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Abstract— This paper considers the problem of state feed-
back guaranteed cost controller design for singular time-delay
systems with norm-bounded parameter uncertainty. First, in
terms of the Lyapunov technique and linear matrix inequalities
(LMIs), a delay-dependent stability criterion for the normal
singular time-delay system is established, which guarantees
the system to be regular, impulse free and asymptotically
stable. Then, based on the concept of generalized quadratic
stability, we obtain a delay-dependent sufficient condition for
the existence of the state feedback guaranteed cost controller in
the forms of linear matrix inequalities. Finally, one numerical
example is given to illustrate the validity of the arithmetic
provided in this paper.

I. INTRODUCTION

The study of guaranteed cost control about uncertain

linear systems and uncertain linear time-delay systems has

becoming perfect day by day. References [2]-[7] discuss both

delay-independent and delay-dependent conditions for the

existences of the guaranteed cost controllers, which have

covered state feedback and output feedback controller de-

signs. As to the guaranteed cost control for uncertain singular

time-delay systems, many problems still need us to work

out. Reference [9] discusses delay-independent state feed-

back conditions. Obviously, the delay-independent results are

more conservative. To the best of our knowledge, it seems

that there are few results on delay-dependent guaranteed cost

control for uncertain singular time-delay systems. This has

motivated our research.

In this paper, the problem of the delay-dependent robust

stability criterion and the design of delay-dependent state

feedback guaranteed cost controller for singular time-

delay systems with norm-bounded parameter uncertainties is

discussed. we consider the case of single constant time-delay,

whose value is not required to be known. Delay-dependent

stability criterion for the normal singular time-delay systems

is established in terms of Lyapunov technique and LMIs.

Since the stability criterion is delay-dependent, it is less

conservative than those obtained in [8] and [9]. Based

on the criterion, we present a sufficient condition for the

existence of the state feedback guaranteed cost controller in

terms of matrix inequalities and then change it into LMIs.
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II. PROBLEM FORMULATION AND

PRELIMINARIES

We consider a class of uncertain singular time-delay

system represented by⎧⎨
⎩

Eẋ(t) = (A + �A)x(t) + (Aτ + �Aτ )x(t − τ)
+ (B + �B)u(t)

x(t) = φ(t), t ∈ [−τ, 0]
(1)

where x(t) ∈ Rn, u(t) ∈ Rm are the state and control input,

respectively. E, A, Aτ and B are known real constant matri-

ces with appropriate dimensions and 0 < rank E = p< n. τ
is an unknown constant delay and satisfies 0 < τ ≤ τm.τm

is a known constant. φ(t) ∈ Cn,τ is a compatible initial

function. �A,�Aτ and �B are time-invariant matrices

representing norm-bounded parametric uncertainties which

are of the following form:[ �A �Aτ �B
]

= DF
[

E1 Eτ E2

]
(2a)

FT F ≤ Ij , F ∈ Ri×j (2b)

where D ∈ Rn×i, E1 ∈ Rj×n, Eτ ∈ Rj×n, E2 ∈ Rj×m

are known real constant matrices and F is an uncertain real

matrix. �A,�Aτ and �B are said to be admissible if (2)

is satisfied.

Given positive definite symmetric real matrices R and S,

we will consider the cost functional

J =
∫ ∞

0

(xT (t)Sx(t) + uT (t)Ru(t))dt (3)

The objective of this paper is to design guaranteed cost

controller of the system (1)

u(t) = Kx(t), K ∈ Rm×n (4)

So we will first present the definition of the guaranteed

cost controller[4]

Definition 1 : Consider uncertain system (1). If there

exist a controller in the form of (4) and a positive scalar J∗

such that for all admissible uncertainties (2), the closed-loop

system is regular, impulse free, zero solution asymptotically

stable and the closed-loop value of the cost functional (3)

satisfies J ≤ J∗, the controller (4) is said to be a guaranteed

cost controller and J∗ is said to be a guaranteed cost.

Firstly, we will give some definitions and lemmas about

the nominal unforced singular time-delay system of (1):{
Eẋ(t) = Ax(t) + Aτx(t − τ)

x(t) = φ(t), t ∈ [−τ, 0] (5)
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For this purpose, the following notations are needed:

S0 := {φ(t) | φ(t) ∈ Cn,τ , φ(t) is the compatible initial

function of system (5) };

S := {φ(t) | φ(t) ∈ S0 and there exists a unique

continuous solution of system (5) on [0, +∞) for φ(t)};

B(0, δ) := {φ(t) | φ(t) ∈ Cn,τ , ‖ φ ‖c≤ δ, δ > 0}.

Definition 2 [11]:
1) The pair (E, A) is said to be regular if det(sE−A) �≡ 0;

2) The pair (E, A) is said to be impulse free, if degree

{det(sE − A)}=rankE.

Lemma 1[8]: If the pair (E, A) is regular and impulse

free, there exists a unique continuous solution on [0, +∞)
of system (5) for all compatible initial function φ(t). That

is, if the pair (E, A) is regular and impulse free, S = S0.

Definition 3: The singular time-delay system (5) is said to

be regular and impulse free if the pair (E, A) is regular and

impulse free.

Definition 4:
1) If for any ε > 0, there exists a δ(ε) > 0 such

that ‖ x(t) ‖≤ ε,∀t ∈ [0,∞) when the initial function

φ ∈ B(0, δ(ε)) ∩ S, the zero solution of system (5) is said

to be stable.

2) If the zero solution of system (5) is stable and further-

more, there is a scalar b0 > 0 such that the initial function

φ ∈ B(0, b0)∩S implies that lim
t→∞x(t) = 0, the zero solution

of system (5) is said to be asymptotically stable.

Remark 1: From 0 < rankE = p < n, there exist

nonsingular matrices M, N such that

Ē = MEN =
[

Ip 0
0 0

]
(6)

Denote

Ā = MAN =
[

A11 A12

A21 A22

]
, B̄ = MB =

[
B1

B2

]
,

Āτ = MAτN =
[

Aτ11 Aτ12

Aτ21 Aτ22

]
, D̄ = MD =

[
D1

D2

]
,

K̄ = KN =
[

K1 K2

]
,[ �Ā �Āτ �B̄

]
= D̄F

[
Ē1 Ēτ E2

]
,

Ē1 = E1N =
[

E11 E12

]
,

Ēτ = EτN =
[

Eτ1 Eτ2

]
. (7)

Under coordinate transformation

y(t) = N−1x(t) =
[

yT
1 (t) yT

2 (t)
]T (8)

here y1(t) ∈ Rp, y2(t) ∈ Rn−p. Hence, the system (1) and

(5) are respectively r.s.e.(restricted system equivalence)[10]

equivalent to:⎧⎨
⎩

Ēẏ(t) = (Ā + �Ā)y(t) + (Āτ + �Āτ )y(t − τ)
+(B̄ + �B̄)u(t)

y(t) = N−1φ(t), t ∈ [−τ, 0]
(1′){

Ēẏ(t) = Āy(t) + Āτy(t − τ)
y(t) = N−1φ(t), t ∈ [−τ, 0] (5′)

The controller (4) and the cost functional (3) become respec-

tively

u(t) = K̄y(t), K̄ ∈ Rm×n (4′)

J =
∫ ∞

0

[yT (t)NT SNy(t) + uT (t)Ru(t)]dt (3′)

Lemma 2[11]: Assume that a(·) ∈ Rna , b(·) ∈
Rnb , and N(·) ∈ Rna×nb are defined on the inter-
val Π. Then, for any matrices X ∈ Rna×na , Y ∈
Rna×nb , Z ∈ Rnb×nb , if

[
X Y
∗ Z

]
≥ 0, the

following inequality holds: −2
∫
Π

aT (α)N(α)b(α)dα ≤∫
Π

[
a(α)
b(α)

]T [
X Y − N(α)
∗ Z

][
a(α)
b(α)

]
dα

III. MAIN RESULTS

To predigest computation, we will first present the delay-
dependent criterion, which will guarantee the equivalent system (5’)
to be regular, impulse free and asymptotically stable. Then we will
offer a guaranteed cost controller by dealing with the equivalent
system (1’).

Theorem 1: The system (5’) is regular, impulse free and zero
solution asymptotically stable for any constant τ, satisfying 0 <
τ ≤ τm, if there exist matrices Q̄ ∈ Rn×n, X̄ ∈ R2n×2n, Z̄ ∈
Rn×n, Q̄ > 0, X̄ ≥ 0, Z̄ > 0, and P̄ ∈ Rn×n, Ȳ ∈ R2n×n

satisfying:

P̄ Ē = ĒT P̄ T ≥ 0 (9a)[
X̄ Ȳ
∗ Z̄

]
=

[
X̄11 X̄12 Ȳ1

∗ X̄22 Ȳ2

∗ ∗ Z̄

]
≥ 0 (9b)

Θ̄ =

[
Θ11 Θ12 Θ13

∗ Θ22 Θ23

∗ ∗ −Q̄

]
< 0 (9c)

where
Θ11 = ĀT P̄ T + P̄ Ā + Ȳ1Ē + ĒT Ȳ T

1 + τmX̄11 + Q̄

Θ12 = (ĀT P̄ T + ĒT Ȳ T
2 + τmX̄12)

[
Ip

0

]

Θ13 = P̄ Āτ − Ȳ1Ē, Θ23 =
[

Ip 0
]
(P̄ Āτ − Ȳ2Ē)

Θ22 =
[

Ip 0
]
[−(P̄ + P̄ T ) + τm(X̄22 + Z̄)]

[
Ip

0

]
Proof : 1. To prove that the system (5’) is regular and impulse free.
Refer to Definition 3, it means to prove that the pair (Ē, Ā) is
regular and impulse free.

Corresponding to the blocks of Ē, we get

X̄jj =

[
Xjj11 Xjj12

XT
jj12 Xjj22

]
, j = 1, 2; X̄12 =

[
X1211 X1212

X1221 X1222

]

Ȳi =

[
Yi11 Yi12

Yi21 Yi22

]
, i = 1, 2; Z̄ =

[
Z11 Z12

ZT
12 Z22

]
,

P̄ =

[
P11 P12

P21 P22

]
, Q̄ =

[
Q11 Q12

QT
12 Q22

]
. (10)

Substituting Ē and P̄ into (9a), it is clear that P21 = 0, P11 ≥ 0.
In the other hand ,from a Schur Complement argument and (9c) we
can get ĀT P̄ T + P̄ Ā + Ȳ1Ē + ĒT Ȳ T

1 + τmX̄11 + Q̄ + (P̄ Āτ −
Ȳ1Ē)Q̄−1(P̄ Āτ − Ȳ1Ē)T < 0, that is P̄ (Ā − ĀτQ̄−1ĒT Ȳ T

1 ) +
(Ā−ĀτQ̄−1ĒT Ȳ T

1 )T P̄ T +τmX̄11+P̄ ĀτQ̄−1ĀτT P̄ T +(Ȳ1Ē+
Q̄)Q̄−1(Ȳ1Ē + Q̄)T < 0. So we have P̄ (Ā − ĀτQ̄−1ĒT Ȳ T

1 ) +
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(Ā− ĀτQ̄−1ĒT Ȳ T
1 )T P̄ T < 0, which implies that P̄ is nonsingu-

lar. Hence P11 > 0. Substituting (6) and (7) into (9c), we get[
P22A22 + AT

22P
T
22 + Q22 P22Aτ22

∗ −Q22

]
< 0 (11)

which implies that A22 and P22 are nonsingular. While the nonsin-
gularity of A22 implies that the pair (Ē, Ā) is regular and impulse
free.

That the pair (Ē, Ā) is regular and impulse free means that
there exist nonsingular matrices M̄, N̄ such that (Ē, Ā) is r. s.

e. equivalent to the Weierstrass standard form (Ĕ, Ă):

Ĕ = M̄ĒN̄ =

[
Ip 0
0 0

]
, Ă = M̄ĀN̄ =

[
A1 0
0 In−p

]
For simplicity, we still use the marks in (6) and (7), here we only
need to stress the form of Ā as:

Ā =

[
A1 0
0 In−p

]
(12)

Now, system (5’) can be equivalently transformed into:⎧⎪⎨
⎪⎩

ẏ1(t) = A1y1(t) + Aτ11y1(t − τ) + Aτ12y2(t − τ)
0 = y2(t) + Aτ21y1(t − τ) + Aτ22y2(t − τ)

y(t) = N−1φ(t) =

[
φ1(t)
φ2(t)

]
, t ∈ [−τ, 0]

(13)
where φ1(t) ∈ Rp, φ2(t) ∈ Rn−p. Note that y1(t) − y1(t − τ) =∫ t

t−τ
ẏ1(α)dα, t ≥ τ. So system (13) can be rewritten as:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Ēẏ(t) =

[
A1 + Aτ11

Aτ21

]
y1(t) −

[
Aτ11

Aτ21

] ∫ t

t−τ
ẏ1(α)dα

+

[
0

In−p

]
y2(t) +

[
Aτ12

Aτ22

]
y2(t − τ), t ≥ τ

y(t) = ψ(t) =

[
ψ1(t)
ψ2(t)

]
, t ∈ [−τ, τ ]

(14)
where ψ1(t) ∈ Rp, ψ2(t) ∈ Rn−p, which satisfies⎧⎪⎪⎪⎨

⎪⎪⎪⎩
ψ(t) = N−1φ(t) =

[
φ1(t)
φ2(t)

]
, t ∈ [−τ, 0]

ψ̇1(t) = A1ψ1(t) + Aτ11φ1(t − τ) + Aτ12φ2(t − τ),
t ∈ [0, τ ]

ψ2(t) = −Aτ21φ1(t − τ) − Aτ22φ2(t − τ), t ∈ [0, τ ]

(15)

Obviously, ψ(t) is the compatible initial function of system (14).
From (15) we can easily see that if φ(t) ∈ B(0, δ) ∩ S,

‖ ψ1(t) ‖≤‖ eA1tφ1(0) ‖ + ‖ ∫ t

0
eA1(t−s)[Aτ11φ1(s − τ)

+Aτ12φ2(s − τ)]ds ‖≤ M1δ, t ∈ [0, τ ] (16a)

‖ ψ2(t) ‖≤‖ Aτ21 ‖‖ φ1(t − τ) ‖ + ‖ Aτ22 ‖‖ φ2(t − τ) ‖
≤ M2δ, t ∈ [0, τ ] (16b)

where M1 = (1 + τ(‖ Aτ11 ‖ + ‖ Aτ12 ‖)) · max
t∈[0,τ ]

‖ eA1t ‖
, M2 =‖ Aτ21 ‖ + ‖ Aτ22 ‖ . That is ψ(t) ∈ B(0, M0δ) ∩
S, M0 = M1 + M2 + 1, t ∈ [−τ, τ ]. It means that if φ(t) is the
compatible initial function of system (13) and φ(t) ∈ B(0, δ),ψ(t)
defined by (15) must be the compatible initial function of system
(14) and ψ(t) ∈ B(0, M0δ). Although system (13) and (14) are not
equivalent to each other, the solution of system (13) must be the
solution of system (14). In addition, system (5’) is r.s.e. equivalent
to system (13). Therefore, we can consider the asymptotical stability
of the zero solution of system (14) instead of system (5’).

2.To prove that system (5’) is asymptotically stable. As men-
tioned above, we only need to prove that system (14) is asymptot-
ically stable. The proof will be given as follows: First, prove that

the first p-dimensional component of the zero solution of system
(14) is asymptotically stable. Then prove that the system (14)
is asymptotically stable. For this purpose, the following auxiliary
lemma is introduced.

Lemma 3[9]: If there exist a continuous functional V (yt) :
Cn,τ → R and continuous nondecreasing functions u, v, w :
R+ → R+, with u(0) = v(0) = 0, u(s) > 0, v(s) > 0, ∀s >
0, V (yt) satisfies:

i)u(‖ y1(t) ‖2) ≤ V (yt) ≤ v(‖ yt ‖2
c);

ii)D+(V (yt)) ≤ −w(‖ y1(t) ‖2),
where yt := y(t + θ), θ ∈ [−2τ, 0], the first p-dimensional
component of the zero solution of system (14) is stable, i. e., for
any ε > 0, there exists a δ(ε) > 0 such that ‖ y1(t) ‖≤ ε, t ≥ τ
when the initial function ψ(t) ∈ B(0, δ(ε)) ∩ S.

Furthermore, if w(s) > 0 for s > 0, and there exist constant
scalars l0, m0 such that ‖ ẏ1(t) ‖≤ m0, t ≥ τ when ‖ y1(t) ‖≤
l0, t ≥ τ , the first p-dimensional component of the zero solution
of system (14) is asymptotically stable, i. e.: i) the the first p-
dimensional component of the zero solution is stable; ii) there
exists a positive scalar δ0 which is sufficiently small, such that
lim

t→∞
y1(t) = 0 when the initial function ψ(t) ∈ B(0, δ0) ∩ S.

Define[13]

z(t) = Ēẏ(t) =
[

ẏT
1 (t) 0

]T
=

[
zT
1 (t) 0

]T

ηT (t) =
[

yT (t) zT (t)
]

=
[

yT (t) zT
1 (t) 0

]
(17)

and quote Lyapunov-Krasovskii functional

V (yt) = yT (t)P̄ Ēy(t) +

∫ t

t−τ

yT (s)Q̄y(s)ds

+

∫ 0

−τ

∫ t

t+β

zT (t)Z̄z(t)dαdβ, t ≥ τ (18)

where P11 and Z11 can be known in (10). Noting that∫ 0

−τ

∫ t

t+β

zT (t)Z̄z(t)dαdβ =

∫ 0

−τ

∫ t

t+β

ẏT (α)ĒT Z̄Ēẏ(α)dαdβ

≤ τ

∫ t

t−τ

(Āy(α) + Āτy(α − τ))T Z̄(Āy(α) + Āτy(α − τ))dα

≤ τ2(‖ ĀT Z̄Ā ‖ +2 ‖ ĀT Z̄Āτ ‖ + ‖ ĀT
τ Z̄Āτ ‖) ‖ yt ‖2

c (19)

where t ≥ τ, ‖ yt ‖c= sup
θ∈[−2τ,0]

‖ y(t + θ) ‖. Then we can deduce

λmin(P11) ‖ y1(t) ‖2≤ V (yt) ≤ [τ2
m(‖ ĀT Z̄Ā ‖ +2 ‖ ĀT Z̄Āτ ‖

+ ‖ ĀT
τ Z̄Āτ ‖)+λmax(P11)+ τm ‖ Q̄ ‖] ‖ yt ‖2

c , t ≥ τ. (20)

The time-derivative of V (yt) along with the solution of (14) is

V̇ (yt) |(14)= yT (t)P̄ Ēẏ(t) + ẏT (t)ĒP̄ y(t)
− yT (t − τ)Q̄y(t − τ) + τzT (t)Z̄z(t)

+ yT (t)Q̄y(t) − ∫ t

t−τ
zT (α)Z̄z(α)dα

(21)

Let

GT =

[
P̄ P̄
0 P̄

]
. (22)

From (9a) (9B) (14)and (17),using Lemma 2, we have

ẏT (t)P̄ Ēy(t) + yT (t)P̄ Ēẏ(t) = 2yT (t)P̄ z(t)

≤ 2ηT (t)GT {

⎡
⎢⎣

0
−−−−

A1 + Aτ11

Aτ21

⎤
⎥⎦ y1(t) +

⎡
⎢⎣

0
−−
0

In−p

⎤
⎥⎦ y2(t)
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+

[
In

−In

]
z(t) +

⎡
⎢⎣

0
−−
Aτ12

Aτ22

⎤
⎥⎦ y2(t − τ)} + τηT (t)X̄η(t)

+2ηT (t){Ȳ
[

Ip

0

]
− GT

⎡
⎢⎣

0
−−
Aτ11

Aτ21

⎤
⎥⎦}y1(t) + 2ηT (t){GT

·

⎡
⎢⎣

0
−−
Aτ11

Aτ21

⎤
⎥⎦−Ȳ

[
Ip

0

]
}y1(t−τ)+

∫ t

t−τ

zT (α)Z̄z(α)dα. (23)

Substituting (23) into (21), we have

V̇ (yt) |(14)≤ ηT (t){GT

[
0 In

Ā −In

]
+

[
0 ĀT

In −In

]
G

+ τmX̄ + Ȳ
[

Ē 0
]

+
[

Ē 0
]T

Ȳ T +

[
Q̄ 0
0 τmZ̄

]
}

× η(t) + 2ηT (t){GT

[
0

Āτ

]
− Ȳ Ē}y(t − τ)

− yT (t − τ)Q̄y(t − τ) = ζT (t)Φζ(t) = ξT (t)Θ̄ξ(t)

≤
[

y(t)
z1(t)

]T [
Ω11 Ω12

∗ −Ω22

][
y(t)
z1(t)

]
≤ yT (t)Wy(t)

(24)
where

ζT (t) =
[

yT (t) zT (t) yT (t − τ)
]
,

ξT (t) =
[

yT (t) zT
1 (t) yT (t − τ)

]
,

W = Ω11 + Ω12Ω
−1
22 ΩT

12,

Ω11 = P̄ Ā + ĀT P̄ T + Ȳ1Ē + ĒT Ȳ T
1 + τmX̄11 + Q̄

+ (P̄ Āτ − Ȳ1Ē)Q̄−1(P̄ Āτ − Ȳ1Ē)T

Ω12 = (P̄ Ā + Ȳ2Ē + τmX̄T
12

+ (P̄ Āτ − Ȳ2Ē)Q̄−1(P̄ Āτ − Ȳ1Ē)T )T

[
Ip

0

]

Ω22 =
[

Ip 0
]
[(P̄ + P̄ T ) − τm(X̄22 + Z̄)

− (P̄ Āτ − Ȳ2Ē)Q̄−1(P̄ Āτ − Ȳ2Ē)T ]

[
Ip

0

]

Φ =

[
P̄ Ā + ĀT P̄ T + Y1Ē + ĒT Y T

1 + τmX̄11 + Q̄
∗
∗

ĀT P̄ T + ĒT Ȳ T
2 + τmX̄12 P̄ Āτ − Ȳ1Ē

−(P̄ + P̄ T ) + τmX̄22 + τmZ̄ P̄ Āτ − Ȳ2Ē
∗ −Q̄

]
(25)

From (9c) we know Θ̄ < 0. So

[
Ω11 Ω12

∗ −Ω22

]
< 0, further

W < 0. Thus, we can have

V̇ (yt) |(14)≤ λmin(W )yT (t)y(t) ≤ λmin(W )yT
1 (t)y1(t), t ≥ τ.

(26)
By Lemma 3, the first p-dimensional component of the zero solution
of system (14) is asymptotically stable.

Next we will prove the zero solution of system (14) is asymptot-
ically stable. Pre-multiplying

[
−AT

τ22 I
]

and post-multiplying[
−AT

τ22 I
]T

on both sides of (11) and noticing (12), we have

AT
τ22Q22Aτ22 − Q22 < 0 which implies that ρ(Aτ22) < 1 since

Q22 > 0. So we can obtain
‖ Ak

τ22 ‖≤ Mαk, k = 0, 1, ... (27)
where M, α are constant. M ≥ 1, α ∈ (0, 1). Noting that for
any t ≥ 0, there exists a positive integer k such that kτ ≤ t ≤
(k + 1)τ, k = 0, 1, · · ·, calculating y2(t) from (13), we get

y2(t) = (−Aτ22)
ky2(t − kτ) −

k∑
i=1

(−Aτ22)
i−1Aτ21y1(t − iτ).

(28)
Recalling that the first p-dimensional component of the zero solu-
tion of system (14) is asymptotically stable, we know that for any
ε > 0, there exists 0 < δ(ε) < ε such that ‖ y1(t) ‖≤ ε, t ≥ −τ
when the initial function ψ(t) ∈ B(0, δ(ε)) ∩ S. Hence, when
ψ(t) ∈ B(0, δ(ε)), from (27) and (28) we can evaluate y2(t):

‖ y2(t) ‖≤ M · (1 +
1

1 − α
‖ Aτ21 ‖)ε, t ≥ −τ (29)

Next we will show that y2(t) → 0, t → ∞. Since the first
p-dimensional component of the zero solution of system (14) is
asymptotically stable, there exists a sufficiently small scalar δ0 >
0, δ0 ≤ δ(ε0) < ε0 such that ‖ y1(t) ‖≤ ε0, t ≥ −τ and
y1(t) → 0, t → ∞, when the initial function ψ(t) ∈ B(0, δ0)∩S.
In addition, we know 0 < α < 1 from (27). Thus for given
positive scalar µ, it is obvious that there exists a positive integer
T0(µ) such that αT0(µ) < µ and ‖ y1(t) ‖≤ µ, t ≥ T0(µ)τ . Let
T (µ) = 2T0(µ)τ . Then when t ≥ T (µ), we have

‖ y2(t) ‖ ≤ Mα2T0(µ)ε0 + M ‖ Aτ21 ‖ (
T0(µ)∑
i=1

αi−1µ

+
2T0(µ)∑

i=T0(µ)+1

αi−1ε0)

≤ M(ε0 + 1+ε0
1−α

‖ Aτ21 ‖)µ, t ≥ T (µ)

(30)

That is y2(t) → 0, t → ∞, which combined with y1(t) → 0, t →
∞ implies that y(t) → 0, t → ∞. Therefore the zero solution of
system (14) is asymptotically stable.

As mentioned above, the asymptotical stability of the zero
solution of system (5’) can be obtained from that of system (14).
It completes the proof.

In view of this, we will present the delay-dependent sufficient
condition for the existence of the state feedback guaranteed cost
controller via Theorem 1. The following assumption is needed.

Theorem 2: Consider the uncertain singular time-delay system
(1’) and the cost functional (3’). Given a positive scalar ε1, if
there exist a controller of form (4’) and matrices with appropriate
dimensions Q̄ > 0, X̄ ≥ 0, Z̄ > 0, P̄ , Ȳ that satisfy (9a),(9b) and
the following matrix inequality:

Λ = L{Ψ + ε1D̃D̃T + ε−1
1 ẼT Ẽ}LT < 0 (31)

where L = blockdiag{In,
[

Ip 0
]
, In}

Ψ =[
Ψ11 (Ā + B̄K̄)T P̄ T + ĒT Ȳ T

2 + τmX̄12 P̄ Āτ − Ȳ1Ē
∗ −(P̄ + P̄ T ) + τm(X̄22 + Z̄) P̄ Āτ − Ȳ2Ē
∗ ∗ −Q̄

]

Ψ11 = P̄ (Ā + B̄K̄) + (Ā + B̄K̄)T P̄ T + Ȳ1Ē + ĒT Ȳ T
1

+ τmX̄11 + Q̄ + NT SN + K̄T RK̄

D̃ =

[
P̄ D̄
P̄ D̄
0

]
, Ẽ =

[
Ē1 + E2K̄ 0 Ēτ

]
(32)
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the closed-loop system is regular, impulse free, zero solution
asymptotically stable and the cost functional (3’) satisfies the
following inequality

J ≤ φT (0)(N−1)T P̄ ĒN−1φ(0)+

∫ 0

−τ

φT (s)(N−1)T Q̄N−1φ(s)ds

+

∫ 0

−τ

∫ 0

θ

φ̇T (α)(N−1)T ĒT Z̄ĒN−1φ̇(α)dαdθ (33)

Proof :Noting y1(t)−y1(t− τ) =
∫ t

t−τ
ẏ1(α)dα t ≥ 0,from (1’)

and (4’) we get the closed-loop system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ēẏ(t) = {
[

A11 + B1K1 + D1F (E11 + E2K1)
A21 + B2K1 + D2F (E11 + E2K1)

]

+

[
Aτ11 + D1FEτ1

Aτ21 + D2FEτ1

]
}y1(t)

+

[
A12 + B1K2 + D1F (E12 + E2K2)
A22 + B2K2 + D2F (E12 + E2K2)

]
y2(t)

−
[

Aτ11 + D1FEτ1

Aτ21 + D2FEτ1

] ∫ t

t−τ
ẏ1(α)dα

+

[
Aτ12 + D1FEτ2

Aτ22 + D2FEτ2

]
y2(t − τ), t ≥ 0

y(t) = ψ(t) =
[

ψT
1 (t) ψT

2 (t)
]T

, t ∈ [−τ, 0]
(34)

where ψ(t) = N−1φ(t), ψ1(t) ∈ Rp. Now we let z(t), η(t),
and G have the same form as (17) and (22), and define Lyapunov-
Krasovskii functional V (yt), t ≥ 0 as (18). Dealing with the time-
derivative of V (yt) along with the solution of (34) via the same
way as Theorem 1, we can get
V̇ (yt) |(34)

≤
[

η(t)
y(t − τ)

]T

{ε−1
1

[
(Ē1 + E2K̄)T

0
ĒT

τ

] [
Ē1 + E2K̄ 0

Ēτ

]
+ε1

[
P̄ D̄
P̄ D̄
0

] [
D̄T P̄ T D̄T P̄ T 0

]
+Ψ}

[
η(t)

y(t − τ)

]

− yT (t)(NT SN + K̄T RK̄)y(t) (35)

where ε1 is an uncertain positive scalar. Ψ can be known in (32).
For simplicity, let ξT (t) =

[
yT (t) zT

1 (t) yT (t − τ)
]

and
quote a matrix Λ as shown in (31). Then (35) can be written as

V̇ (yt) |(34)≤ ξT (t)Λξ(t) − yT (t)(NT SN + K̄T RK̄)y(t) (36)

By Theorem 1,(9a)(9b) and (31) suggest that the closed-loop system
(34) is regular, impulse free and zero solution asymptotically stable.

In the other hand, using (3’), JT ≤ ∫ T

0
yT (t)(NT SN +

K̄T RK̄)y(t) + V̇ (y(t)))dt − V (y(T )) + V (y(0)) < V (y(0)),
let T → ∞. We can get (33). It completes the proof.

The result in terms of LMIs is stated as the following:
Theorem 3. Given positive scalars ε1, ε2, if there exist 2n× 2n

matrix X̃ ≥ 0, n × n matricesZ̃ > 0, Q̃ > 0, 2n × n matrix Ỹ ,
m × n matrix W̃ , p × (n − p) matrix U and n × n nonsingular

matrix P̃ satisfying :⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Σ11 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
Σ21 Σ22 ∗ ∗ ∗ ∗ ∗ ∗ ∗
Σ31 Σ32 −Q̃ ∗ ∗ ∗ ∗ ∗ ∗
Σ41 0 Ēτ P̃ −ε1I ∗ ∗ ∗ ∗ ∗
Σ51 0 Āτ P̃ 0 −ε2I ∗ ∗ ∗ ∗
Σ61 Σ62 0 0 0 −ε−1

1 I ∗ ∗ ∗
Σ71 Σ72 0 0 0 0 −ε−1

2 I ∗ ∗
NP̃ 0 0 0 0 0 0 S̃ ∗
W̃ 0 0 0 0 0 0 0 R̃

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (37a)[
X̃ Ỹ

∗ Z̃

]
=

⎡
⎣ X̃11 X̃12 Ỹ1

∗ X̃22 Ỹ2

∗ ∗ Z̃

⎤
⎦ ≥ 0 (37b)

ĒP̃ = P̃ T ĒT ≥ 0,
[

0 In−p

]
P̃

[
Ip 0

]T
= 0 (37c)

where S̃ = −S−1, R̃ = −R−1

Σ11 = ĀP̃ +P̃ T ĀT +B̄W̃ +W̃ T B̄T +Ỹ1Ē+ĒT Ỹ T
1 +τmX̃11+Q̃

Σ21 =
[

Ip 0
]
[(ĀP̃ + B̄W̃ ) + Ỹ2Ē + τmX̃T

12]

Σ22 = −(P̃11+P̃ T
11)+τm(X̃2211+Z̃11), Σ31 = P̃ T ĀT

τ −ĒT Ỹ T
1

Σ32 = P̃ T ĀT
τ

[
Ip

0

]
− ĒT

[
Ỹ T

211

Ỹ T
212

]
, Σ41 = Ē1P̃ + E2W̃ ,

Σ51 = ĀP̃ + B̄W̃ , Σ61 = D̄T

[
Ip 0
UT In−p

]
,

Σ62 = D̄T

[
Ip

UT

]
, Σ71 =

[
0 0

UT 0

]
, Σ72 =

[
0

UT

]
(38)

there exists a state feedback controller u(t) = K̄y(t), K̄ =
W̃ P̃−1, such that the closed-loop system (34) is regular, impulse
free, zero solution asymptotically stable and the cost functional
satisfy

J ≤ J∗ = φT (0)(N−1)T

[
(P̃−1

11 )T (P̃−1
11 )T U

0 (P̃−1
22 )T

]
ĒN−1φ(0)

+

∫ 0

−τ

∫ 0

θ

φ̇T (α)(N−1)T ĒT (P̃−1)T Z̃P̃−1ĒN−1φ̇(α)dαdθ

+

∫ 0

−τ

φT (s)(N−1)T (P̃−1)T Q̃P̃−1N−1φ(s)ds (39)

Proof:From Theorem 2, given a positive scalar ε1, if there exist a
controller of form (4’) and matrices with appropriate dimensions
Q̄ > 0, X̄ ≥ 0, Z̄ > 0, P̄ , Ȳ that satisfy (9a),(9b) and (31),
the closed-loop system is regular, impulse free, zero solution
asymptotically stable and the cost value has the evaluation of (33).
By the same way of Theorem 1, we can prove that P11 > 0 and
P22 is nonsingular.

Now we set P̃11 = (P−1
11 )T , P̃22 = (P−1

22 )T , P̃ =[
P̃11 0

0 P̃22

]
, X̃11 = P̃ T X̄11P̃ , X̃12 = P̃ T X̄12P̃ , X̃22 =

P̃ T X̄22P̃ , Ỹ1 = P̃ T Ȳ1P̃ , Ỹ2 = P̃ T Ȳ2P̃ , Z̃ = P̃ T Z̄P̃ , Q̃ =
P̃ T Q̄P̃ , W̃ = K̄P̃ , U = P̃ T

11P12.Pre-multiplying and
post-multiplying (9a) by P̃ T and P̃ , respectively, and not-

ing

[
Ip U
0 In−p

]
Ē = Ē, we can get Ē = ĒT =

Ē. Because P̃11 > 0 and P̃ =

[
P̃11 0

0 P̃22

]
must be

satisfied, we need (37c); Pre-multiplying and post-multiplying
(9b) by diag{P̃ T , P̃ T , P̃ T } and diag{P̃ , P̃ , P̃}, respectively,
we can get (37b); Pre-multiplying and post-multiplying (31) by
diag{P̃ T , P̃ T

11, P̃
T } and diag{P̃ , P̃11, P̃}, respectively, and noting

P̃ Ē = ĒP̃ we can get[
Γ11 ∗ ∗
Σ21 Σ22 ∗
Σ31 Σ32 −Q̃

]
+

[
ΣT

71Σ51 + ΣT
51Σ71 ∗

ΣT
72Σ51 0

P̃ T ĀT
τ Σ71 P̃ T ĀT

τ Σ72

∗
∗
0

]
+ ε1

[
ΣT

61

ΣT
62

0

] [
Σ61 Σ62 0

]
+ ε−1

1

[
ΣT

41

0

P̃ T ĒT
τ

]
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×
[

Σ41 0 Ēτ P̃
]

< 0

Moreover, the above inequality can be strengthened into[
Γ11 ∗ ∗
Σ21 Σ22 ∗
Σ31 Σ32 −Q̃

]
+ ε1

[
ΣT

61

ΣT
62

0

] [
Σ61 Σ62 0

]

+ε−1
1

[
ΣT

41

0

P̃ T ĒT
τ

] [
Σ41 0 Ēτ P̃

]
+ ε2

[
ΣT

71

ΣT
72

0

] [
Σ71

Σ72 0
]

+ ε−1
2

[
ΣT

51

0

P̃ T ĀT
τ

] [
Σ51 0 Āτ P̃

]
< 0 (40)

here, Γ11 = Σ11 + P̃ T NT SNP̃ + W̃ T RW̃ .Obviously (40) is
equivalent to (37a) from a Schur Complement argument.

Now, we can obtain P̄ =

[
(P̃−1

11 )T (P̃−1
11 )T U

0 (P̃−1
22 )T

]
, Q̄ =

(P̃−1)T Q̃P̃−1, Z̄ = (P̃−1)T Z̃P̃−1 and Substitute them into (33).
Then J∗ in (39) can be obtained. It completes the proof.

To this end, we can get the guaranteed cost controller of
system (1): u(t) = Kx(t), K = W̃ P̃−1N−1 and the guar-

anteed cost: J∗ = φT (0)P̂Eφ(0) +
∫ 0

−τ
φT (s)Q̂φ(s)ds +∫ 0

−τ

∫ 0

θ
φ̇T (α)ET ẐEφ̇(α)dαdθ. Here P̂ = (N−1)T P̄M, Q̂ =

(N−1)T Q̄N−1, Ẑ = MT Z̄M are all solvable.

IV. EXAMPLES

Example 1. Consider the uncertain singular time-delay system
(1) and the cost functional (3). The uncertainty satisfies (2) and the
constant matrices are given below

E =

[
1 0
0 0

]
, A =

[
1 1
−1 −2

]
, Aτ =

[
0.5 0

−0.05 −0.05

]
,

D =

[
0.1 0 0.1
0 1 0

]
, E1 =

[
1 1
0 0
0 0

]
, Eτ =

[
0 0
0 0
1 1

]
,

B =

[
2
1

]
, E2 =

[
0
1
0

]
, R = 1, S = I2, F = diag{r, q, s},

| r |≤ 1, | s |≤ 1, | q |≤ 1, φ(t) =

[
−10
11.5

]
, t ∈ [−1.5, 0].

Using the LMI Toolbox of MATLAB, the delay-independent
results given in [10] is not feasible. While if we let M =[

−1 −0.5
0 0.5

]
, N =

[
−1 0
0.5 −1

]
and transform it into equiv-

alent system, (38a), (38b), (38c) are feasible. When ε1 = 0.5, ε2 =
0.7, the solutions of (38a), (38b), (38c) are

X̃11 =

[
0.018 0.004
0.004 0.009

]
, X̃12 =

[
0.009 0
0.002 0

]
, U = 0.219

X̃22 =

[
0.031 0

0 69.83

]
, Ỹ1 =

[
−0.0002 0
0.0029 0

]
,

Ỹ2 =

[
0.017 0

0 0

]
, Z̃ =

[
0.027 0

0 69.825

]
,

P̃ =

[
0.141 0

0 −0.132

]
, Q̃ =

[
0.070 −0.010
−0.010 0.048

]
,

W̃ =
[

0.115 −0.035
]
.

Then we get the guaranteed cost controller of system (1):
u(t) = Kx(t), K = W̃ P̃−1N−1 = [−0.9429− 0.2622] and the
guaranteed cost: J∗ = 26.4436. It illustrates the validity of the
arithmetic provided in this paper.

Fig 1 illustrates that the states asymptotically converge to zero.
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Fig. 1. The simulation results of the equivalent closed-loop system

V. CONCLUSIONS

This paper discusses the problem of state feedback guaranteed
cost controller design for singular time-delay systems with norm-
bounded parameter uncertainty. A delay-dependent stability crite-
rion for the normal singular time-delay system is firstly established,
which guarantees the system to be regular, impulse free and asymp-
totically stable. The novelty of this paper is the delay-dependent
stability criterion for singular time-delay systems, which improves
the results in [8] and [9] to a certain extent. Applying the delay-
dependent stability criterion proposed here, we obtain a delay-
dependent sufficient condition for the existence of the state feedback
guaranteed cost controller in terms of linear matrix inequalities.
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