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Abstract—This paper describes a new approach to estimating
the speed of an induction motor from the measured terminal
voltages and currents without the use of a speed/position sensor.
The new observer uses a purely algebraic speed estimator to
stabilize a dynamic speed estimator and it is shown that it has
the potential to provide low speed (including zero speed) control
of an induction motor under full rated load.
Index Terms—Sensorless Speed Observer, Induction Motor

I. INTRODUCTION

Sensorless control of an induction motor refers the prob-
lem of controlling it without the use of a rotor position/speed
sensor. Many different techniques have been proposed to
estimate speed of an induction motor without a speed sensor.
This area has a rather large literature and the reader is
referred to [1][2][3][4][5][6][7][8][9][10] for an exposition
of many of the existing approaches. The approach presented
in this work is most closely related to the ideas described
in [11][12][13][14][15]. In [11][12][13][14], observability
is characterized as being able to reconstruct the unknown
state variables as rational functions of the inputs, outputs,
and their derivatives (See [12][13][14] for a more precise
definition). We manage to obtain an algebraic expression for
the rotor speed in terms of the machine inputs, machine
outputs and their derivatives. In the systems theoretic ap-
proach considered in [15], the authors have shown that there
are indistinguishable trajectories of the induction motor, i.e.,
pairs of different state trajectories with the same input/output
behavior. That is, it is not possible to estimate the speed
based on stator measurements for arbitrary trajectories [15].
A similar circumstance is shown here due to the fact that
the "coefficients" of the algebraic expression for the speed
all happen to be zero for some trajectories. We characterize
a class of trajectories (or, modes of operation) from which
the speed of the machine can be estimated from the stator
currents and voltages. It is then shown how this speed
estimate can be used in a field-oriented controller with the
machine operating at low, or even zero, speed under full load.
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II. MATHEMATICAL MODEL OF THE INDUCTION MOTOR

A (two-phase equivalent) state-space mathematical model
of the induction motor (see [16][17]) written in space vector
form [9], by defining , + , , + ,
and , + is

= (1 ) +
1

(1)

=
1
(1 ) + (2)

= Im
n o

(3)

where, is the position of the rotor, = is the
number of pole pairs, are the (two phase equivalent)
stator currents, and , are the (two phase equivalent)
rotor flux linkages, and are the stator and rotor
resistances, is the mutual inductance, and are
the stator and rotor inductances, is the inertia of the rotor,
and is the load torque. The symbols

= = 1
2

= = +
1 1 2

have been used to simplify the expressions. is referred to
as the rotor time constant while is called the total leakage
factor.

III. ALGEBRAIC SPEED OBSERVER

Differentiating (1) gives
2

2
= (1 )

+
1

(4)

Using the complex-valued equations (1) and (2), one can
eliminate and from (4) to obtain
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Solving (5) for gives

=
(1 )2

2 +
1 ×

2 (1 ) +
1 2

2

+
1

(6)

If the signals are measured exactly and the dynamic model
is correct, the right-hand side must be real. From (1) it is
seen that the denominator in the last term of (6) is equal to
( ) (1 ) and thus (6) is singular (i.e., the
denominator in (6) is zero), if and only if

¯̄̄ ¯̄̄
0.

Breaking down the right-hand side of (6) into its real and
imaginary parts, the real part has the form

= 2 ( ) 2 + 1 ( )

+ 0 ( ) (7)

The expressions for 2 ( )

1 ( ) and 0 ( ) are
lengthy and therefore not explicitly presented here
(Appendix VII-B gives their steady-state expressions). It is
shown in Appendix VII-C that (7) is never stable in steady
state.

On the other hand, the imaginary part of (6) has no
derivatives in the speed leading to a 2 degree polynomial
equation in of the form

( ) , 2( ) 2 + 1( )

+ 0( ) (8)

If is the speed of the motor, then ( ) is zero. The ex-
pressions for 2( ) 1 ( )
and 0( ) are lengthy and not explicitly
presented here (Their steady-state expressions are given in
Appendix VII-A.). There are two solutions to equation (8)
and at least one of these two solutions must track the motor
speed. This equation does not have any stability issue, but a
procedure is required to determine which of the two solutions
is correct. Further, there are situations when the speed cannot
be determined by (8). For example, if = constant
and = 0, it turns out that 2( ) =

1( ) = 0( ) 0 and is
not determinable from (8)1. On the other hand, if the machine
is operated at zero speed ( 0) with a load on it, then
2( ) 0 and 1( ) 6= 0

and a unique solution is specified by (8) (see Appendix VII-
A where this is proved in steady state). In fact, for low speed
trajectories, consider equation (8) written in the form

( 2 + 1) + 0 = 0 (9)

1An induction machine is not typically operated under these conditions.
See [15] for more discussion of this issue.

At low speeds, defined by | 2 | ¿ | 1| equation (9) reduces

1 + 0 = 0

and is uniquely determined by = 0 1 Appen-
dix VII-B shows that, in steady state, | 2 | ¿ | 1| if
( )

2 ¿ 1

If 2( ) 6= 0 one determines the correct
solution of (8) as follows: Differentiate equation (8) to
obtain the new independent equation

(2 2 + 1) + ˙2
2 + ˙1 + ˙0 0 (10)

Next, is replaced by the right-hand side of equation
(7) to obtain a new algebraic polynomial equation in given
by

( ) , 2 2 2
3 + (2 2 1 + 1 2 + ˙2)

2

+ (2 2 0 + 1 1 + ˙1) + 1 0 + ˙0 (11)

( ) is a third-order polynomial equation in for which the
speed of the motor is one of its zeros. Dividing2 (11) by
( ) from (8), the polynomial (11) has the form

( ) = (2 2 2 + 2 2 1 2 1 2 + ˙2) ( )

+ 1 ( ) + 0 ( )
(12)

where

1 ( ) , 2 2
2 0 2 1 1 + 2 ˙1

2 2 0 2 +
2
1 2 1 ˙2 (13)

and

0 ( ) , 2 1 0 + 2 ˙0 2 2 0 1

+ 0 1 2 0 ˙2 (14)

If is equal to the speed of the motor, then both ( ) = 0
and ( ) = 0, and one obtains

( ) , 1 ( ) + 0 ( ) = 0
(15)

This is now a first-order polynomial equation in with a
unique solution as long as 1 (the coefficient of ) is nonzero
(It is shown in Appendix VII-D that 1 6= 0 in steady state if
2 6= 0). The coefficients of 1 0 contain 3 derivatives of

the stator currents and 2 derivatives of the stator voltages
and, therefore, noise is a concern. Rather than use this purely
algebraic estimator, it is now shown how to combine it with
the dynamic model to obtain a smoother (yet stable) speed
estimator.

2Given the polynomials ( ) ( ) in with deg{ ( )} =
deg{ ( )} = , the Euclidean division algorithm ensures that there

are polynomials ( ) ( ) such that ( ) = ( ) ( ) + ( ) and
deg{ ( )} deg{ ( )} 1 = 1 Consequently, if 0 is a zero of
both ( ) and ( ), then it must also be a zero of ( ).
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IV. STABLE DYNAMIC SPEED OBSERVER

Dividing the right side of the differential equation model
(7) by ( ) ( 2( ) 6= 0) one obtains

2
2 + 1 + 0 = × ( ) + + (16)

where
, 1 2 1 2 (17)

and
, 0 2 0 2 (18)

Then, as ( ) 0, equation (7) may be rewritten as

= ( ) + ( ) (19)

which is a linear first-order time-varying system. With

( 0) , 0
( )

the fundamental solution of (19), the full solution is given
by

( ) = ( 0) (0) +

Z
0

( ) ( )

Consequently, a sufficient condition for stability is that
( ) 0 for some 0 It is shown in Appendix

VII-C that 0 in steady state so the system is never
stable in steady state.

For the case that 2 ( ) 6= 0 consider (19)
to be the induction motor “model” and the solution of
algebraic estimator (15) to be the “measurement”. Then, let
an observer be defined by

ˆ
= ( )ˆ + ( ) + ( ˆ) (20)

If ( ) 0 for all , then the estimator (20) is
stable with a rate of decay of the error no less than . As
this estimator is the result of integrating the signals ( )
( ) and (from (15)), it is a smoother estimate than the

purely algebraic estimate.
In the case where 2 ( ) = 0 then

the right side of equation (7) can be divided by
1 ( ) + 0 ( ) = 0 to

obtain:
ˆ
= ( ) + ( ˆ) (21)

If 0 for all , then the equation (21) is stable
with a rate of decay of the error no less than

The estimate of speed proposed here is defined as the
solution to the observer
ˆ , 2 ( ) ˆ2 + 1 ( ) ˆ

+ 0 ( ) + ( ˆ) (22)

where

,
½

0 1 if | 2ˆ| 0 05 | 1| [See (8)]
0 1 if | 2ˆ| 0 05 | 1| [See (15)].

In Appendix VII-A it is shown that in steady state 1 6= 0 if
2 = 0 while in Appendix VII-D it is shown that 1 6= 0 if
2 6= 0

V. SIMULATION RESULTS

As a first look at the viability of the observer (22),
simulations were carried out to test it. Here, a three-phase
(two-phase equivalent) induction motor model was simulated
using SIMULINK with parameter values chosen to be

= 2 = 5 12 ohms = 2 23 ohms,
= = 0 2919 H = 0 2768 H,
= 0 0021 k-gm2

_ = 2 0337 N-m
max = 2 77 A max = 230 V

The induction motor model for the simulation is based
on equations (1), (2), and (3). In the control scheme, the
estimated speed is fed back to a current command field-
oriented controller [9]. Figure 1 shows the simulation results
of the motor speed and speed estimator with the motor under
full load. From = 0 to = 0 4 seconds, a constant is
applied to the motor to build up the flux and the motor is
considered to be held with a brake so that 0 At = 0 4
seconds, the brake is released and the machine is running on
a low speed trajectory ( max = 5 ) with full load at
the start. The estimated speed ˆ is used in the field-oriented
controller. In this simulation, the observer gain in equation
(20) was chosen to be 1000 Figure 2 shows the simulation
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Fig. 1. and ˆ with the motor tracking a low speed trajectory
( max = 5 ) with full load at the start.

results of the motor speed and speed estimator with the motor
under full load. From = 0 to = 0 4 seconds, a constant

is applied to the motor to build up the flux and the
motor is considered to be held with a brake so that 0
At = 0 4 seconds, the brake is released and the machine is
controlled to a zero speed trajectory ( 0) with full load
at the start. ˆ is used in the field-oriented controller. The
observer gain in equation (20) was again chosen to be
1000
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Fig. 2. and ˆ with the motor tracking a zero speed trajectory ( 0)
with full load at the start.

VI. CONCLUSIONS AND FUTURE WORK

This paper introduced a new approach to speed sensor-
less control of an induction motor which entails using an
algebraic estimate of the speed to stabilize a dynamic speed
observer. The new observer does not require any sort of
“slowly varying” speed assumption. The singularities of the
observers were characterized under steady-state conditions.
This sensorless speed controller shows potential for speed
estimation at low speeds under full load. Future work will
include the effect of parameter variation on the speed esti-
mation as well as experimental results.

VII. APPENDIX: STEADY-STATE EXPRESSIONS

In the following, denotes the stator frequency
and denotes the normalized slip defined by ,
( ) With + = and +

= , it is shown in [9] under steady-state
conditions that the complex phasors and are related
by ( , ( ) = 1 ( ))

=

+

Ã
1 +

1 +

!
= ³

+
(1 ) 2

1+ 2 2 2

´
+

(1+ 2 2 2)
1+ 2 2 2

A. Steady-state expressions for 2 1 and 0

The steady-state expressions for 2 1 and 0 are now
derived. These expressions are then used to show that 2 0
for 6= 0 2 0 for = 0 and 1 6= 0 if 2 0

The explicit expression for 2 is

2 , 2 × 1

4
2

Ã ¡
2 + 2

¢!2
2

¡
2 + 2

¢
( + )

+
2 ¡

2 + 2
¢ ¡

2 + 2
¢

+

µ
+ 2

¶
1

4
2

¡
2 + 2

¢2
+ 2

µ ¶2
+ 2 2

µ ¶
( )µ

+

¶
2
¡
2 + 2

¢2
+

µ
2

¶
2
¡
2 + 2

¢
( + )

¶
In steady state, let (see [9])

+ =

+ =

The complex phasors U
¯

and I
¯

are related by

=

+
1+

1+

¸
Here , = 1 so that

=
+

h
1+
1+

i
= ³

+
(1 ) 2

1+ 2 2 2

´
+

(1+ 2 2 2)
1+ 2 2 2

Further,

+ = Re ( )

= Im ( )
2 + 2 = | |2
2 + 2 = | |2

Thus, the 1 2 and 4 terms of 2 are all zero, i.e.,

2 1

4
2

Ã ¡
2 + 2

¢!2
= 0

2 2

¡
2 + 2

¢
( + ) = 0

2 ( + 2 ) (1 4) 2
¡
2 + 2

¢2
= 0
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The 3 term of 2 is given by

2
2 ¡

2 + 2
¢ ¡

2 + 2
¢
= 2

2

| |2 | |2

The 5 term of 2 is given by

2 2

µ ¶2
= 2

2 2 | |2 | |2³
+

(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

The 6 term of 2 is

22 2

µ ¶
( )

= 2
2 2 | |2 | |2 (1+ 2 2 2)

1+ 2 2 2³
+

(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

The 7 term of 2 is

2

µ
+

¶
2
¡
2 + 2

¢2
= 2

³
2

+ (1 )
´

2 | |2 | |2³
+

(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

The 8 term of 2 is

2

µ
2

¶
2
¡
2 + 2

¢
( + )

= 2

³
2 + 1

´
2 | |2 | |2³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

×
µ

+
(1 ) 2

1 + 2 2 2

¶
Finally, substituting these steady-state expressions into the
expression for 2 one obtains

2 =
2 2 | |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

¶2
×

2 (1 )
2
(1 )

(1 + 2 2 2)
(23)

With 6= 0 it is seen that 2 0 and 2 = 0 if and only if
= 1 (which is equivalent to = 0)
Similarly, it can be shown that the steady-state expression

for 1 is

1 =
| |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)
2

¶2
×

(1 )2
³
1 2 2 (1 )2

´
(1 + 2 2 2)

(24)

If = 0 then = 1 and 1 6= 0
Finally, the steady-state expression for 0 is

0 =
| |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

¶2
×

2 (1 )
2
(1 )

(1 + 2 2 2)
(25)

B. ( )
2 ¿ 1 = | 2 | ¿ | 1|

The purpose of this appendix is to show that in steady
state, | 2 | ¿ | 1| if ( )2 ¿ 1 In steady state,

| 2 | = | | (1 )
2 | |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

¶2
× ( )2

(1 + 2 2 2)

and

| 1| = | | (1 )2 | |4µ³
+

(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

¶2
×

¯̄̄³
1 ( )2

´¯̄̄
(1 + 2 2 2)

Their ratio is then

| 2 |
| 1| =

¯̄̄̄
¯ ( )2

1 ( )
2

¯̄̄̄
¯

which shows that ( )
2 ¿ 1 = | 2 | ¿ | 1|

C. Steady-state expressions for 2 1 0 and

The steady-state expressions for 2 1 and 0 are now
given and used to show that the steady-state value for is
always positive. The steady-state expressions for 2 1 0

are

2 =
2 | |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)
2

(1+ 2 2 2)2

¶2
× (1 )

2

2 (1 + 2 2 2)
× 1

(26)

1 =
| |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)2

(1+ 2 2 2 )
2

¶2
× 2

2 (1 )2 (1 )
2 (1 + 2 2 2)

× 1
(27)
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and

0 =
| |4µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)2

(1+ 2 2 2 )
2

¶2
×

3 (1 )2 (1 )2

2 (1 + 2 2 2)
× 1

(28)

where

,
| |4

³
(1 ) 1+( 1) 2 2

1+ 2 2 2

´2
µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)2

(1+ 2 2 2)
2
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| |4
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(1+ 2 2 2)
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+
(1 ) 2

1+ 2 2 2

´2
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2 2 (1+ 2 2 2)2

(1+ 2 2 2)
2

¶2
Remark Recall that it was pointed out in Section III
(following equation (6)) that = 0 if and only if

¯̄̄ ¯̄̄
0

To compute the steady-state value of note that by (17),

= 1 2 1 2

It is then easily seen that 1 0 2 1 0 and 2 0 so
that in the steady state 0 That is, the system (19) is
never stable in steady state.

D. Steady-state expression for 1

It is now shown that the steady-state value of
1 ( ) in (13) is nonzero.

Substituting the steady-state values of 2 1 0 2 1

and 0 (noting that ˙1 0 and ˙2 0 in steady state) into
(13) gives

1 =
| |12µ³

+
(1 ) 2

1+ 2 2 2

´2
+

2 2 (1+ 2 2 2)2

(1+ 2 2 2)
2

¶6
×
µ

1

1 + 2 2 2

¶3
×

4 (1 )6 3 2

4

×
³
1 + 2 2 (1 )

2
´2
× 1

where is given in Appendix VII-C. It is then seen that
1 6= 0 in steady state.

E. Steady-state speed

Substituting in the steady-state values of 2 1 and 0,
it is seen that

2
1 4 2 0 0

so that, interestingly, the steady-state value of the right-hand
side of (7) may be rewritten as

2
2 + 1 + 0 = 2

µ
+

1

2 2

¶2

where 2 is nonzero by (26)
On the other hand, the steady-state solutions of (8) are

1 , 1 +
p

2
1 4 2 0

2 2
=

and

2 , 1

p
2
1 4 2 0

2 2
=

1
2 2

Interestingly the correct steady-state speed is found by
choosing the + sign in the quadratic formula when com-
puting the roots of (8). However, this is not necessarily true
if the system is not in steady state.
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