT (−jω)DT DG(jω)D−1 < I, ∀ω ∈ [0 ∞).

By Remark 2.1, the matrix D should possess the structure

diag{X1, X2, ρI}.

Denoting Q = DT D, the latter inequality becomes:

GT (jω)QG(jω) < Q, Q > 0, ∀ω ∈ [0 ∞) (37a,b)

which can be solved for Q of the above structure for

preselected values of ω in [0 ∞).
Example 1 [11]: (continuous-time). Consider (1) with

A0 =
[
−0.5 −2

1 −1

]
, A1 =

[
−0.5 −1

0 0.6

]
, A2 =E2 =0,

H =I, Ei =0.2I, i=0, 1.

In this example, for τ̇1 ≤ 0.9, the following stability

interval was obtained in [11]: τ1(t) ∈ [0, 0.242]. The LMIs

of Theorem 3.2 are feasible for all fast varying delays,

where h1 = µ1 = 0.146. The LMIs of Theorem 3.2,

where W and T with corresponding indices are taken to

be zero, are feasible for smaller values: h1 = µ1 = 0.133.

Hence, the system is stable for all fast varying delays from

a larger interval: τ1(t) ∈ [0, 0.292]. For delays τ̇1 ≤ 1
the corresponding interval is [0, 0.388]. By applying the

frequency domain result of Theorem 2.2, it is found that

the system is asymptotically stable for delays from slightly

wider intervals: [0 0.298] in the fast varying case and [0 0.4]
if τ̇1 ≤ 1.

In the case of constant delay τ1 = h1 by Theorem 3.2

without free weighting matrices W and T with indices we

find h1 ≤ 0.68, while the above matrices improve the result

till h1 ≤ 0.84. In the case of known system matrices (H =
0) the free weighting matrices do not improve the result.

Thus in the fast varying case we have h1 = µ1 = 0.34.

IV. CONCLUSIONS

Stability and L2 (l2)-gain analysis of linear retarded

type continuous-time and discrete-time systems with uncer-

tain time-varying delays from given segments and norm-

bounded uncertainties is studied. IO approach is applied to

stability of systems with fast varying delays (without any

constraints on the delay derivative) and is extended, for the

first time, to BRL. A new IO model is introduced. New

BRLs are derived in the case of delayed state and objective

vector, which allows to solve delayed state-feedback H∞
control problem. Both, frequency domain and time domain

criteria are derived. Equivalent LMIs may be derived in

the fast-varying delay case by direct application of LKF

[3], where the same nominal LKF is added by additional

terms which compensate the uncertainties. However, when

the delay τ is not too fast ( τ̇(t) ≤ 1 for almost all t ≥ 0),

the results of [3] are improved.

REFERENCES

[1] W.-H. Chen, Z.-H. Guan and X. Lu, Delay-dependent guaranteed cost
control for uncertain discrete-time systems with delay, IEE Proc.-
Control Theory Appl.150 (2003) 412-416.

[2] E. Fridman, New Lyapunov-Krasovskii functionals for stability of
linear retarded and neutral type systems, Systems & Control Letters
43 (2001) 309-319.

[3] E. Fridman, Stability of linear functional differential equations: A
new Lyapunov technique. In Proc. of MTNS, Leuven, July 2004.

[4] E. Fridman and M. I. Gil’, A Direct Frequency Domain Approach to
Stability of Linear Systems with Time-Varying Delays. In: Proc. of
13-th Mediterranian Conference on Control and Automation, Cyprus,
June 2005.

[5] E. Fridman, A. Seuret, J.-P. Richard, Robust sampled-data stabiliza-
tion of linear systems: an input delay approach, Automatica 40 (2004)
1441-1446.

[6] K. Gu, V. Kharitonov and J. Chen, Stability of time-delay systems.
Birkhauser: Boston, 2003.

[7] Y.-P. Huang and K. Zhou, Robust stability of uncertain time-delay
systems, IEEE Trans. on Automat. Contr., 45 (2000) 2169-2173.

[8] C.-Y. Kao and B. Lincoln, Simple stability criteria for systems with
time-varying delays. Automatica 40 (2004) 1429-1434.

[9] V. Kharitonov and S. Niculescu, On the stability of linear systems
with uncertain delay, IEEE Trans. on Automat. Contr., 48 (2002)
127-132.

[10] S. I. Niculescu, Delay effects on stability: A Robust Control
Approach, Lecture Notes in Control and Information Sciences, 269,
Springer-Verlag, London, 2001.

[11] M. Wu, Y. He, J.-H. She, G.-P. Liu, Delay-dependent criteria for
robust stability of time-varying delay systems, Automatica, 40 (2004)
1435-1439.

[12] J. Zhang, C. Knopse, P. Tsiotras, Stability of time-delay systems:
equivalence between Lyapunov and small-gain conditions, IEEE
Trans. on Automatic Control , 46 (2001) 482-486.

7180


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




