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Abstract— In this paper, we focus on the issue of adaptive
H_-control design for a class of linear parameter-varying
(LPV) systems based on the Hamiltonian-Jacobi-Isaac (HJI)
method. By combining the idea of polynomially parameter-
dependent quadratic functions and vector projection method to
derive an adaptive H_ -control, sufficient conditions with high
precision are given to guarantee both robust asymptotic
stability and disturbance attenuation of the LPV systems with
unknown constant parameters. The applicability of the
proposed design method is illustrated on a simple example.

Index Terms - Adaptive H _ -control; LPV systems.

I. INTRODUCTION

Over the last three decades, considerable attention has
been paid to robustness analysis and control of linear
systems affected by structured real parameters. For linear
parameter-varying (LPV) systems, establishing stability via
the use of constant Lyapunov functions is conservative.
Therefore, to investigate the stability of LPV systems one
needs to resort the use of parameter-dependent Lyapunov
functions to achieve necessary and sufficient conditions of
system stability, see [1, 2, 3, 4, 5].

Generally, the H_—control problem for dynamical systems
with exogenous inputs as disturbances is to design feedback
controllers which make the resulting systems to have small
L, —gains such that the disturbances are attenuated onto the

controlled output [6]. In this paper, since there exist
unknown parameters in the system matrices, we design an
adaptive H_—control based on a parameter adaptation law to

estimate the unknown parameters. In this case, both the
parameter-dependent controller and the parameter adaptation
law are designed properly such that the augmented system is
stable. In literature, there are some works related to the
adaptive H_—control with different approaches, see [7, 8, 9,

10].

A new technique for robust stability problem of LPV
systems with unknown parameter vector has been
investigated in [2] and also the stabilization technique of the
parameter-dependent systems was developed in [11].
Recently, a systematic way for the use of polynomial
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parameter-dependent Lyapunov  functions in robust
disturbance attenuation and robust asymptotic stability
problem of finite-dimensional linear parameter-dependent
systems with time-delay in the state vector proposed in [12].

In this paper, we investigate the issue of adaptive H_-

control design with full information feedback for a class of
LPV systems, which additionally depend on unknown
parameters in terms of the solutions of parameter-dependent
Hamiltonian-Jacobi-Isaac (HJI) inequality. By combining
the idea of polynomially parameter-dependent quadratic
functions and vector projection method, sufficient
conditions with high precision are given to guarantee robust
asymptotic stability and disturbance attenuation of the LPV
systems with unknown constant parameters. Sufficient
conditions of increasing precision for the existence of
polynomial parameter-dependent quadratic functions are
given by LMI formulations. This paper makes three specific
contributions. First, it suggests polynomially parameter-
dependent quadratic functions, which can be applied to
derive sufficient and necessary stability conditions for LPV
systems. Second, both robust stabilization and disturbance
attenuation of such systems are investigated based on
sufficient conditions produced by the Hamiltonian-Jacobi-
Isaac (HJI) approach. Then, an adaptive H_-control can be
constructed from the positive-definite solution to a certain
linear matrix inequality (LMI). Finally, the applicability of
the proposed design method is illustrated on a simple
example.

The notations used throughout the paper are fairly
standard. The matrices I,, 0,, 0, are the identity matrix
and the nxn and nxp zero matrices, respectively. The
symbol * denotes the elements below the main diagonal of a
symmetric block matrix. Also, the symbol ® denotes
Kronecker product, the power of Kronecker products being
used with the natural meaning M =1, M"® =M " @M .
Let J,, J, e ®R*““Y and #" be defined by J, =[1, 0,,],
Jo=[0,, 1] and = [1 )
which have essential roles for polynomial manipulations [2].
Finally, given a signal x(:), |x(1)],denotes the L, norm of

n?

19"“]’ , respectively,

x(®); ie., ||x(t)||§=o]x(t)rx(t)dt. According to [13] for
0

convex set © c R", the contingent cone 7T,(v) and its

normal cone Ny (V) are defined as

T,(0)={y:3r>0:0+1ye O} and
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No)={zeR":y" 2<0,VyeT, )},
No(v)={0} if ve ®.

respectively, and

II. PROBLEM DESCRIPTION

In this section, we consider a class of LPV systems as
x(t) =A@) x(t)+ B, () u(t) + B, (8) w(t) )
2(t) = C, x(t) + C, u(t)

where 6=1[6,.6,,--.6, is a m—dimensional vector of

unknown constant parameters with e ©e R" and
dependency of the system matrices affinely on the parameter
vector & is shown as

m

[a©) B,© B,(©®)=[4 B, B,l+X6(a B, B,

(2)
and x()eR", u(®)eR', wt)e R* and z(r)e R’ are the state
vector, the control input, the disturbance vector and the
controlled output, respectively.

iu

Assumption 1. In the system (1), we assume,
I. the parameter set © is convex and compact.
II. ¢/c,=0.

In this paper, the aim is to design an adaptive controller for
attenuating the impact of the exogenous disturbance w(r)

and error induced by initial guess of the parameter onto the
controlled output z(). The proposed controller has the

following fashion

{/)m = P(x(t), p(t),u(t)) 3)

u(r) =K (p(1)) x(t)

where K ()e R* and pe R” is the estimation of the real

parameter 6. Now, we shall make the following definitions
for the system (1).

Definition 1. The adaptive H_ — control design (3) is said

to achieve robust global asymptotic stability of the system
(1) if for w=0 and any &< © the closed-loop system

)

{)’c(t) =(A(p()+ B, (p®)) K (p(1))) x(1)
P() =d(x(1), p(1), u(r))

is globally asymptotically stable in the Lyapunov sense.

Definition 2. By considering £>0, the adaptive H_-
control design (3) is said to achieve robust disturbance
attenuation if under zero initial condition there exists
0 < y<oo for which the performance bound is such that:

Tj;z" @) z(t) dt < y* Ij‘ wh (Ow) dt + €, )

VT>0,wel’, p(0)e O, fe 0.

According to the definitions above, the main objective of
the paper is to design the adaptive H_-control (3) for

achieving the robust global asymptotic stability and the
robust disturbance attenuation of the linear parameter-
dependent system (1), simultaneously.

Definition 3. We call a polynomially parameter-dependent
quadratic function (PPDQ function for short) any quadratic
function x” (t) S(p) x(¢) such S(p) is defined as

S(p)=(pl®@--®pl®I)s, (pi'®--®pl®l,)
for x(r)e R" and a certain S, e R"". The integer k-1 is
called the degree of the PPDQ function of S(p) .

III. MAIN RESULTS

The main approach employed here is to design an adaptive
state feedback control in the presence of the disturbances
based on the standard HJI method. Hence, we define a
quadratic energy function in the form

E,(x; 0,0y, P,) =X (P, x()+(p-60)'Q (p-0) (6)

where P, :=P(p)>0, PPDQ Lyapunov function of degree

k—1,and Q>0 are to be determined.
Suppose that there exists the following HJI function

Hlu,w;p,,0,,.p,1
@)

d
= B pr i p, )+ 2 OO =y W (W)

where derivative of E,(.) is evaluated along the trajectory of
the closed-loop system (1), i.e.

d

EEH(x;pl’pZ’.“’pm)

Z%(xr (P, x(1)+(p=60)"Q (p—0) (AB)x(t) + B, (0) ut)

m T P
+B,(O)wt)+ d(x" (1) P, x(1))

. d(p-O)T -9)) .

5 2p=0"0 (-0
dp, dp

®)

It is well known that a sufficient condition for achieving

robust disturbance attenuation is that the inequality

Hlu,w; p,, p,,,p,1<0 for all we I’ results in a function
E,(.), which is strictly radially unbounded (see for example
[14, 15]), E,() may be regulated as a Lyapunov function

for the closed-loop system (1). In this paper we will establish
conditions under which
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Inf, Sup _,Hlu,w;py,p,,-,p,1<0, €))

then for every T, taking the definite integral from 0 to T
of both sides of (7) gives

t=0

[" 0z di—y* [w @ w) dt <E,(x:p,. 9,00, p,)

~E,(xippy ), =€
i.e., constraint of (5).
Noting to the expression (7) and according to (8), we have:

Hlu,w;p,,0,, 0, 1= 2x" P, (A(p) x(t)+ B, (p)u(t)

+B,(p)w(t)-2x" P, (Em](pi -0, A, x+§:(p’ —0)B,u
i; . , i=1 (10)
+32(0,0) B, w+ 3 L OBXD)

i=1

P +2(p=6)"Q p

i

+(C, x+C,u)" (C,x+Cu)—y*w'w.

Using Assumption 1 and structure of the matrix P,, it is

easy to show that

Hu,w;p,,p,.+p,1=2x" P, (A(p) x(1) + B, (p)u(?)

+Bw(p)w(z))+i% Tople-eple eptler)p

i=1 ;i

x(pH @ @pH @ ®pH &I ) x(t) p, +x"CIC, x+u" CIC,u
-7V ww+2(p-60)" 0 (p—D(x,w,u))
or

H[u,w;p],p2,~~~,pm]:2xT P, (A(p)x(t)+ B, (p)u(t)

+B(pwe)+23 (M e @l e epter)
i=1

xP(pH® . ®@pHe...0per)xwp +x'ClcC x

+u'CIC,u—y> ww+2(p-6)"0 (p—®(x,w,u)),

(1)
where /3}”:(0, L2p, (k=) p) for k>1 and the

vector function @ : R" xR xR’ > R” is defined as

xTPp(A1 xX+B,u+B, w)
xTPp (A, x+B,,u+B,, w)

Iw

O(x,w,u)=Q" (12)

x+B _u+B _w)

m mu mw

XP (A
Therefore, one finds

H{u,wip,. P, p, 1< 257 P, (A(p)x(t)+ B, (p)u(r) + B, (p) w(t))
+x"CIC x+u"CIC,u—y* w'w
13)
if the following conditions are satisfied:

Y weplle-eple-opllern)
(14)

x(p @ ®pte..®per )xwp, <0,

m i

peO,
(P—6)Q (p—D(x,w,u)<0.

15)
(16)

As discussed in [13], the conditions (15) and (16) are
satisfied by choosing the parameter update law as
P = o (P, P (x,w,u)) A7)

where u, (p,®(x,w,u)) called the vector projection of the

vector ®(x,w,u) at a point pe © on the contingent cone

T, (p) as follows:
O (x,w,u) if pe® or O (x,w,u)eT,(p);
o (P.®(xwu)=] 0 if ®(x,w,u)e No(p);
O (x,w,u) vv otherwise;
(18)

where v =arg max {®" (x,w,u) v, | Vv, € Te(p)," v0||:1} .
It can be shown that w'(r)=y B’ (p) P, x(t) maximizes the
right-hand side of the inequality (13), in other words,

Sup Hu,w; p\, Py, P 1= Hu, w5 0,0, 0,1

wel?

<x" (A"(p)P,+ P, A(p)+ 7 P, B (p)B.(p)P,
+C/ CHx()+2 x"P, B, (p)u(t)+u"C;C,u.

19)

The optimal control law, which minimizes the right-hand
side of (19), is given by

u(t)=—~(C,C,)" B, (p) P, x(1). (20)
As a result, one obtains
Inf, Sup H[u,w; p,, Py, p,1<x"M , x 2n

weL

where the parameter-dependent matrix M , is defined as

M, =A"(p)P, + P, A(p)-P, (B,(p)(C; C,)"' B, (p) 22)
~77B,(P)B, (PP, +C[C,.
Consequently, for a prescribed performance bound y if
there exists a positive-definite solution P, >0 to the matrix

inequality M, <0 then we have:

Hlu,w; p,, Py, 0, 1<0, Y weL*. (23)

In the sequel, we provide the robust global asymptotic
stability and robust disturbance attenuation in the sense of
Definition 1 and Definition 2 for the system (1),
respectively. This may be done by converting the parameter-

dependent inequality M, <0 into the associated LMI and

then we are able to determine the positive-definite solution
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P,. At first, we state a technical lemma, called Schur

Complement Lemma.

Lemma 1. Given constant matrices ¥,, ¥, and ¥, where
Y, =¥ and ¥, =V >0, then ¥, +\¥] ¥;' ¥, <0 if and

only if
Y, “I‘ST <0.
\Ps _lIlz

’ ©1<0.
\PS \Pl

Using Schur Complement Lemma, the inequality M, <0
holds if and only if

or equivalently,

A"(p)P,+P,A(p)+C/C, P,B,(p) P,B,(p)
* - (CITCI )71 le.\- <0.
* * -7’1,
(24)

The PPDQ function of degree k for the positive-definite
matrix R, = A"(p)P, + P, A(p) is defined, as

R,=(pl @ ®pl®1) R (P ®®pl®l,)
(25)
and according to Remark 1 and some matrix manipulations,
the matrix R, € R“"" in (25) which depends linearly on
the matrix P, is obtained as follows:

.
&:@ﬂm®ag+zdﬁ“®®ﬂ®fﬁ@®Aﬂ1«ﬁ@®g>
i=1

-uﬁ@®gfﬂ@ﬁ@®Ag+idﬁ“®®L®fﬁ®®¢ﬂ

i=1

(26)

where
P= ol @0l 017 P, (ol @0 pll01,)

27)
is the PPDQ Lyapunov function of degree k—1 for the
matrix P, [2].

It is clear that the LMI (24) is parameter-dependent and
this dependency makes hard to find the matrix P, using the

toolbox LMITOOL of the MATLAB software. To overcome
this disadvantage, one lemma is stated to find a parameter-
independent LMI from (24).

Lemma 2. Let the degree of the PPDQ function P, is
k-1. The P, B,(p)

represented as

non-quadratic matrix can be

P,B,(p)=(py" @@ pl @1 ) H, (py" @@ p/1®1),

the matrix H, e R @70 which depends linearly on

the matrix P, is defined as

Hﬁqﬂ@®gya@ﬂ@®mg+id%“®ﬂ®iw@®mﬂ.

i=1
According to Lemma 2, representation of the matrix
P, B, (p) will be as follows:

P,B(p)=(pl"®--®pl @) F (pi e ®per),
(28)

m

. . . m .
where the matrix F, € R @79 g represented as

ﬂ:dﬁ@hfﬂ@ﬂ@®&Q+i0ﬁw®ﬂ®ﬂ“@®&ﬂ.
i=1

(29)
For quadratic parameter-independent matrices C/ C, and

CI ¢, the PPDQ function representations of degree k —1 are

as
clc=pte--epller)c pile -epller,)
=(p®...@pller ) (I 1) C (" ®I,)
x(pile--@plier,),
(30)
and

cre,=ple-@pleny ¢ ool e
:(p;[nk)rlJ ®"'®pllk+lJ ®II)T(‘;1:"® ®II)T61{(‘;1:"® ®1)
X(p;[:ﬂ] ®"'®p1k+l] ®1),

€2y
where the parameter-independent certain matrices C, and

C, are defined, respectively, as

Ca
J— CT
C, = Block diagonal (| " [CO1 C, le], 0,,--,0, )
: N
T (k™ —m-~1) elements
le
(32)
and
Con
~ . CIT;
C, = Block diagonal (| . [CO2 C, sz], 0,,--,0, )..
: N

(k™ —m—1) elements

(33)
By substituting the relations (25-33) into the parameter-
dependent LMI (24), we conclude the following theorem.

Theorem. Consider the LPV system (1) with the non-
singular matrix C] C, . For a prescribed performance bound

y if there exist the positive-definite solution P,e R*"> "

and the positive definite
A A ABG) L P A P
( oV )e R to the

ik =ik’

multipliers
following

parameter-independent LMI,
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211 Hk Fk
k
222 O(k'"l)x(k'" 5) < 0 > (34)
k * 233
where
T, =R+ ®1)C,. (" ®1”)+Z(f;m-f+“® ®I, . ln)’

i=1

XQ(I)( (m-i+)® & 1 . ) Z(jzmﬂm ®jk ®1 o ) QA,(I;:
i=1

(k+1)""n (k+D)'""n

x(]{’"’”®®jk ®I ., )

(k4D n
z, = _(j:@ ®1, )r Ek (j:@ ®1)+ Z(jzm-m)@ ® I(M)Hn )’Q’(Zk)
i=1

m-i+h® & ) (j (m=i)® ®j ®1 )’ A2)
( (A+1)’ 1, Z k k (k+1)i 7y Qi-k

i=1

(o o7 01 )
(k+1)"""n
and

T, = _7/2(‘;:@ ®I.\-)Tl_k (j:@ ®I.\-)+Z(jim_[+“® ®I(H1) ”)’Qm

A(mfi+l)® S J e 3)
X (J" (A+1)’ 1r1) ,le( ® J ® I(A+1)’ ! )IQ
(J(m H® ®] )
(A+1) Ly
and I, = Block diagonal (I,,0,,---,0,), then, the optimal
NEAINE

(K™ ~1) elements
control law
{pw@(p,q)(x, W (CIC)BI(PIP, 30 ()
u(t)=—(C;C,)" B, (p) P, x(t)
achieves both robust global asymptotic stability and robust
disturbance attenuation with the attenuation bound y in the

sense of Definition 1 and Definition 2.

Remark 2. Tt is essential in this result that P, is calculated
independently from the parameter vector p and after that P,

and the control law are found analytically by (27) and (35),
respectively.

Remark 3. It is observed that the inequality (34) is linear in
P, and the positive definite multipliers 9 ,0®,0® and
thus the standard LMI techniques can be exploited to find
the positive definite solutions [16]. It is also seen from the
above results that the choice of appropriate parameter k—1
as the degree of the PPDQ functions plays the role of degree
of freedom (DOF) in the design of the adaptive H_—control

law.

Remark 4 (Matching condition). To remove restriction of
the condition (14), we use a control with the following form

u=u"(x,p)+v(x,p,p) (36)

where u’(x,p) =—(CIC,)" B! (p)P, x(1) .

control (36) in the main system (1), one has the following
representation of the plant

By replacing the

{X(t) =A@)x(1)+ B, (O)u’(x, p)+ B, (O)v(x, p, p) + B, (6) w(t)

2 (t) =C, x(t) + C, u" (x, p).
(37
Since
leo| <] @ +]c, vex p. 0] s
the inequality (5) for the controlled output

2(1) = 2" (1) + C, v(x, p, p) would be guaranteed if we consider
T

e=¢" - [|C,v(x. p, p)| dr such e is an arbitrary positive
0

scalar. Using the quadratic energy function (6) and HIJI
function (7), it is straightforward to find the inequality
condition for the system (37) as

Y we L’
(38)

Hlu (x, p)+v(x, p, D), W3 ), Prs05 £, 1<0,

if the following conditions are satisfied:

Sl e-epl e eplern)

i=l

x(phl @@ pl®--®pll®r)x) p, (39)
+x" (P, B,(p)v(x(1),p, ) <0,

peo, (40)

(P-6)"Q (P=P(x,w,u’ (x, p)+v(x. p. pYNS0.  (41)

The condition (39) is called the matching condition that
will be assumed to hold for some function [13].

IV. SIMULATION RESULTS

In this section, we illustrate the methodology proposed on
a second order LPV system as presented in [13].
The LPV plant in the state-space form is given by

X(t) = 0 ! () + 0 (1)
TR _avey —avey|T T c1ve, 1

0
, }w(t) (42)
4

and x0)=[1 -1]
state vector, disturbance vector and initial condition,
respectively. Also, the parameter vector € is defined as

where x=[x, x|, w=[w w,][

Gz{zl}e ©=[-0.04,5]x[-5,0.04].
2

By solving the matrix inequality (34) for y =1 using the
Lmitool toolbox of the Matlab software [16], the positive
definite matrices can be calculated for k=2 .
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Robust stability and disturbance attenuation of the states in
the presence of disturbance have been depicted in Figure 1.

Therefore, we conclude that system (42) can be stabilized
by the control law (35), which has been depicted in Figure 2.
Since the parameters 6, and @, are unknown, the adaptive

H_—control (35) is used. The simulation results for two

parameters 6, and 6, are shown in Figure 3.

States

Time [sec)
Fig. 1. Robust stability of the controlled output: First state (solid), and
Second state (dotted line).

Control Signal

Time (sec)

Fig. 2. Adaptive H_ -control.

Parameters

Time (sec)

Fig. 3. Time behaviours of Parameters: p,(¢) (solid), and p, (¢) (dotted

line).

V. CONCLUSION
In this paper, the issue of adaptive H_-control design for a

class of LPV systems based on the Hamiltonian-Jacobi-Isaac

(HJI) method was investigated. By combining the idea of
polynomially parameter-dependent quadratic functions and
vector projection method to derive the adaptive H_ -control,

sufficient conditions with high precision were given to
guarantee robust asymptotic stability and disturbance
attenuation of the LPV systems with unknown constant
parameters. Finally, a simulation example was given to
illustrate the applicability of the proposed method.
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