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Abstract— In this paper, we consider the generalized Lya-
punov stability analysis for a discrete-time system described by
a high order difference-algebraic equation. In the behavioral
approach, a Lyapunov function is characterized in terms of
a quadratic difference form. As a main result, we derive a
generalized Lyapunov stability theorem that the asymptotic
stability of a behavior is equivalent to the solvability of the
two-variable polynomial Lyapunov equation (TVPLE) whose
solution induces the Lyapunov function. Moreover, we derive
another asymptotic stability condition by using a polynomial
matrix solution of the one-variable dipolynomial Lyapunov
equation which is reduced from the TVPLE.

I. INTRODUCTION

The Lyapunov stability theory plays an important role in

the stability analysis of a dynamical system. In this paper,

we consider the generalized Lyapunov stability analysis for

a linear discrete-time (time-invariant) system represented by

a high order difference-algebraic equation as an extension of

the traditional Lyapunov stability theorem based on the state

space representation.

In the behavioral approach, a quadratic differential/dif-

ference form (QDF) is used for describing a quadratic func-

tional such as a storage function, supply rate and Lyapunov

function which play important roles in the dissipativity and

stability theory [4][9]. Since there is an one-to-one corre-

spondence between a QDF and a two-variable polynomial

matrix, a QDF is useful as an algebraic tool.

Willems and Trentelman [9] derived a generalized Lya-

punov stability theorem for the continuous-time system based

on QDFs. In their theorem, a Lyapunov function is con-

structed using the solution of the (one-variable) polynomial

Lyapunov equation (PLE) obtained from the two-variable

polynomial equation which is referred to as the two-variable

polynomial Lyapunov equation (TVPLE) in this paper. Based

on the theorem in [9], Kaneko and Fujii [3], Cotroneo

and Willems [1] derived asymptotic stability conditions in

terms of linear matrix inequalities obtained from the TVPLE.

Moreover, Peeters and Rapisarda [6] have developed an

algorithm to solve the PLE by a symbolic computation based

on the Faddeev’s method.

In the discrete-time system, a generalized Lyapunov sta-

bility analysis based on a QDF has never been studied so

far. The purpose of this paper is to prove the generalized

Lyapunov stability theorem for discrete-time systems. In

the discrete-time case, the equation corresponding to the
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continuous-time PLE becomes by the dipolynomial Lya-

punov equation (DLE). Since the DLE allows negative power

terms, it is not useful to reduce the proof using the DLE.

Thus, we complete the proof only based on the TVPLE.

Moreover, we show how the conditions of the theorem can be

rewritten using the polynomial matrix solution of the DLE.

We give the notations used in this paper in the following.

Rq×q
s : the set of q × q real symmetric matrices

R[ξ]: the set of polynomials with coefficients in R

Rp×q[ξ]: the set of p× q polynomial matrices in the indeter-

minate ξ
Rp×q[ζ, η]: the set of p × q polynomial matrices in the

indeterminates ζ and η
R

q×q
s [ζ, η]: the set of q × q real symmetric polynomial

matrices in the indeterminates ζ and η
R[ξ−1, ξ]: the set of dipolynomials in the indeterminate ξ
R

p×q[ξ−1, ξ] : the set of p× q dipolynomial matrices in the

indeterminate ξ
WT: the set of maps from T to W

R(ξ)∼ := R(ξ−1)�

diag
[
a1 a2 · · · aq

]
: q×q (block) diagonal matrix with

(block) diagonal elements {a1, a2, · · · , aq}
rankR : the rank of polynomial matrix R(ξ)
rankR(λ) : the rank of constant matrix R(λ)

II. PRELIMINARIES

In this section, we will review the basic definitions and

results from the behavioral system theory.

A. Linear discrete-time system

In the behavioral system theory, a dynamical system is

defined as a triple Σ = (T, W, B), where T is the time axis,

and W is the signal space in which the trajectories take their

values on. The behavior B ⊆ WT is the set of all possible

trajectories. In this paper, we will consider a linear time-

invariant discrete-time system whose time axis is T = Z

and signal space is W = Rq . Such a Σ is represented by a

system of linear difference-algebraic equation as

R0w(t) + R1w(t + 1) + · · · + RLw(t + L) = 0 (1)

where Ri ∈ R•×q (i = 0, 1, · · · , q) and L ≥ 0. The variable

w ∈ (Rq)Z is called the manifest variable. We call the

representation of (1) a kernel representation of B. A short

hand notation for (1) is

R(σ)w = 0,

where R(ξ) := R0 + R1ξ + · · ·+ RLξL ∈ R•×q[ξ]. The op-

erator σ is the shift operator defined by (σw)(t) := w(t + 1)
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and (σT w)(t) := w(t+T ) for all T ∈ Z. Then, the behavior

is given by

B =
{

w ∈ (Rq)Z
∣∣ R(σ)w = 0

}
. (2)

Consider another representation with an auxiliary variable

described by

A(σ)� = 0, w = C(σ)�, (3)

where A ∈ Rm×m[ξ], C ∈ Rp×m[ξ] and � ∈ (Rm)Z is

an auxiliary variable called latent variable. This is called a

latent variable representation of B if

B =
{
w ∈ (Rq)Z

∣∣ ∃ � ∈ (Rm)Z such that (3) holds.
}

.

A latent variable representation of B is called observable
if A(σ)� = 0 and w = C(σ)� = 0 imply � = 0. The

representation (3) is observable if and only if the constant

matrix
[
A(λ) C(λ)

]�
is of full column rank for all λ ∈ C.

If this is the case, we call the pair (A(ξ), C(ξ)) observable.

B. Quadratic difference form

Consider a two-variable polynomial matrix in Rq×q
s [ζ, η]

described by

Φ(ζ, η) =

N∑
i=0

N∑
j=0

Φijζ
iηj ,

where Φij ∈ Rq×q (i, j = 0, 1, · · · , N), N ≥ 0 and

Φ(ζ, η)� = Φ(η, ζ). This Φ(ζ, η) induces a quadratic dif-

ference form (QDF)

QΦ : (Rq)
Z
→ R

Z, QΦ(�)(t) :=

N∑
i=0

N∑
j=0

�(t+i)�Φij�(t+j).

This means that ζ and η correspond to the shift operations

on �(t)� and �(t), respectively. The rate of change of

the QDF QΦ(�)(t), i. e. ∇QΦ(�)(t) = QΦ(�)(t + 1) −
QΦ(�)(t) is also a QDF. Let ∇Φ ∈ Rq×q

s [ζ, η] denote the

two-variable polynomial matrix which induces ∇QΦ(�)(t),
namely ∇QΦ(�)(t) = Q∇Φ(�)(t). Then, it is given by

∇Φ(ζ, η) = (ζη − 1)Φ(ζ, η).
A two-variable polynomial matrix Φ ∈ Rq×q

s [ζ, η] is called

nonnegative definite, denoted by Φ ≥ 0, if QΦ(�)(t) ≥ 0 for

all � ∈ (Rq)Z and t ∈ Z. If Φ ≥ 0, and if QΦ(�) = 0 implies

� = 0, then Φ(ζ, η) is said to be positive definite, denoted

by Φ > 0. We have Φ ≥ 0 if and only if Φ(ζ, η) is factored

as Φ(ζ, η) = D(ζ)�D(η) for some D ∈ R•×q[ξ].
The mapping ∂ associates a two-variable polynomial ma-

trix and a dipolynomial matrix by

∂ : R
p×q[ζ, η] → R

p×q[ξ−1, ξ], ∂Φ(ξ) := Φ(ξ−1, ξ).

Proposition 1: [4] Let Φ ∈ Rq×q
s [ζ, η] be given. Then, the

following statements are equivalent.

(i) There exists a two-variable polynomial matrix Ψ ∈
Rq×q

s [ζ, η] satisfying ∇Ψ(ζ, η) = Φ(ζ, η), or equiv-

alently ∇QΨ(�)(t) = QΦ(�)(t) for all t ∈ Z and

� ∈ (Rq)Z.

(ii) ∂Φ(ξ) = 0 holds for all ξ ∈ C\{0}.

A two-variable polynomial matrix Φ ∈ R
q×q
s [ζ, η] is called

nonnegative definite along B, if QΦ(w)(t) ≥ 0 for all w ∈

B and t ∈ Z. We denote this by Φ
B

≥ 0. Moreover, if Φ
B

≥ 0
and {QΦ(w) = 0 =⇒ w = 0}, we call Φ(ζ, η) is positive

definite along B, denoted Φ
B

> 0.

C. B-equivalence of polynomial matrices

We introduce the notion of B-equivalence of polynomial

matrices.

Definition 1: [9]

(i) Polynomial matrices D1 ∈ Rp×q[ξ] and D2 ∈ Rp×q[ξ]
are B-equivalent if D1(σ)w = D2(σ)w for all w ∈ B

and t ∈ Z. We denote this by D1
B
= D2.

(ii) Two-variable polynomial matrices Φ1 ∈ R
q×q
s [ζ, η]

and Φ2 ∈ Rq×q
s [ζ, η] are B-equivalent if QΦ1

(w) =
QΦ2

(w) for all w ∈ B and t ∈ Z. We denote this by

Φ1
B
= Φ2.

The B-equivalence is characterized by R ∈ Rp×q[ξ] which

induces the kernel representation of B.

Proposition 2: [9]

(i) D1
B
= D2 if and only if there exists an F ∈ Rp×p[ξ]

satisfying D1(ξ) − D2(ξ) = F (ξ)R(ξ).

(ii) Φ1
B
= Φ2 if and only if there exists a G ∈ Rp×q[ζ, η]

satisfying

Φ2(ζ, η) = Φ1(ζ, η) + R(ζ)�G(ζ, η) + G(η, ζ)�R(η).
The next proposition gives a necessary and sufficient

condition for the nonnegative definiteness of Φ(ζ, η) along

B.

Proposition 3: [9] Let Φ ∈ Rq×q
s [ζ, η] be given.

(i) Φ
B

≥ 0 if and only if there exist Φ′ ∈ Rq×q
s [ζ, η]

and D ∈ R•×q[ξ] satisfying Φ
B
= Φ′ and Φ′(ζ, η) =

D(ζ)�D(η).

(ii) Φ
B

> 0 if and only if there exist Φ′ ∈ Rq×q
s [ζ, η]

and D ∈ R•×q[ξ] satisfying Φ
B
= Φ′ and Φ′(ζ, η) =

D(ζ)�D(η) with (R(ξ), D(ξ)) observable.

D. R-canonical polynomial matrices

In this section, we restrict our attention to the case where

a kernel representation of B is induced by a nonsingular

square matrix R ∈ Rq×q[ξ]. We define the R-canonicity of

polynomial matrices in the following.

Definition 2: [9]

(i) A polynomial matrix D ∈ R•×q[ξ] is called R-

canonical if D(ξ)R(ξ)−1 is strictly proper.

(ii) A two-variable polynomial matrix Φ ∈ Rq×q
s [ζ, η] is

called R-canonical if R(ζ)−�Φ(ζ, η)R(η)−1 is strictly

proper.

The next lemma ensures the uniqueness of an R-canonical

polynomial matrix up to B-equivalent polynomial matrices.

Lemma 1: [9] For any Φ ∈ Rq×q
s [ζ, η], there exists a

unique R-canonical Φ′ ∈ Rq×q
s [ζ, η] which is B-equivalent

to Φ(ζ, η).
Proposition 4: [9] Let Φ ∈ Rq×q

s [ζ, η] be R-canonical.

Then, the following statements hold.
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(i) Φ
B

≥ 0 if and only if Φ ≥ 0.

(ii) Φ
B

> 0 if and only if there exists a D ∈ R•×q[ξ]
satisfying Φ(ζ, η) = D(ζ)�D(η) with (R(ξ), D(ξ))
observable. Such a D(ξ) is R-canonical.

III. GENERALIZED LYAPUNOV STABILITY THEOREM

In this section, we give the generalized Lyapunov stability

theorem based on QDFs. Suppose that a system is given

by Σ = (Z, Rq, B) in the following. We first define the

asymptotic stability of behavior.

Definition 3: [9]

(i) A behavior B is said to be autonomous if w1, w2 ∈ B

and w1(t) = w2(t) (t < 0) imply w1 = w2.

(ii) A behavior B is said to be asymptotically stable if w ∈
B implies limt→∞ w(t) = 0.

The autonomy of B is a necessary condition for the asymp-

totic stability of B.

Suppose that a polynomial matrix R ∈ Rp×q[ξ] induces

a kernel representation of B. A polynomial matrix R(ξ) is

called Schur if rankR = q and rankR(λ) = q for all λ ∈ C

such that |λ| ≥ 1. The behavior B in (2) is autonomous if and

only if rankR = q [8]. We give a necessary and sufficient

condition for the asymptotic stability of the behavior which

is a well-known fact.

Lemma 2: [5] The behavior B in (2) is asymptotically

stable if and only if R(ξ) is Schur.

By Proposition 3 (ii) and Lemma 2, we obtain Lemma 3

which gives a sufficient condition for the asymptotic stability

of B.

Lemma 3: The behavior B is asymptotically stable if

there exists a two-variable polynomial matrix Ψ ∈ R
q×q
s [ζ, η]

satisfying Ψ
B

≥ 0 and ∇Ψ
B

< 0.

Proof: The proof is omitted because the lemma can be

proved in the same way as the continuous-time case [9].

The QDF QΨ(w) satisfying the conditions of Lemma 3 is

called a Lyapunov function for B.

In order to derive a necessary condition, we will see how

to construct a Lyapunov function under the assumption of

the asymptotic stability of B.

Assume that B is asymptotically stable. Let Φ ∈
R

q×q
s [ζ, η] be an arbitrary two-variable polynomial matrix

satisfying Φ
B

< 0. Consider the two-variable polynomial

matrix equation with unknown matrices Ψ ∈ Rq×q
s [ζ, η] and

Y ∈ Rp×q[ζ, η]

∇Ψ(ζ, η) = Φ(ζ, η)− Y (η, ζ)�R(η)−R(ζ)�Y (ζ, η). (4)

We refer to this equation as the two-variable polynomial
Lyapunov equation (TVPLE). From Propositions 2 (ii) and

3, there holds

∇Ψ
B
= Φ

B

< 0 (5)

for Ψ(ζ, η) and Y (ζ, η) satisfying the TVPLE (4). If there

exists a solution of (4) satisfying Ψ
B

≥ 0, then such a Ψ(ζ, η)
induces a Lyapunov function for B.

Lemma 4: Assume that B is asymptotically stable. Let

Φ ∈ Rq×q
s [ζ, η] be an arbitrary two-variable polynomial

matrix satisfying Φ
B

< 0. Then, there exist Ψ ∈ Rq×q
s [ζ, η]

and Y (ζ, η) ∈ R
p×q[ζ, η] satisfying the TVPLE (4). In this

case, we have Ψ
B

≥ 0.

Proof: We first show the solvability of the TVPLE (4).

Without loss of generality, we assume that R(ξ) is in the

Smith form, i.e. R(ξ) = diag
[
r1(ξ) r2(ξ) · · · rq(ξ)

]
,

where ri ∈ R[ξ] (i = 1, 2, · · · , q). Then, the TVPLE (4)

reduces to q2 scalar equations

(ζη − 1)ψij(ζ, η)
= φij(ζ, η) − yji(η, ζ)rj(η) − ri(ζ)yij(ζ, η)

(6)

for i, j = 1, 2, · · · , q, where ψij , φij , yij ∈ R[ζ, η] are the

(i, j)-th elements of Ψ(ζ, η), Φ(ζ, η) and Y (ζ, η), respec-

tively. Thus, we have only to prove the existence of ψij(ζ, η),
yij(ζ, η) and yji(η, ζ) satisfying (6). The asymptotic stability

of B and Lemma 2 imply that R(ξ) is Schur, i.e. both ri(ξ)
and rj(ξ) are Schur. Thus, ri(ζ), rj(η) and ζη − 1 have no

common zeros when viewed as two-variable polynomials.

It follows from Lemma A that there exist two-variable

polynomials ψ̂ij(ζ, η), ŷij(ζ, η) and ŷji(η, ζ) satisfying

ψ̂ij(ζ, η)(ζη − 1) + ŷij(ζ, η)ri(ζ) + ŷji(η, ζ)rj(η) = 1.

By multiplying this by φij(ζ, η), we see that ψij(ζ, η) :=
φij(ζ, η)ψ̂ij(ζ, η), yij(ζ, η) := φij(ζ, η)ŷij(ζ, η) and

yji(η, ζ) := φij(ζ, η)ŷji(η, ζ) satisfies (6).

Next, we show Ψ
B

≥ 0. The equation (5) is equivalent to

QΨ(w)(t + 1) − QΨ(w)(t) = QΦ(w)(t). Summing this up

from t = 0 to t = T yields

QΨ(w)(T + 1) − QΨ(w)(0) =

T∑
t=0

QΦ(w)(t).

Taking T → ∞ in the above equation, we obtain

QΨ(w)(0) = −
∑∞

t=0 QΦ(w)(t) from the asymptotic stabil-

ity of B. Together with Φ
B

< 0, this implies QΨ(w)(0) ≥ 0.

There holds Ψ
B

≥ 0, since w ∈ B is arbitrary. This completes

the proof

We obtain the next theorem as a main result of this paper

from Proposition 2 and Lemmas 3, 4.

Theorem 1: Let Φ ∈ Rq×q
s [ζ, η] be an arbitrary two-

variable polynomial matrix satisfying Φ
B

< 0. Then, the

following statements are equivalent.

(i) The behavior B is asymptotically stable.

(ii) There exists a two-variable polynomial matrix Ψ ∈
Rq×q

s [ζ, η] satisfying

Ψ
B

≥ 0 and ∇Ψ
B

< 0. (7)

(iii) There exists a two-variable polynomial matrix Ψ ∈

R
q×q
s [ζ, η] satisfying (5) and Ψ

B

≥ 0.

(iv) There exist two-variable polynomial matrices Ψ ∈
Rq×q

s [ζ, η] and Y ∈ Rp×q[ζ, η] satisfying the TVPLE

(4) and Ψ
B

≥ 0.

In the remainder of this section, we derive a necessary

and sufficient condition for the asymptotic stability of B in
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terms of the R-canonical solution of the TVPLE (4) based

on Theorem 1.

Suppose that a kernel representation of B is induced by the

nonsingular square polynomial matrix R ∈ R
q×q[ξ]. More-

over, we assume that the two-variable polynomial matrix

Φ
B

< 0 is R-canonical.

By Theorem 1 (i)⇔(iii), B is asymptotically stable if

and only if there exists Ψ
B

≥ 0 satisfying (5). For this

Ψ(ζ, η), there exists an R-canonical Ψ′ ∈ Rq×q
s [ζ, η] such

that Ψ′ B
= Ψ. It thus follows from Proposition 2 (ii) that B

is asymptotically stable if and only if there exist a Ψ′
B

≥ 0
and a Y ′ ∈ Rq×q[ζ, η] satisfying the TVPLE

∇Ψ′(ζ, η) = Φ(ζ, η) − Y ′(η, ζ)�R(η) − R(ζ)�Y ′(ζ, η).
(8)

Pre- and post-multiplying (8) by R(ζ)−� and R(η)−1 yield

(ζη − 1)R(ζ)−�Ψ′(ζ, η)R(η)−1

=R(ζ)−�Φ(ζ, η)R(η)−1 − R(ζ)−�Y ′(η, ζ)�

− Y ′(ζ, η)R(η)−1.

Since the first term on the right-hand side is strictly proper

in the sense of two-variable rational matrices, Ψ′(ζ, η) is R-

canonical, namely the left-hand side is proper, if and only if

Y ′(ζ, η)R(η)−1 is proper. The latter condition is equivalent

to the existence of a one-variable polynomial matrix X ′ ∈
XR such that X ′(η) = Y ′(ζ, η), where the set XR is defined

by

XR =
{
X ∈ R

q×q[ξ]
∣∣X(ξ)R(ξ)−1 : proper

}
. (9)

Hence, the TVPLE (8) is reduced to the TVPLE

∇Ψ′(ζ, η) = Φ(ζ, η) − X ′(ζ)�R(η) − R(ζ)�X ′(η) (10)

with the unknown matrices Ψ′ ∈ Rq×q
s [ζ, η] and X ′ ∈ XR.

Moreover, since Ψ′(ζ, η) is R-canonical, Ψ′
B

≥ 0 if and only

if Ψ′ ≥ 0 from Proposition 4 (i).

As a result, we obtain the following corollary.

Corollary 1: Let Φ ∈ Rq×q
s [ζ, η] be an arbitrary R-

canonical two-variable polynomial matrix satisfying Φ
B

< 0.

Then, the behavior B in (2) is asymptotically stable if and

only if there exist an R-canonical Ψ′ ∈ Rq×q
s [ζ, η] and

X ′ ∈ Rq×q[ξ] satisfying the TVPLE (10) and Ψ′ ≥ 0.

Moreover, for Ψ′(ζ, η) and X ′(η) satisfying (10), Ψ′(ζ, η)
is R-canonical if and only if X ′ ∈ XR.

In the next example, we explain that Corollary 1 is the

generalization of Lyapunov stability theorem based on the

state space equation.

Example 1: Consider the behavior B described by the

state space equation

w(t + 1) = Aw(t). (11)

Define R(ξ) = A−ξIq and Φ(ζ, η) = Φ0 = −D�
0 D0, where

(A, D0) is observable in the sense of state space system. This

is equivalent to the observability of (R(ξ), D0) in the sense

of the definition in section II-A. In the following, we show

that the TVPLE (10) is solvable if and only if so is the

state-space Lyapunov equation.

Assume that there exist an R-canonical Ψ′ ≥ 0 and

X ′ ∈ XR satisfying the TVPLE (8). Since R(ξ) = A− ξIq ,

from Lemma 6.3-10 of [2], Ψ′(ζ, η) and X ′(η) are a constant

symmetric matrix Ψ0 ∈ Rq×q
s and a polynomial matrix

with degree less than one, denoted as X ′(η) = X0 + X1η,

X0, X1 ∈ Rq×q , respectively. Substituting these into (8)

yields

0 =∇Ψ′(ζ, η) − Φ(ζ, η) + X ′(ζ)�R(η) + R(ζ)�X ′(η)

=ζη
(
Ψ0 − X�

1 − X1

)
+ ζ

(
X�

1 A − X0

)
+ η

(
A�X1 − X�

0

)
−

(
Ψ0 + Φ0 − X�

0 A − A�X0

)
.

Comparing the coefficients in the above equation, there holds

Ψ0 − X�

1 − X1 = 0, X�

1 A − X0 = 0 (12)

Ψ0 + Φ0 − X�

0 A − A�X0 = 0. (13)

All pairs (X0,X1) satisfying (12) are parametrized by X0 =
Ψ0A/2 + GA and X1 = Ψ0/2 − G, respectively, where

G ∈ Rq×q is an arbitrary skew symmetric matrix. Hence,

we have X ′(η) = Ψ0 (ηIq + A) /2 + GR(η). Substituting

X0 into (13), we see that Ψ0 must satisfy the well-known

Lyapunov equation

A�Ψ0A − Ψ0 = Φ0. (14)

The positive definiteness of Ψ0 follows from the observabil-

ity of (R(ξ), D0).
Conversely, if Ψ0 is the positive definite solution of (14),

it is not difficult to see that Ψ′(ζ, η) := Ψ0 and X ′(η) :=
Ψ0(ηIq + A)/2 satisfy the TVPLE (8) by tracing back the

above calculation.

Consequently, the equivalence of the solvabilities of the

TVPLE (8) and the Lyapunov equation (14) has been proved.

It is well-known that the system described by (11)

is asymptotically stable if and only if (14) has a positive

definite solution [10]. Therefore, the above discussion shows

that Corollary 1 includes the Lyapunov stability theorem

based on the state space equation as the special case.

IV. DIPOLYNOMIAL LYAPUNOV EQUATION

In Section III, we have seen that a necessary and sufficient

condition for the asymptotic stability of B is characterized

in terms of the TVPLE (4). On the other hand, in the

continuous-time case, the asymptotic stability condition is

derived using the one-variable PLE as well as the TVPLE (4).

In this section, we will consider the discrete-time counterpart

of the results on the continuous-time PLE.

Again, let Φ
B

< 0 be an arbitrary two-variable polynomial

matrix. By Proposition 1, the TVPLE (4) is equivalent to the

dipolynomial Lyapunov equation (DLE)

R(ξ)∼X(ξ) + X(ξ)∼R(ξ) = ∂Φ(ξ), (15)

where X ∈ Rp×q[ξ−1, ξ] is the unknown dipolynomial

polynomial matrix. For the solution X(ξ) to the DLE (15),

2914



let Y ∈ R
p×q[ζ, η] satisfy ∂Y (ξ) = X(ξ). Then, we can

compute a Lyapunov function for B by substituting Y (ζ, η)
into the TVPLE (4).

Lemma 5: Assume that B in (2) is asymptotically stable.

Let Φ ∈ Rq×q
s [ζ, η] be an arbitrary two-variable polynomial

matrix satisfying Φ
B

< 0. Then, the following statements hold

from Corollary 1 and Lemmas 5, 6.

(i) The DLE (15) has a solution.

(ii) Let X0 ∈ Rp×q[ξ−1, ξ] be one solution of the DLE (15).

Then, all solutions of the DLE (15) are parametrized by

X(ξ) = X0(ξ) + F (ξ)R(ξ),

where F ∈ Rp×p[ξ−1, ξ] is the free parameter satisfying

F (ξ)∼ = −F (ξ).
(iii) Let Y ∈ Rp×q[ζ, η] be such that ∂Y (ξ) = X(ξ) for

X ∈ Rp×q[ξ−1, ξ] satisfying the DLE (15). Then, a

Lyapunov function for B is induced by

Ψ(ζ, η) =
Φ(ζ, η) − Y (η, ζ)�R(η) − R(ζ)�Y (ζ, η)

ζη − 1
.

(16)

(iv) Let Xi ∈ Rp×q[ξ−1, ξ] (i = 1, 2) be solutions of the

DLE (15). Let Ψi ∈ R
q×q
s [ζ, η] be computed from (16)

for Xi(ξ). Then, we have

Ψ1
B
= Ψ2.

Proof: (i) There exists a Y (ζ, η) satisfying TVPLE (4)

from Lemma 4. By taking X(ξ) = ∂Y (ξ) for this Y (ζ, η),
X(ξ) satisfies the DLE (15).

(ii) Define X̄(ξ) := X(ξ) − X0(ξ). Then, we obtain

R(ξ)∼X̄(ξ) + X̄(ξ)∼R(ξ) = 0. Using R(ξ) in the Smith

form as in the proof of Lemma 4, the (i, j)-th element of

this equation is written by

ri(ξ
−1)x̄ij(ξ) + x̄ji(ξ

−1)rj(ξ) = 0, (17)

where x̄ij ∈ R[ξ−1, ξ] is the (i, j)-th element of X̄(ξ).
Multiplying this equation by ξdeg ri(ξ), we get

ξdeg ri(ξ)ri(ξ
−1)x̄ij(ξ) = −ξdeg ri(ξ)x̄ji(ξ

−1)rj(ξ).

Since rj(ξ) and ξdeg ri(ξ)ri(ξ
−1) have no common zeros,

there exists fij ∈ R[ξ−1, ξ] satisfying

x̄ij(ξ) = fij(ξ)rj(ξ). (18)

By rewriting (18) in terms of a matrix, we have X̄(ξ) =
R(ξ)F (ξ).

Next, we show F (ξ)∼ = −F (ξ). Substituting (18) into

(17) yields ri(ξ
−1)

{
fji(ξ

−1) + fij(ξ)
}

rj(ξ) = 0. Since

ri(ξ
−1), rj(ξ) 
= 0, we have fji(ξ

−1) + fij(ξ) = 0. This

is equivalent to F (ξ)∼ + F (ξ) = 0.

(iii) The proof is clear from Lemma 4.

(iv) It follows from (16) that ∇Ψ1
B
= ∇Ψ2. Then, we have

0 =

T−1∑
t=0

∇QΨ1
(w)(t) −

T−1∑
t=0

∇QΨ2
(w)(t)

= Q(Ψ1−Ψ2)(w)(T ) − Q(Ψ1−Ψ2)(w)(0) (19)

for all w ∈ B and T ∈ Z. Since B is asymptotically stable,

we have lim
T→∞

Q(Ψ1−Ψ2)(w)(T ) = 0. Hence, taking T → ∞

in (19) yields Q(Ψ1−Ψ2)(w)(0) = 0. By substituting this into

(19), we get Q(Ψ1−Ψ2)(w)(T ) = 0 for all w ∈ B and T ∈ Z.

This implies Ψ1 − Ψ2
B
= 0.

Remark 1: Since the solution X(ξ) of the DLE (15) is not

unique from Lemma 5 (ii), Ψ(ζ, η) in (16) is not unique. In

contrast, Lemma 5 (iv) shows that the Lyapunov functions

QΨ(w) is unique over B for Φ(ζ, η) independently of X(ξ).
We derive a necessary and sufficient DLE condition for the

asymptotic stability of B based on Corollary 1. Suppose that

a kernel representation of B is induced by the nonsingular

square polynomial matrix R ∈ Rq×q[ξ]. Moreover, we

assume that the two-variable polynomial matrix Φ
B

< 0 is

R-canonical. Substituting ζ = ξ−1 and η = ξ into TVPLE

(10), we obtain

X ′(ξ)∼R(ξ) + R(ξ)∼X ′(ξ) = ∂Φ(ξ). (20)

It follows that X ′(η) satisfying the TVPLE (10) is a poly-

nomial matrix solution of the DLE (15). Thus, we have the

following lemma.

Lemma 6: Let Φ ∈ Rq×q
s [ζ, η] be an arbitrary R-canonical

two-variable polynomial matrix satisfying Φ
B

< 0. Then, the

following statements are equivalent for X ′ ∈ Rq×q[ξ].

(i) X ′ ∈ XR is a polynomial matrix solution of the DLE

(15).

(ii) There exists an R-canonical two-variable polynomial

matrix Ψ′ ∈ Rq×q[ζ, η] such that Ψ′(ζ, η) and X ′(η)
satisfy the TVPLE (10).

Proof: (ii) ⇒ (i) Substituting ζ = ξ−1 and η = ξ into

(10) yields (20). Thus, the proof follows immediately.

(i) ⇒ (ii) By Propositions 1 (i)⇔(ii) and 2 (ii), there

exists Ψ′ ∈ Rq×q
s [ζ, η] satisfying

∇Ψ′(ζ, η) = Φ(ζ, η) − X ′(ζ)�R(η) − R(ζ)�X ′(η),

which shows that Ψ′(ζ, η) and X ′(η) satisfies the TVPLE

(10). Since Φ(ζ, η) is R-canonical and X ′(ξ)R(ξ)−1 is

proper, Ψ′(ζ, η) is R-canonical.

Lemma 5 is rewritten by the following lemma using the

polynomial matrix solution of the DLE (15).

Lemma 7: Assume that B in (2) is asymptotically stable.

Let Φ ∈ Rq×q
s [ζ, η] be an arbitrary R-canonical two-variable

polynomial matrix satisfying Φ
B

< 0. Let XR be the set given

by (9). Then, the following statements hold.

(i) Let X ′ ∈ XR be a solution of the DLE (15). Then,

the R-canonical two-variable polynomial matrix which

induces a Lyapunov function for B is given by

Ψ′(ζ, η) =
Φ(ζ, η) − X ′(ζ)�R(η) − R(ζ)�X ′(η)

ζη − 1
.

(21)

(ii) Let X ′
0 ∈ XR be a solution of the DLE (15). Then, all

polynomial matrix solutions X ′ ∈ XR are parametrized

by X ′(ξ) = X ′
0(ξ) + F0R(ξ), where F0 ∈ Rq×q is the

free parameter satisfying F�
0 = −F0.
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(iii) Let Ψ′(ζ, η) be computed by (21). Then, Ψ′(ζ, η) is

determined uniquely for Φ(ζ, η) independently of the

solution X ′ ∈ XR of the DLE (15).

Remark 2: As explained in Remark 1, there does not hold

the uniqueness of Ψ′(ζ, η) in general. But, Lemma 7 (iii)

claims that Ψ′(ζ, η) is unique if it is restricted to be an R-

canonical polynomial matrix.

From Corollary 1 and Lemmas 5, 6, we obtain a necessary

and sufficient condition for the asymptotic stability of B in

terms of a polynomial matrix solution of the DLE (15).

Theorem 2: The behavior B is asymptotically stable if

and only if there exists a polynomial matrix solution X ′ ∈
XR of the DLE (15) such that Ψ′(ζ, η) in (21) satisfies Ψ′ ≥
0.

Example 1 (continued): We show the relationship between

DLE (15) and the asymptotic stability of the behavior B

described by the state space equation (11). Let X ′(ξ) =
Ψ0 (ξIq + A) /2. Then, we have

R(ξ)∼X ′(ξ) + X ′(ξ)∼R(ξ) = A�Ψ0A − Ψ0 = Φ0.

This implies that X ′ ∈ XR is the polynomial matrix

solution of the DLE (15). Since Ψ′(ζ, η) computed by

(21) is nonnegative definite, B is asymptotically stable by

Theorem 2.

V. NUMERICAL EXAMPLE

Example 2: Consider the behavior B whose kernel repre-

sentation is induced by the polynomial matrix

R(ξ) =

[
3ξ − 1 4ξ2 − 2

0 2ξ2 − 1

]
.

Define the (R-canonical) two-variable polynomial matrix

Φ(ζ, η) =

[
−1 0
0 −1 − ζη

]
B

< 0.

Then, a solution of the TVPLE (4) is given by

Ψ(ζ, η) =

[
9
8 0
0 3

8ζη + 5
3

]
,

Y (ζ, η) =

[
− 1

16 (3η + 1) 0
1
8 (3η + 1) − 1

3 (2η2 + 1)

]
.

For w =
[
w1 w2

]�
∈ B, the QDFs QΨ(w) and ∇QΨ(w)

are given by

QΨ(w)(t) =
9

8
w1(t)

2 +
5

3
w2(t)

2 +
8

3
w2(t + 1)2,

∇QΨ(w)(t) = −w1(t)
2 − w2(t)

2 − w2(t + 1)2.

Since Ψ
B

≥ 0 and ∇Ψ
B

< 0, B is asymptotically stable, and

QΨ(w) is a Lyapunov function for B.

Also, a polynomial matrix solution of the DLE (15) is

given by

X ′(ξ) =

[
− 1

16 (3ξ + 1) 0
1
8 (3ξ + 1) − 1

3 (2ξ2 + 1)

]
∈ XR.

Computing Ψ′(ζ, η) for this X ′(ξ) by (21) yields

Ψ′(ζ, η) = Ψ(ζ, η) =

[
9
8 0
0 3

8ζη + 5
3

]
≥ 0.

Therefore, the asymptotic stability is proved from Theorem

2, too.

VI. CONCLUSIONS AND FUTURE WORKS

In this paper, we have derived a generalized Lyapunov

stability theorem for a system represented by a high order

difference-algebraic equation (kernel representation) based

on QDFs. In the theorem, we have shown that the asymptotic

stability of the behavior is equivalent to the solvability of the

TVPLE (4) whose solution induces the Lyapunov function.

Moreover, we have clarified the relationship between the

TVPLE (4) and the DLE (15). This results in another

asymptotic stability condition of the behavior in terms of a

polynomial matrix solution of the DLE (15). As future works,

we have to study the algorithm for solving the TVPLE (4)

using linear matrix inequalities of the coefficient matrices,

or a symbolic computation.

APPENDIX

A. Hilbert’s Nullstellensatz

Lemma A: [7] n-variable polynomials ri(ξ1, · · · , ξn) (i =
1, 2, · · · , l) have no common zeros if and only if there

exist n-variable polynomials gi(ξ1, · · · , ξn) (i = 1, 2, · · · , l)
satisfying the following n-variable polynomial equation

l∑
i=1

gi(ξ1, · · · , ξn)ri(ξ1, · · · , ξn) = 1.

REFERENCES

[1] T. Cotroneo and J.C. Willems, An LMI condition for nonnegativity
of a Quadratic Differential Form along a Behavior, Proc. of the 14-th
International Symposium on Mathematical Theory of Networks and
Systems , 2000, Perpignan, France.

[2] T. Kailath, Linear Systems, Prentice-Hall, Englewood Cliffs, 1980.
[3] O. Kaneko and T. Fujii, Algebraic stability criterion for high order

differential equations in a behavioral framework, in Proc. of the 37th
IEEE Conf. on Dec. and Contr., 1998, pp 132-137, Tampa, Florida,
USA.

[4] O. Kaneko and T. Fujii, Discrete time average positivity and spectral
factorization in a behavioral framework, Syst. and Contr. Lett., vol.
39 (1), 2000, pp 31-44.

[5] M. Kuijper, Why do stabilizing controllers stabilize? Automatica, vol.
31 (4), 1995, pp 621-625.

[6] R.L.M. Peeters and P. Rapisarda, A two-variable approach to solve the
polynomial Lyapunov equation, Syst. and Contr. Lett., vol. 42, 2001,
pp 117-126.

[7] B.L. van der Waerden, Algebra, based in part on lectures by E. Artin
and E. Noether; translated by F. Blum and J.R. Schulenberger,
Springer-Verlag, New York, 1991.

[8] J.C. Willems, Paradigms and puzzles in the theory of dynamical
systems, IEEE Trans. on Automat. Contr., vol. AC-36 (11), 1991, pp
259–294.

[9] J.C. Willems and H.L. Trentelman, On quadratic differential forms,
SIAM J. on Contr. and Optim., vol. 36 (5), 1998, pp 1703–1749.

[10] K. Zhou, J.C. Doyle, and K. Glover, Robust and optimal control,
Prentice Hall, Englewood Cliffs, NJ; 1996.

2916


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




