Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

ThC04.1

Adaptive Neural Tracking for a Class of SISO Uncertain and
Stochastic Nonlinear Systems

Haris E. Psillakis, and Antonio T. Alexandridis

Abstract—Adaptive neural control schemes based on the
backstepping technique are developed to solve the tracking
control problem of a combined stochastic and uncertain
nonlinear system. As shown by an extensive stability analysis
the proposed control scheme ensures that all the error
variables are bounded in probability while the mean square
tracking error becomes semiglobally uniformly ultimately
bounded in an arbitrarily small area around the origin. The
effectiveness of the design approach is illustrated by
simulation results.

I. INTRODUCTION

HE tracking control design for systems with nonlinear

deterministic uncertainties has been of special attention
by many researchers [1-4]. On the other hand, numerous
backstepping-based control laws for stochastic strict-
feedback systems that are affected only by a Wiener process
have been developed to guarantee stability, known as
stability in probability [5-8]. However, the combined
problem of the control of stochastic nonlinear systems with
simultaneous nonlinear uncertainties remains open. To the
authors’ knowledge, only in [9] this problem has been
addressed for discrete-time nonlinear systems.

In this paper we confront in a new manner the tracking
control problem for continuous-time uncertain nonlinear
systems that are additionally disturbed by “noise”. Our
method starts from the backstepping technique and the
transformation of the system variables into error variables.
The Lyapunov functions used in all steps of the
backstepping technique are quadratic except from the last
step wherein a quartic form of the Lyapunov function is
used. This makes possible a significantly simplified
adaptive neural network (NN) implementation and the
approximation of all the unknown functions by suitable
radial NN designs. Extensive stability analysis proves that
all the error variables are bounded in probability while the
mean square (average) tracking error is semiglobally
uniformly ultimately bounded (SGUUB). As verified by
simulation results all the performance requirements posed
are satisfied. Particularly, the output tracks the reference
signal in a very satisfactory way while suitable tuning of the
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design parameters leads to a very good response of the
adaptation mechanism and the NN controller.

II. PRELIMINARIES

A. General Assumptions
Consider the stochastic and uncertain nonlinear system of
the form
Y =a(y,y ey b (3 Ju s
) (-nY O
+ gy )

noise term

where u is the controlled input and n,, white noise. Eq. (1)
can be written in a state space form as a single-input single-
output (SISO) system with stochastic differential equations

dx, = x,dt

2
dx, = x,dt @
dx, = a(x)dt + b(x)udt + g(x)T dw
y=%

where w is an independent r-dimensional Wiener process

and dw=n, dt, defined on the probability space (Q, F, P)

and g4 ( x), b ( x) are unknown nonlinear functions.
However, for systems of the form

dx = f(x)dt+h(x)dw €)

where f () and p (-) are locally Lipschitz in x, and w is an

independent r-dimensional Wiener process, defined on the
probability space (Q,IF,P), we define the operator L

known as infinitesimal generator for twice continuously
differentiable function, J/ ( x) as follows:

1 ()= 20 L {”(”hmh (x>} @

where #r is the matrix trace. For the nonlinear stochastic
system we need the following definition.
Definition 1: (see [10]) The solution process {x(t),t > 0}

of stochastic system (7) is said to be bounded in probability,
if 1im sup P{”x(t ” > c} =0 where P{4} denotes the

€O ggpe

probability of event A .
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Corresponding to the definition above we recall the
following theorem [8§].
Theorem 1: Consider the stochastic nonlinear system (3). If
there exists a positive definite, radially unbounded, twice
continuously differentiable Lyapunov function
V :R” > R, and constants ¢ >0,¢,>0 such that

LV (x) < -V (x)+ c,

then 1) the system has a unique solution almost surely and
ii) the system is bounded in probability.
(1)( )

Let now the reference signals y, (1),
y‘(l”) (¢) that are smooth and bounded. In the followmg a
controller is proposed that achieves tracking of the output
of system (2) to the reference signal guarantecing that the

system is bounded in probability. Before proceeding with
our approach we start by using the backstepping technique.

B. System Transformation by Backstepping Design

By iteratively viewing x; as virtual control we select the
error variables
), =12, (5)

-1 (2[171]’ Ya

where g (Z[i—l]’ygil]) a function to be defined,

z, =X, — a,

i T
M=y, 2 W] y=la = 2]
Let the candidate Lyapunov function
i 2
V=Y =121 (6)
k=1 2

We choose
o, (z[k],ygk]) =d gz +...+d 0+ ygk)
with the following selection of the coefficientsd ki
i=l..,k,k=1..,n-1
d,;=—¢0,, =0 +d,_ 4~
—cdi—d s =12,k
where d,, =0 for i > k orif j-k = 0. The function S

is the Kronecker delta function given by

{1’
5»1 n =
> 0’

Then, by using the induction method, we prove that the
following relations must hold true
ZH]dt i=1,....k

—csz]dt—i- z,z,,,dt Q)

k=1,...,
wherein we define z,=0 and a()(yd):yd' For k =1,

m=n

m#*n

dz, = [z[+1 -z, —

dv, = [—clzl2 -

n—1.

equations (7) are obviously true. For k£ = 2 it can be easily
proved for

a, (z[zl,y,[f]) =—(¢,+¢,)z, + (c]2 - l)zl +

that (7) hold true. Suppose they are true for k = j, i.e. it
holds true that

dz, = [Zi+1
av, = [—c zl -

@ (2 24") = .,
We will prove it for k= j+1.

-cz, -z, ]dt i=1,..,j
-c j}dt+zz dt

Jjej+l
7)

®)

c+d, izt
So, for the candidate

Lyapunov function
2

Vi =V, + 12“ )]
and since
2 =X, —a (10)

J+1 J

we have from (8) that
de+l = ( j+2 /+l )dt

3 (11
_[Z d; o (Zp = €2y = 2,0 )+ y(,ﬂ)}d
e
and
av,, = [—clzf ——cC Z%Jdt+
+2,,2,,dt+z,, [Z‘,- va,, - (12)

—2 dj)m (Zm+1 —CnZy — Zpe 1) y(j+1):|d
m=1

Selecting now

(j+1) (j+1)
a;, ( 2 Ya )— dj+1,121 +...+ d,+1 Zmt Ve

with

d -0

JHLi = JH1T L

—cd.. —d

Jgd Joi+l?

- 5j+1,i+1 + dj,i—l -

i=1,2,...,j+1

we have that
(o) (11)

X (Z[j+l]’yd ): CimZm T Et

J
+ z djm (Zm+1 - cmzm -

m=1

m 1)+y(/+1)

_ (j+1)
= dj+1,121 +...+ d/+1 mZat Ve

and (11) and (12) yield
de+1 = ':Zj+2 j+l J+l - ]dt
de+1 = |:_Clzl T T C/+1Z/+1:|dt + Z/+1Z/+zdt

and the proof is completed.

The relations above hold up to & = n — 1. Now, at the last
step, one can define the candidate Lyapunov function as the
sum of V.| plus a quartic term instead of a quadratic term
with time-varying gain [5]

4
Zy (13)

=t G

n n—1

where
dz, = a(x)dt+b(x)udt -

n—1
—Z d, (2 =z, =z, )dt - yy)dt +g" (x)dw
i1
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Now the following assumptions are considered.
Assumption 1: The function b( x) is independent from X,
and there exist a known positive scalar p such that
0<b<b(x) VxeR".

In fact, many practical systems, such as pendulum plants
and single-link robot arms with flexible joints and others
posses this property [11].

Since the function g ( x) is transformed to §( z, y([{,,,l])

and its Taylor expansion with respect to z has the form

B )= g0 (077) ¢ Xz (071 ¢
+Zn:iz g,,z(yf[inl])

=1 j=1

_&(h” Zz&(h” iikﬁﬁizﬁq)
par g

it can be easily shown that there exist a nonnegative
function ( [~ 1]) and a smooth nonnegative function

¥, (Z

le (o = (=

Sy, ( [ 1])+ v, (Z yz[in 1])”Z”2
Therefore, one can express the following assumption.

Assumption 2: Inequality (14) holds true for some known
nonnegative function y, ( [~ ‘]) and some known smooth

[»-1] ) , such that

-1]

I/\

(14)
VzeR"

nonnegative function y, (z, yir )

III. CONTROLLER DESIGN
From (7) and (13) we have that

av, =|-cz} —...— S Z::|dl+

2b (x)

zi & ob z
g — X, d b
) 2y, gt ()E

(15)

i=1

n—1
- Z dﬂ—l,i (Zi+1 -Gz, Tz, ) - yﬂ")ﬂ dt +

3 2—T 3
F E R0 E

Obviously from (14) we can write

gdt + —"—

S _gige— sy e —— 2y ||
2b()” 2b()"°2b() !

However the two terms in the right-hand part of (16) are
bounded as follows

3 o9 L
2b(x)znl//0 - 25 + 8b2 ()C) gl//()zn

for some positive scalar & and

(16)

i)

a7

2.2
[an/ll

3
i e ) il = ;217( )

n—-1

222 +— 74 <
nl//l 2b(x)l//1 n
9'//12 2 4

< ez’ + —_—Zzz +
2 i “n
pry o 16g,c,h (x)

2
gnflcnfl 2 9l//l
z 2
8¢,.,¢,.,b° (x)

2 4
Z, 42, T

(18)

3 n-2
Zb(x) l//l n ZEIC’ZI + " 12" 1 Z;ffl +

3 3y, z2, 2z .
25 (x )W[ 4b (x )[ e c nl+;2‘g,c, Z

Since the following inequality holds

£, ,C 1
n=1%n-1 2 2
anlzn < 2 n-1 + Zn <

26,0, " (19)

L+ EuiCut p2 ° z?

2& 2 gl ek
1nequallty (15) results in

b( ) RTe (x)Z x,

—[(l —e)ezi+..+(l—-¢,)c,z0, +

(1_ ) }dt+z H—zéz +
8g;z—lcn—1

2b(x)
) Cn 95‘//(?
"72b(x)  8b7(x)
3 3y, Zpy &z
1
' 2b (x) . |: " 4b (x)(gn—lcn—l " ; 2g,c, o

( (x)+b(x)u—

<

dv, < X dt +— dt

+(1-¢

+

b( )
n—1

_z dnfl,i (Zi+1 -Gz, =z, ) - y[({n)j} dt
=1

Then, inequality (20) takes the form

(20)
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anSldt 2¢V, dt + wa+
¢ (x)
a(x)+v z, 3 0b
+z {u + () Ly e (X)Z—xm + @1

+z, d +9§Wz° (l—gn)i+
82 ¢ 8b 2b

n-1 =

3 3y z2 =2 ;2

+—y |1+ iy ; it
2b l//l |: 42 (gnlcnl 1Z:I: 2(9‘-0,.

where v; is a known function given by

:_zdnlt(ztﬂ CZ_Z;I) y("

and c-mm{(l—g) }>0'

1<i<n

(22)

At this point, we are ready to prove Theorem 2 which
provides a desired control that ensures boundedness in
probability for system (2); furthermore, it is shown that the
mean square error enters in finite-time in an arbitrarily
small region of the origin i.e. it is semiglobally uniformly
ultimately bounded (SGUUB).

Theorem 2: For the stochastic uncertain nonlinear system
(2) satisfying Assumptions 1-2, if the control law

u :_gzz —WTd)(x,v],Zn)_{(l_g 2b SeefﬁJr

9y, 3 3w, [z 2 72
+ +—y, |1+ : 23
8b’ 267 " ap Z' 2ec ) |[7 )

n]nl i

and the update law
W =T®(x,v,z,)z) - ol (W -W")

are selected, where v; is a known signal given by (22), then
the tracking error is bounded in probability and the mean
square tracking error enters inside the region

Q, = {y(t)e ®E[[y(0)- v, (0 | <
i et A I

wherein it remains for all time thereafter.
Proof: Let the control input

a(x)+v, z, <& 0b 24
2 - o Zu (24
* (6)2, b(x) 4b* (x) = ox, ox
where

<, g 9y,
k(1) =k, (t)+(1—gn)ﬁ 85 o + 8b20

= n-1

3 3y z> =2 77
4+ — 1 1 n—1 + i
2b Vi { 4b (En_lcn_l ; 2¢e.¢,
and the gain k, ([) > (), for all «. For this control input,
inequality (21) sequentially yields

1 z
dv, < =2cV dt+—dt -k, (t)z dt + —"—g"dw
gk b(x) (25)
3
(X)

Thus from (25) it holds true that

—2cV dt +— dt+ _wa

LV, <-2cV, +é (26)
This control input can be written as
u' =—k (t)z, —u, (o)), 27
where
o, =|x"v,z, ! ,

=[xz, ] )

a(x)+v1

u (01)= b(x) 4b (x)z Fout-

Since ¢ ( x) and p ( x) are unknown functions, the desired

controller 4’ cannot be implemented directly. An

approximation of y based on neural networks is proposed

as follows.
Let the compact set

[(x v,z ) [ x e,y eQd]

It is well-known that for any compact set any smooth
nonlinear function can be approximated by NNs with
arbitrarily small accuracy [2]. Hence, as the function

”1* . (o'l) is smooth, for a given positive number < ” there
exists a NN approximation such that

u,(o,)=W7'®(c,)+e¢ (29
with bounded function approximation error ¢, satisfying

|el|ge ., and the ideal weight " giving the optimal

approximation
" := arg min {US,BQI; jus, ()= W' (o, )|}

The magnitude of ¢, depends on the choice of the basis

functions and the number of nodes. Several NN basis
functions can be used for q)(o-l), such as radial basis
function (RBF), higher-order NN, or fuzzy systems [2]. An
RBF implementation is used. The subspaces Q ,Q, are
defined as the compact sets through which the state and
reference trajectories may travel. Let #/ be an estimate of
the ideal NN weight . Motivated by the desired control

structure (24), the following adaptive controller is
presented:
S

) c,
u=-k,(t)z, —qu)(o'l)_{(l & 2b +m

95‘//0 3y, z2, =222
1+ —/— 2 + ! z
8’ 2b "’[ b |z e 2 26c )|

n-1

(30)
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If one selects the candidate Lyapunov function as
V.=V, + %WTF"W
then its differential takes the form
dv, < édt —2cV,dt+z) [k, (t)z, -
a(x)+w
b(x)

gldw+ W T 'Wdt

. z 1 0b
_WTCI)(O'])+ +4b2n(x);a—xixi+]j|df

3
z

+ n
b(x

Let the adaptive law

WZF@(UI)Zj—GF(W—WO) (31)
with gain matrix " > 0. This weight update law uses a o-
modification term [12] which prevent parameter drift of the
network weights.

Taking into account, the previous NN approximation (29)
and the control input (30), the differential of 7 takes the

following form
3

dv. < édt —2cV dt + b?;c gldw+z [k, (1)z, -
T (,)+ WD () + €, |di + (32)
+ [WTCD (0,)z; —cW" (W - WO)J dt
Since
()= 2w
Ly, | T J QT
L AR e G e |
and
| < - Poe D gy
2 2
(32) yields
3 2 2
A7 < Adt—2u 7 dt + bz;) gldw+ 461;2 2) dt
where 5 .- 1 EHW* - WOH2 and
1 5 2
u, =min{c,od . (T)}-

If the following simple gain selection is made
k(=22 (33)
then
dV. <—2u 7 dt + d,dt + 2, g dw (34)

b(x)
2
€
where 5 .— 3 4 =u1 . From (34) we have that
LV, <=2uV, +2,

Hence from Theorem 1 the system is bounded in probability
and the mean value of the Lyapunov function satisfies

%[E (7)) < —2mE[V, ()] + 4,

Solving the above inequality by using Lemma B.5 of [13]
we have

E[7,(1)]< eV, (0)+ 2, [ ez

12
2

Vt>0

<eMy (0)+

So there exists a time T

2uV (0
T = max O,Lm{ﬂl_n()}
2 4,

such that

E[(y(t)— Yy (t))zJ <2E[7,(1)] < 24,

Hy
and the proof is completed. O

Vi>T,

1V. EXAMPLE

Consider the stochastic system

dx, = x,dt
dx, = (xl +x; —sinxl)dt+
+(2—sinx, Judt +(1/2 +sin x, /6 + x, /4)dw

Yy =X
with initial conditions X, (0) =0, x, (0) = (0 and reference

(35)

signal v, (;) —1+sint. Let the known lower bound
b =1. From (35), one can calculate the (non-unique) bound
||g||2 <8/9 +x; /8 , from which we can construct the (non-

unique) y,,y, as follows
Jelf <8/9-+ /8 =819+ (- iz + 51') o

<8/9+ () /4 e (1+¢t)/a
) T SN/

V/(J(YLI]) i

(36)

Consider that the noise covariance bounds y  ,y, are

given by (36). The controller given by (23) is used. An RBF
NN with 4-inputs and 3* =81-nodes is employed. The
adaptation and controller parameters are e=c,=1,
r=107,, oc=5x10",&=0.2.

In Fig.1 one can clearly see how the use of the NN
improves the tracking performance; indeed, as time passes a
remarkable tracking enhancement is achieved with the NN.

In Fig. 2, the approximation capability of the NN is
illustrated. A very good approximation is achieved after a
short initial period.

Finally, in Fig. 3 we examine two different cases for the
design parameter &, i.e. for £=5 and £=0.2. The

simulation results demonstrate that, as it is expected, a
larger value of the parameter & reduces the tracking error.
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— y (with NN)
y (without NN)
---- reference input

Il
2 4 6 8 10 12 14 16 18
sec

Fig. 1. Output response with and without NN.

— u, (NN output) ||
u* 11 (approx. func.)

Fig. 2. NN approximation of the unknown function ;.

— y (Case ¢ =9)
N y(Case £ =0.2)
it ---- reference input b

Fig. 3. Output response for different values of &.

V. CONCLUSION

In this paper, a suitable adaptive NN-based control
method is proposed that guarantees effective output
tracking for a class of SISO nonlinear systems in the face of
system uncertainties and external stochastic disturbances.
The theoretical results are analytically obtained and
presented in the paper. These results are clearly confirmed
by simulation studies that verify an effective tracking
performance of the system.

(1]
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