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Abstract—1In this paper we introduce a new identification
algorithm for MIMO bilinear systems driven by white noise
inputs. The new algorithm is based on a convergent sequence of
linear deterministic-stochastic state space approximations, thus
considered a Picard based method. The key to the algorithm
is the fact that the bilinear terms behave like white noise
processes. Using a linear Kalman filter, the bilinear terms can
be estimated and combined with the system inputs at each
iteration, leading to a linear system which can be identified
with a linear-deterministic subspace algorithm such as MOESP,
N4SID, or CVA. Furthermore, the model parameters obtained
with the new algorithm converge to those of a bilinear model.
Finally, the dimensions of the data matrices are comparable to
those of a linear subspace algorithm, thus avoiding the curse
of dimensionality.

I. INTRODUCTION

Subspace identificatiom theory has opened new avenues
of research for a large class of systems in the state
space domain. Among the linear algorithms, the purely
deterministic, purely stochastic, and combined deterministic-
stochastic approaches have already reached a considerable
level of maturity [9], [17], [20], [21]. These algorithms
have already been applied in many areas of applications
(see [20] and references therein). Despite the power of
the linear subspace algorithms, there are instances where
the input-output data is more likely to follow a nonlinear
model. Such is the case in rainfall-runoff models [14],
biological models [16], and distillation column models
[2], among many others. It is well known in system
theory that a bilinear system can approximate a nonlinear
system fairly well, via a finite sum of the Volterra series
expansion between the inputs and outputs of the system
[15], [5], [6], [7]. However, for more general nonlinear
systems, a finite sum of Volterra kernels may no longer
hold. Thus, bilinear subspace algorithms can only solve a
limited class of nonlinear system identification problems.
Despite this limitation, they still provide a higher degree of
approximation to nonlinear models than traditional linear
models. Furthermore, from a system theory point of view,
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bilinear models behave similarly to linear models, which
is not the case with other nonlinear models [7]. Finally, a
full understanding of the bilinear model is important before
attempting to model more general nonlinear systems.

In recent years, there has been a considerable effort in
developing algorithms for bilinear system identification
[10], [11], [12], [13], [1], [2], [3], [4], [6], [14]. The bilinear
subspace algorithm in [2] has the tendency to require
input-output data matrices whose row dimensions grow
exponentially. Since the column dimension must be much
larger than the row dimension, the curse of dimensionality
will limit the validity of some approaches due to high
memory demands. For such reason, most algorithms are
tested in the literature with small order models (n < 2).
Nevertheless, the algorithm of [3], [4], [13] introduces
a way of reducing the data matrices to a certain extent.
Furthermore, only the algorithm of [3] claims to handle
non white noise inputs, however, it produces biased system
parameter estimates.

In this paper we introduce a new bilinear system identifi-
cation algorithm based on a convergent sequence of linear
deterministic-stochastic state space approximations. The al-
gorithm is based on a Picard method introduced in [7]. The
proposed algorithm works with white noise inputs, which is
key to proving that the bilinear term behaves like a white
noise process. Using a linear Kalman filter, the bilinear
term can be estimated and used as inputs in each iteration.
Furthermore, the algorithm converges to a bilinear model and
the dimensions of the data matrices are comparable to those
of a linear subspace algorithms [17], [20]. In section 2 we
show that the bilinear system driven by white noise inputs
can be modeled as a linear deterministic-stochastic system,
where the bilinear terms are white noise sources. In section
3 we propose an iterative method for estimating the states of
a bilinear system. A convergence analysis of the proposed
method is presented in section 4. In section 5 we propose
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an iterative bilinear subspace identification algorithm. The
performance of the algorithm is tested with simulated data
in section 6. Finally, conclusions are drawn in section 7.

II. MODELING THE BILINEAR SYSTEM AS A LINEAR
SYSTEM

Consider a bilinear state space model described by

z(t+1) =
yit) =

where z(t) € R", u(t) € R™, and y(t) € R’ are, respec-
tively, the state, input, and output vectors at time ¢. The un-
known parameter matrices have dimensions A € R"*", B ¢
]Rnxm’ C e fon’ De ]Réxm’ E = [ El Em ]’
and F = [ Iy Fn ], where E;, € R"™" and
F, € R, for k = 1,...,m. The input, u(t), is a zero
mean white noise vector with covariance matrix R, (0), and
the process and measurement noise vectors, q(t) € R"
and r(t) € ]RZ, respectively, are white noise processes,
uncorrelated with u(t), and having a joint covariance matrix
given by

([ 11w o1 -[ & 5o

where Q € R™", § € R™, and R € R"*‘. Other
properties of bilinear models such as (1) — (2) can be found
in [15], [S], [6], [2], [12].

Az(t) + Bu(t) + Eu(t) ® z(t) + q(t) (1)
Ca(t) + Du(t) + Fu(t) ® 2(t) + r(t),(2)

In order to develop our bilinear system identification ap-
proach, we need to characterize the bilinear portion of the
state equation, z(t) = u(t) ® z(t), as a random process. Let
us calculate its mean and autocorrelation function. Taking
the expected value of z(t) we obtain

E{()} = E{u®)®z()}
= E{u(t)} @ E{z(t)} = Onmx1,
since u(t) is white noise and x(t) depends on u(t — 7),

for 7 = 1,2,...,00. The autocovariance function R,(7) =
IE{z(t)zT(t — 7)} can be shown to be

_ [ Blu@®u" )} @ Bf{z()2T (1)}, 7=0
)= | o

To prove this we need to use properties of Kronecker
products [22]. For 7 > 0, we obtain

R.(1) = E{ut)u'(t—-7)@zt)z’(t—-1)}
E{u(t)} @ E{u"(t — 1) @ (t)z” (t — 7)}

- 0nm><nm7

nmxXnm

since z(t) and z(t — 7) do not depend on u(t). Likewise, by
symmetry of the autocovariance function, we obtain
R.(t) = Opmxnm when 7 < 0. Furthermore, if
P(t) = E{z(t)zT(t)} is a time invariant n x n covariance
matrix, then the bilinear term, z(t), is also a white noise
process.

Let us now study under what conditions this can occur.
Multiplying z(t + 1) by 27 (¢ + 1) and taking expectations
on both sides, we obtain

E{z(t+ DaT(t+ 1)}

= AE{z(t)z"(t)}AT + BE{u(t)u” (t)} BT

+ FE{z(t)} @ B{u(t)u” ()} BT

+ BE{u(t)u” (t)} @ E{zT (t)}ET

+ EE{u(t)u” (1)} @ B{z(t)z” (t)}ET

+E{q(t)q" (1)}
Now taking the expected value of IE{x(t)}, we obtain

E{z(t+1)} = AE{z(t)}+ EE{z(t)} +E{q(®)}
= AB{2(1)},

from which we can conclude that IE{x(t)} can be stabilized
if all the eigenvalues of A are inside the unit circle. Under
these conditions, IE{x(¢)} = 0,x1. On the other hand,
if there exists an eigenvalue of A outside the unit circle,
then IE{z(¢)zT(t)} is no longer stable and, consequently,
z(t) violates the stationarity conditions that are necessary
to identify the system. Henceforth, in the remainder of this
paper we will consider systems whose A matrix has all its
eigenvalues inside the unit circle. Thus, if IE{z(t)} = 0,,x1,
then

E{z(t+ D2 (t+ 1)}
= AE{z(t)z” (t)}A” + BE{u(t)u” (t)} BT
+ EE{u(t)u” (t) @ z(t)z’ (t)}ET + E{q(t)q" (t)}.
This equation is stabilized if |Apq.(M)| < 1 holds true

[22], where A4, (M) denotes the maximum eigenvalue of
2 2
the matrix M € R™ *™, given by

M=A2A+> > (Er®Ey){Ru(0)}rw,
k=1w=1
with {R,(0)}1, being the (kw)' entry of R, (0). If this
condition is satisfied, then P = IE{x ()27 (¢)} will converge
to a solution of

P = APAT + E(R,(0)® P)ET 3)

+ BR,(0)BT + Q.

Therefore, we conclude that z(¢) is a white noise process
with zero mean and autocovariance function equal to

B R,(0)®@P, 7=0

In order to carry the analysis one step further, we need
to determine whether z(¢) and w(t) are correlated or not.
Toward this end we calculate the cross covariance function
R, (1)

R.. (1) =

“4)

E{u(t) @ z(t)u” (t — 1)}
E{u(t)u” (t — 7)} @ E{z(t)}

- Omnxm-
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Thus, implying that z(t) and u(t) are uncorrelated. This will
allow us to model the nonlinear term, z(t), as white process
noise and describe the bilinear system by a linear state space
model such as

z(t+1) = Az(t)+ Bu(t) + q(t) 5)

y(t) Ca(t) + Du(t) +7(t), (6)
where the noise terms ¢(t) = Ez(t) + ¢(t) and 7(t) =

Fz(t) 4+ r(t) are white noise processes uncorrelated with
u(t), with

e{[ 11w mo1b-[§ 5o

where Q = ER.(0)ET + Q, R = FR,(0)FT + R, and
S = ER,(0)FT + S. The new linear system (5) — (6) can
be identified by any of the existing linear deterministic-
stochastic subspace algorithms from the literature [17], [20],
[21].

III. AN ITERATIVE STATE ESTIMATION APPROACH

Suppose the identified linear model (5) — (6) yield
state sequence matrices {Xi, Xi+1} and parameter matrices
{A, B,C,D}. Then we can calculate the estimated noise
matrices {ﬁi‘i,?i‘i} from

- -l sl )

where
[g"“} [E]Uh@XJr[q“].
Tili ild
In the above, ©® is the Khatri-Rao product of matrices

[8], ¢« and j are, respectively, the number of block rows
and columns of the Hankel data matrices in most standard

subspace algorithms [17], [20], [21], and
G = [a() qli+1) q(i+j—1) |
Tii = [ 7(i) 7(i+1) 7i+7—1) ]
X; = [a() #@G+1) P(i+j—1) ]
Uy = [ w(?) w(i+1) u(i+j5—1) }
Yip = [y@) y(i+1) yli+5—1) ].

At first sight one would think that the estimated noise
matrices can be used to estimate £ and F' from

E 6.|. ( A\ T
=1 2" | (U Xi) .

{ F ] { Tili ] O
However, ' cannot be estimated this way due to the follow-
ing argument. Although the errors from g;; are orthogonal
to Xi, they are contained in W;r , defined as

- Usio -

wt = U;_ _ ﬂll_
p Y+ Yoo |’

Yiji

which in turn is orthogonal to EU;; © X,. However,
this bilinear term is not contained in the errors g;);. Thus,

it would be impossible to compute £ from knowledge of éﬂ i

Let us now take another approach. Knowing that the bilinear
term z(t) is a white noise process, uncorrelated with w(¢),
we can re-write the bilinear model as

z(t+1) = Ax(t)+ Bu(t) + Go(t) (7)
y(t) = Cu(t) + Du(t) +7o(1), ®
where the process and measurement noises are given by
Qt) = Bu(t)®(t)+q(t)
To(t) = Fu(t) ®x(t) +r(t),

with joint covariance matrix

o{[24]e0 Fo)-[ § 3o

As previously shown, the linear model (7) — (8) can be iden-
tified by any existing linear deterministic-stochastic subspace
algorithms [17], [20], [21]. Let us now consider the stationary

IS

Kalman filter of (7) — (8), i.e.,
i‘o(t + 1) = A.fo(t) + Bu(t) + Ko(y(t)
— Cio(t) = Du(t)) ©)
where
KO = SORal
Sy = G- AP,CT — BR,(0)D”
Ry = A(0)-CP,CT — DR,(0)DT
R,(0) = BE{ut)u’(t)}
AO0) = E{yt)y" ()}

= E{z(t+y"(6)}
Py, = APRA" + BR,(0)BT + SR, 'SL.

We know from Kalman filter theory that the innovation term,

(y(t) — CZo(t) — Du(t)), is uncorrelated with &g and wu(t)
[20]. That is,

E{ao(t)(y(t) — Cao(t) = Du(t)"} = Onxe (10)

E{u(t)(y(t) = Cao(t) = Du()"} = Omxe- (1D

If we now write the right hand term in the expectation as
y(t) — Cio(t) — Du(t) = Cz(t) + Du(t)
+ r(t) — Cip(t) — Dul(t)
Cla(t) = 2o(t)) +7r(t)
Cio(t) +r(t).
Then the first orthogonality condition can be re-written as
E{2o(t)(y(t) — Cio(t) — Du(t))"}
= B{a(t)zg ()CT +ao(t)r” (t)}
T

= E{o(t)75 ()}CT + E{ao()r’ ()}
Since r(t) is uncorrelated with Zo(t), we have
E{Zo(t)rT(t)} = 0,x¢. Consequently, #o(t) is also
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uncorrelated with Zo(t).

Given that u(t) is a white noise process and that the system
is stable, the signal 2 (t) = u(t) ® & (t) € R™™ has a mean
value equal to

E{zt)} = E{ut)} @ E{Z(t)}
= 0mn><1-
Furthermore, the autocovariance function, Rz(7) =

E{2(t)2L'(t — 7)} can be written as
{ E{u(t)u? ()} @ E{zo(t)2l ()}, 7=0
_ { R.(0) ® Py,

R:(7)

T=0
0nm><nm7 T # O ’
where, for 7 > 0,
Ri(r) = Efu(t)u"(t—7)®2(t)E (t —7)}
E{ut)} @ B{u”(t —7) @ o(t)2d (t — 1)}

- Onm Xnm»

since #o(t) and Zo(t — 7) do not depend on wu(t). By
symmetry, when 7 < 0, the autocovariance function also
vanishes. We then conclude that Zy(t) is a white noise
process.

We can now use Zo(t) as an estimate of z(¢). Let us now
write the bilinear system as follows

Az(t) + Bu(t) + Ez(t) + q(t) + F2o(¢)
— EZ(t)
= Ax(t) + Bu(t) + Ez(t) + qi (1),
where ql(t) = Ego(t) + q(t) and 20@) = Z(t) — 2(](t) =
u(t) ® (x(t) — £o(t)). If we now operate on the output
equation in a similar fashion, we obtain
y(t) Cz(t) + Du(t) + Fz(t) + r(t) + F2o(t)
— Faol(t)
= Cuz(t) + Du(t) + Fzo(t) + 71(2),
where 71 (t) = F'Z(t)+r(t). It is now easy to show that Zy(?)
is also a white noise process, uncorrelated with u(¢). On
the other hand, since Z((t) is uncorrelated with Zo(t), then

Zo(t) is also uncorrelated with Zo(¢). We can now describe
the bilinear model as

z(t+1) =

12)

13)

z(t+1) =
y(t) =

where B = [ B FE ],D: [ D F ],q
white noise processes, uncorrelated with «

_ u(t)
ui(t) = . .
1®) [ Zo(t) }
If we knew the state estimates, &, we could then identify

the bilinear system using any of the existing deterministic-
stochastic subspace algorithms. Since we do not know

(14)
15)

(t) and 7 (t) are
(t), defined as

{A,B,C,D, Ky}, we cannot find Z((t). However, through
the identification of (7) — (8), we could consistently identify
{A,B,C,D, Ky}, and from these we can obtain estimates
close to those of Z(t). Then we can use these state
estimates to generate Zo(¢), which can be used to identify
(15) — (16), thus obtaining all the parameters of the bilinear
model.

A standard result in system identification theory is that the
larger the noise in the data, the smaller the precision of
the estimates of the model parameters. This implies that if
we merge the bilinear terms, {Ez(t), F'z(t)} of (7) — (8)
and {EZy(t), FZy(t)} of (15) — (16), with the process
and measurement noises, respectively, we cannot expect
the parameter estimates to be the most precise. Since the
covariance of Zg is likely to be smaller than that of x(t), the
noise term ¢ (¢) is smaller than go(t) and, consequently, the
estimates obtained from model (15) — (16) are better than
those from model (7) — (8). Furthermore, we could obtain
better estimates if, in a subsequent stage, we describe the
system as

(16)
a7

Az (t) + Bua(t) + g2(t)
Cx(t) + Duy(t) + 72(t),

z(t+1) =
y(t) =

where q2(t) = EZy + q(t), T2(t) = FZ, + r(t), ¢2(t) and
72(t) are white noise processes, uncorrelated with @s(t), and

_ u(t)
() = [ z1(t) }
Bl = ) —ail0)
Z21(t) = u(t) @ z1(¢).

Here, 74 (t) is the state estimate obtained from a stationary
Kalman filter of (15) — (16). That is,

F1(t+1) = A#q(t) + Bui(t)
+EK1(y(t) — Ca1(t) — Dua(t)), (18)
where
K, = SiR*
S1 = G—APC" — BRy (0)D"
Ry = A0)-CPC" - DRy (0)D"
Ry (0) = E{m()ui (1)},

1

and P, = IE{#1(t)2](t)} is the solution of the Ricatti
equation

P = AP A" + BRy (0)B" + S1Ry ST

The above estimates will lead to a model with a smaller noise
variance since a(t) is smaller than g (¢). The identification
of (17) — (18) will then allow us to obtain better estimates
of the model parameters. If we continue iterating this way,
we obtain an iterative method of the Picard type, which is
known to converge under mild conditions [7].
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IV. CONVERGENCE ANALYSIS

During the p'"
given by

z(t+1) = Ax(t)+ Buy(t) + gp(t)

y(t) = Cuax(t) + Diy(t) + 7p(t), (20)

where §,(t) = EZ, +¢(t) and 7,(t) = FZ, +r(t) are white
noise processes, uncorrelated with ﬂp(t), defined as

_ u(t)

up(t) |: 2p,1(t) :| ’
Fpo1(t) = () — Bpor (), and 2,1 (1) = ult) © Fpoa(t).
Here, ,_1(t) is the state estimate obtained from the station-
ary Kalman filter at the (p — 1)*" iteration. That is,

Ty 1(t+1) = Ad, 1(t) + By (1)
FE 1 (y(t) — (1) — Dityr (1)):

In order for the process to converge, the term Z,(t) = 2, (t)—

Zp—1(t) must converge to zero as p — oo. From (23) we
can write

iteration, the system to be identified is

19)

2

AZ,(t) 4+ B(u,(t) — a
+(Kp — Kp—1)y(t) -
+ K, 1C#, 1 (t)

— K, Diiy(t) + Kp—1Diipy—1(t).

Tp(t+1) =

p—1(t))
K,Ci,(t)

If we now substitute #,(t) = i,_1(t) 4, (t) in the equation
above, we obtain

Bt 1) = (A= K,0)ip(t) + Blay(t) — tp(t)
(K = Kp-1)(y(t) — Cip(1))
—K,Diiy(t) + Kp—1Diipy_1(t). (22)

Simplifying B(@,(t) — @,-1(t)) as
B0~ i) = 13 21 (| a0 ]

- [ u(t) ég(ig_z(t) D
= PBu(t)® zp_1(t).

Then we have

_ u(t)
Wl = |yt ®ip(t) |
_ ult) }
L u(t) @ (&p—a(t) + Tp-1())
_ [ U(}L) | 0Tn,><1
= lut) @i, | T { u(t) @ &p_s(t) }

= a0+ |t ]
and we can now re-write (24) as
Dyt+1) = (A—K,C0)Z,t)
+(E - KpF)u(t) @ 2p—1(t)
+(Kp — Kp-1)(y(t) — Cp1(t)

—Dip_1(t)). (23)

The covariance P, = ]E{fcp(t)ig(t)} is the solution of the
equation

P, = (A-K,C)P)(A—K,C)T
1+ (E — KF)(Ry(0) ® Pyt )(E — K, F)"
"‘(Kp - Kp—l)Rp—l(Kp - Kp—l)Tv 24
where
R, = E{(y(t) — Cipy(t) — Duy(t))(y(t)
_ij(t) B Dap(t))T}-

If limy, o0 (K, —Kp—1) = Opnxe, (26) has a solution since all
eigenvalues of A— K,C are inside the unit circle. Therefore,
when p — oo, the covariance of i,(t) converges to the
solution of

P = (A—KC)P(A—KO)T

H(E— KF)(R,®P)(E— KF)T. (25)

The solution to (27) exists and is equal to ]3 = 0,,xn, When
[Amaz(M)| < 1 holds true [22], where )\mw(]y ) denotes

the maximum eigenvalue of the matrix M € R" xn’? , given
by
M = (A-KCO)®

+ ii ((Bk — KFy) © (Bw — KFy)){Ru(0) }w-
k=1 w=1

(A-KQC)

This implies that when lim,,_,, Z,(¢) = Z(¢), where &(t) is
the state vector of the bilinear Kalman filter [2], i.e

2(t+1) = AZ(t)+ Bu(t )+Eu( ) ® &(t)
+ K(y(t) — C&(t) — Du(t) — Fu(t) ® &(t)) (26)
with
K = SR
S = G- APCT - BR,(0)DT — E(R,(0) ® P)FT
R = A(0) — CPCT — DR,(0)DT — F(R,(0) ® P)FT

and P = IE{2(¢)27 (t)} is the solution of the Ricatti equation

P = APAT 4+ BR,(0)BT + E(R,(0) ® P)ET
SRS 27)
To conclude the convergence proof we need to show that
lim, oo (K, — Kp—1) = Opxe. Along these lines, we
consider the equation for Z,(t), i.e.,

Ty(t+1) = AZ,(t) + Bu(t) ® Tp—1(t) +q(t)
—K,C%p(t) — KpFu(t) ® &p—1(t)
—K,r(t).

P, =

If 7,(t) is a stationary signal with covariance
t)}, then P, is the solution to the Ricatti equa-

E{Z,(t)Z; (
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tion
AP, AT + E(R,(0)® P,_1)ET +Q
—AP,CTKI — E(R,(0)® P,_1)FTK]
~SKI — K,CP,A”
~K,F(R,(0)® P, 1)ET
+K,CP,CTKI + K,F(Ru(0) ® Py_1) FT K
~K,S" + K,RK,
= AP, AT + E(R,(0)® P, 1)ET +Q
~G,AGT
+ [Kphy - G| A

G, = AP,CT+S+ FE(R,(0)® P, 1)FT
A, = R+CP,CT+ F(R,(0)® P, 1)FT.

From this last equation we see that P, is minimized when
KA, =Gy or
K, =GpA "

This last expression provides an alternative computation for
the gain of the Kalman filter. Upon substituting for K, in
(30) we obtain the state error covariance equation at the p'”
iteration. That is,
P, = AP,A” + E(R,(0) ® P,_1)ET + Q — G,A,'GY.
Since @, = E(R.(0) ® P, 1)ET + Q, we can re-write P,
as a function of @, i.e.,

By = AB,AT +Q, — G,A; G
and because the covariance of Q, decreases with p, the
covariance P, must decrease also. On the other hand, given
that @), is bounded below by (), P, can never be zero,

unless Q = O xns which occurs in the deterministic case.
Furthermore, P, converges to the solution of

P =APA” + E(R,(0)® P)ET + Q — GA~1G7,

where

G = APCT + S+ E(R,(0)® P)FT

A R+CPCT + F(R,(0)® P)FT.
Therefore, lim, ..cK, = K = GA'G" and

limy oo (Kp — Kp_1) = Opxe.

The above analysis proves that &, (t) converges towards &(t),
whose covariance matrix P is a solution to (29). We should
point out that (29) is the covariance equation of the Kalman
filter states obtained in [2]. We conclude that the sequence
of linear Kalman filters with states Z,(t), converges to the
Kalman filter of the bilinear system. Furthermore, a system
identification algorithm using the above state sequences
iteratively, converges to a Kalman filter model for the bilinear
system.

V. ITERATIVE BILINEAR SYSTEM IDENTIFICATION
ALGORITHM

The algorithm can be outlined as follows:

Step 0: Initialization. Set p = 0. Model the bilinear system
by

z(t+1) =
yit) =

Az (t) + Bu(t) + qo(t)
Cz(t) + Du(t) + 7o(t)
and identify the parameters {A(),B()7C(),D(),K()} of
the “forward innovations model” that describes the
above system using a deterministic-stochastic subspace

identification algorithm such as MQESP, N4SID, QVA, etc.
[17], [20], [21]. Let @ (t) = u(t), Bo = By, and Dy = Dy.

Step 1: Estimate the state sequence Z,(t) using the Kalman
filter
Ip(t+1) = Apdp(t) + Bpﬂp(t)
+K [y(t) — Cpip(t) — Dpﬂp(t)] ’

initialized with Z,,(0) = O x1.

Step 2: Set p = p+ 1 and compute the new input sequence

up(t) = [ u(t) 5271@) ] ’

and identify the parameters {A,, B,,C,, D,, K,} of the
“forward innovations model” for the system

z(t+1) =
y(t) =
where B = [ B FE ]

Az(t) + Biiy(t) + gp(t)
Cx(t) + Diip(t) + 7p(t),

and D = [ D F ]
Step 3: If convergence, then go to Step 4, else go to Step 1.

Step 4: Extract identified parameters: i[l =A,, B= By(:,1:
m),C =Cp, D= Dy(:,1:{), E = By(:,;m+1: m(n+1)),
F=D,(:,{+1:4(n+1)), and K = K,,.

VI. NUMERICAL RESULTS

In order to test the algorithm we simulated a 3"¢ order
bilinear system with parameters

095 0.15 0.00
A = | —050 0.70 0.00 |,
| 000 —025 0.85
[ 0.30
B = | -050 |, Cc=[11 2],
| 0.00
0.20 0.00 0.00
D = [1], E= | 000 025 000 |,
0.00 0.00 0.30

_ Q S| _ of Is |03x1
F — 01><5'n |:ST R =0 01><3 1 .
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The input u(t) is a white noise binary signal with R, (0) =
1. We simulated three input/output pairs {u(t),y(t)}, for
t =1,2,...,2000. From these data sets we used the first
1000 points for identification and the remaining points for
model validation. For each simulation we used a different
values of o, namely, ¢ = 0.1, ¢ = 0.2, and o0 = 1.0. The
corresponding signal to noise ratios were, respectively, 17
db, 13.5 db, and 8.5 db. For each simulation, we calculated
the prediction error in percentages given by [20]

where §,(t) is the output predicted by the Kalman filter
and é,(t) = y(t) — yp(t) is the prediction error. In Table
1 we compare €, values obtained from the true system (ep)
with the estimated models ¢, for both identification and
validation data. The superscripts ¢ and v denote, respectively,
identification and validation data.

Table 1. ¢, values for identification and validation

experiments.

[SNR@D) || o [| ¢ | e [ e [ e ]
17.0 0.1 || 13.5 | 12.6 | 12.7 | 13.0
13.5 02 || 22.5 | 22.2 | 22.0 | 223
8.5 1.0 || 34.8 | 345 | 424 | 42.0

Table 1 show that despite the high noise levels (low SNR
values), there are no significant differences between the
prediction errors of both the true and estimated models.

VII. CONCLUSIONS

In this paper we proposed a new subspace identification
algorithm for MIMO bilinear systems driven by white noise
inputs. The algorithm is based on a Picard iterative pro-
cess, which overcomes the typical curse of dimensionality
common to direct bilinear subspace algorithms. We showed
the conditions under which the Picard process converges to
the true bilinear state space model. We tested the algorithm
under extreme simulated noise conditions (low and high
noise conditions) and the algorithm performed well. In all
cases the estimated and true models predicted the system
output with the same accuracy. The case of general inputs
will be investigated in future work.
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