
 

Abstract—Maximum A Posteriori (MAP) estimation was em-
ployed to refine estimates of various energetics in silicon self-
diffusion. Self-diffusion profiles were augmented with prior pa-
rameter estimates determined from previous experimental sys-
tems to obtain improved values. Parameter sensitivity analysis 
was utilized before MAP estimation to determine the relative 
importance of model parameters. The sensitivities were a 
strong function of the surface boundary condition. For con-
ditions with high surface loss flux, the energy for exchange 
between an interstitial and the lattice is the most critical. For 
conditions with a low surface loss flux, the dissociation energy 
of large-atom clusters plays a more important role. The incor-
poration of information from the new experimental system 
substantially improved the estimates of parameters that could 
not be identified accurately in previously studied systems. 

I. INTRODUCTION

HE mechanism of diffusion in silicon has been exten-
sively investigated in the past few decades [1]. One of 

the major driving forces comes from the technological need 
to understand and control the transient enhanced diffusion 
(TED) [2]-[3] of implanted atoms during annealing, which is 
a major roadblock to the continuous miniaturization of 
semiconductor devices. Although it is generally accepted 
that point defects such as interstitials and vacancies serve as 
primary mediators in silicon diffusion [4], these defects are 
difficult to monitor directly owing to their low concentra-
tions, making the study of the diffusion mechanism very 
challenging. 
 To elucidate this problem, models have been employed 
with experimental data to estimate the various energetics of 
diffusion and reaction of species in silicon [5]-[8]. In the 
most data-efficient implementations, model identification is 
an iterative process involving optimal experimental design, 
experimental data collection, parameter estimation, and hy-
pothesis mechanism selection, which are repeated until ac-
curate parameter estimates are obtained [9]-[11]. However, 
even with the application of optimal experimental design, 
the accuracy of the parameter estimates may still be limited 
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by the physicochemical behavior of the process and various 
practical constraints in experimentation. In this case, obtain-
ing accurate estimates of the model parameters may require 
studying additional experimental systems. In other words, a 
model with high predictability may be achievable by com-
bining the information from multiple experimental systems. 
 In previous work on solid state diffusion, we developed a 
model to describe the transient enhanced diffusion (TED) of 
boron in silicon [12]-[14]. Values of the model parameters 
were determined by parametric sensitivity analysis, maxi-
mum likelihood (ML) estimation, and maximum a posteriori 
(MAP) estimation. In addition to a good agreement between 
experimental and simulated boron concentration profiles, our 
model provided the first published agreement between 
model simulations and the “Sematech curve” [15], which 
generalizes experimental sheet resistance−junction depth 
pairs employing various experimental conditions. 
 In other recent work, we studied the photo-stimulated 
effect in silicon self-diffusion [16]. By utilizing a silicon 
isotope heterostructure, the activation energy for interstitial 
formation and diffusion with and without surface illumi-
nation and the energy barrier for the exchange reaction 
between interstitial and the lattice were determined.  
 In other prior work [17], we studied the effect of surface 
bond structure on the annihilation rate of self-interstitials. 
Isotopically-labeled 30Si was implanted into a silicon matrix 
depleted in the isotope. The surface was saturated with 
nitrogen to various degrees before annealing. The effect of 
nitride coverage was quantified by the surface annihilation 
probability of silicon interstitials, which was determined by 
maximum likelihood (ML) estimation. 
 Although the aforementioned three systems possess dif-
ferent objectives, their models share similar elementary reac-
tions, such as interstitial diffusion and clustering. This paper 
refines the common parameters among the models by aug-
menting data collected from the new experimental system to 
the prior information obtained from previously studied sys-
tems. This was accomplished using parameter sensitivity 
analysis and maximum a posteriori (MAP) estimation. 
 Parameter sensitivities quantify the variations in the 
model output in response to perturbations in its parameters. 
The relative importance of various parameters in the model 
indicates which parameters can be estimated most accurately 
and should be included in the parameter estimation algor-
ithm. Maximum a posteriori (MAP) estimation determines 
the most likely values of model parameters when prior 
information is available. It utilizes Bayes theorem to deter-
mine the refined probability density function of the param-
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eters by combining prior statistical information and addi-
tional experimental data. By utilizing MAP estimation, the 
prior information from previously studied systems were aug-
mented with new experimental data to obtain refined es-
timates of various parameters. 

II. EXPERIMENTAL METHODS

The experimental system consists of isotopically-labeled 
30Si tracer implanted into an epitaxial matrix depleted in the 
30Si isotope. Experiments were performed in a turbomolecu-
larly pumped ultrahigh vacuum chamber with a base pres-
sure in the low 10 9 torr range. The Si-isotope hetero-
structure consists of a 4 µm thick slightly p-type ([B] = 1015

cm 3) epitaxial Si depleted in 30Si to 0.002% (compared to 
the natural abundance of 3.10%) grown on natural silicon, 
which was also doped with boron, but to a level of 1019

cm 3. SiH4 enriched in the 30Si isotope to 90% was 
implanted into the Si matrix. Nitride coverage was 
accomplished by exposure to ammonia (99.99%) at 800oC. 
The degree of nitride coverage was measured by Auger 
Electron Spectroscopy (AES) and was controlled by expo-
sure time. 
 Three samples were prepared. In sample 1 there was no 
ammonia exposure. In sample 2, the specimen was exposed 
to ammonia before ion implantation to give nitride coverage 
of about 1 monolayer. In sample 3, after nitride growth and 
ion implantation identical to that of sample 2, there was a 
further nitride growth of about 1 monolayer after ion 
implantation. The samples were soak-annealed by resistive 
heating at 1000oC for 120 min for sample 1 and at 980oC for 
90 min for samples 2 and 3.  
 The as-implanted and annealed profiles were measured ex 
situ by a dual beam Tof-SIMS instrument. Sputtering was 
accomplished by a Cs+ ion beam at 2 keV and 60 nA, and 
the analysis was made by using a Au+ ion beam at 22 keV 
and 600 pA. The ion count of 30Si was converted to 
concentration by calibrating to the signal of 28Si, whose 
concentration is known. 

III. SILICON SELF-DIFFUSION MODEL

The model depicts the diffusion of implanted 30Si tracer in 
the expitaxial Si matrix depleted in the 30Si isotope, as 
described elsewhere [17]. It utilizes continuum equations to 
describe the reaction and diffusion of interstitial atoms and 
related defects in silicon. These equations have the general 
form for species i:

/ /i i iC t J x G∂ ∂ = −∂ ∂ +                                                  (1) 
where Ci, Ji, and Gi denote the concentration, flux, and net 
generation rate of species i, respectively. The effect of the 
electric field on the flux Ji is negligible considering that the 
sample is weakly and uniformly doped. The net generation 
term Gi incorporates terms associated with cluster formation 
and exchange between interstitials and the lattice. The reac-
tions for the clustering of interstitials in the model are 

1 , 2 5m mI I I m− + ↔ ≤ ≤                                           (2) 

where the index m denotes the size of (that is, the number of 
atoms in) the cluster. The maximum cluster size is restricted 
to five owing to the number of equations that can be solved 
by the simulator. The exchange between interstitial silicon 
and the lattice is the reaction

30 28 30 28
i l l iSi Si Si Si↔+ +                                         (3) 

The effect of adsorbate coverage on the surface anni-
hilation rate of interstitials is quantified by the surface loss 
probability S, which is incorporated in the boundary condi-
tion as 

0/ totalxD C x J S=− ∂ ∂ =                                                    (4) 

where Jtotal denotes the total impinging flux of interstitials. 
The actual flux at the surface is the product of the total 
impinging flux and the surface loss probability.  

The model was implemented using the process simulator 
FLOOPS [18]. The initial condition for each simulation run 
was an experimental as-implanted profile, with the 
assumption that 20% of the implanted 30Si enters as 
substitutional sites. The initial condition for the interstitial 
28Si was set based on the “+1 model” [19]. Values of surface 
loss probability S at different degrees of nitrogen coverage 
were determined by maximum likelihood (ML) estimation 
with S as the only adjustable parameter. Fig. 1 shows the 
experimental as-implanted and annealed profiles as well as 
the simulation fit for three sets of conditions. The sample 
with highest nitrogen coverage (sample 3) shows the most 
profile spreading, while the clean surface sample (sample 1) 
shows the least. The ML estimates of the surface loss 
probability S and the values of key activation energies are 
summarized in Table I. The more diffused profile 
corresponds to a smaller surface loss probability S.

The values of key activation energies employed in the 

model were determined by maximum likelihood (ML) esti-
mation and maximum a posteriori (MAP) estimation from 
other experimental systems [12]-[14], [16]. Accuracy of the 
estimates was limited by the sensitivity of the measured sim-
ulation profile to these parameters. Here parameter sensi-
tivity analysis and MAP estimation are used to obtain 

Fig. 1. Experimental and simulated 30Si profiles using the surface loss 
probability S as the only adjustable parameter determined by maxi-
mum likelihood (ML) estimation. 
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refined estimates by augmenting the prior information with 
new experimental data. 

IV. SYSTEM TOOLS

A. Parameter Sensitivity Analysis 
Parameter sensitivity analysis quantifies the influence of 

perturbations in model parameters on the process outputs. 
This technique has been widely applied in analysis and 
design of chemical systems [20]-[21]. The analysis deter-
mines which model parameters need to be estimated or cal-
culated most accurately in order to give high predictability, 
and which can be largely ignored. The parameters with high 
sensitivities to measurements can be determined most accu-
rately by parameter estimation. The matrix F of sensitivities 
includes the partial derivatives of the variables β j with 
respect to the dependent variables Pi [22], 

, ( ; ) ( ) /i j ji j i jF F P Pβ β β= = ∂ ∂ ,                                    (5) 

where F(Pi, β j) denotes the sensitivity of the i th measurement 
to the j th parameter.  

This laboratory has applied sensitivity analysis to study 
the relative contribution of various activation energies in the 
transient enhanced diffusion (TED) of boron in silicon [12]. 
The results suggested that the activation energies most 
important in the boron model are those for interstitial boron 
diffusion, kick-in, and the dissociation of the (Bs-Sii)+ inter-
mediate to liberate either interstitial B (kick-out) or Si. As 
the silicon self-diffusion system shares similar elementary 
reactions with the boron model (e.g., interstitial diffusion 
and cluster dynamics), some of the activation energies in the 
silicon self-diffusion model are the same as for the boron 
system (see Table I). However, as the parameter sensitivities 
are a function of the process and the corresponding exper-
imental conditions, parameters that are relatively insensitive 
in one system may be important in another. In this case, the 
accuracy of some of the parameter estimates can be im-
proved by combining the information from multiple experi-
mental systems. 

Both the boron TED system and the silicon self-diffusion 
system entail the diffusion of species under supersaturation 
of defects. However, the two systems are different in several 
ways. One major difference lies on the boundary condition. 
In the boron system, the silicon surface was covered with 
screen oxide during experiment, giving a boundary condition 
reasonably close to a perfect reflector (i.e., S = 0). For the 
self-diffusion model, the surface dangling bonds were satu-
rated with adsorbate to give a boundary condition lying be-
tween the two extremes of perfect sink and perfect reflector. 

The annealing program employed was different, too. The 
boron experiment utilized a spike anneal program. The sam-
ple was heated up and cooled down rapidly such that it was 
kept at high temperature (>600oC) for short time (~20 s). 
Soak anneal was used in the self-diffusion experiment, 
which kept the sample at high temperature for much longer 
time (~90 min).  

The differences between the two systems may result in 

large differences in the sensitivities of the model outputs to 

the same model parameter. For example, the soak anneal 
program employed in the self-diffusion model would be 
expected to improve the sensitivities of model outputs to 
parameters involved in the reaction and diffusion that have 
larger time constants, while the difference in the boundary 
condition may result in a change of the dominating reac-
tion/diffusion mechanism in the system. 

In this work, the sensitivities were estimated by the finite 
difference method: 

( ) ( )
( ; )

2
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≈ =
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.                (6) 

The total sensitivity for the j th parameter, Φj, is given by the 
sum of squares of this approximated partial derivative over 
the entire depth of the 30Si profile weighed by the corre-
sponding measurement covariance at the ith depth, σi
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where Nd denotes the total number of data points in the 30Si 
profile, and β j/β j = 0.1. A higher value of the total sen-
sitivity Φj implies a stronger influence of the corresponding 
model parameter β j on the final 30Si profile. The data points 
with smaller measurement covariance are weighed stronger 
in determining the total sensitivity. The standard deviation at 
each depth σi was estimated by the measurement of n dif-
ferent SIMS profiles on the same specimen, yielding 

2
,

1

1 ˆ( )
1

n

i i m i
m

C C
n

σ
=

= −
−

∑                                     (8) 

where ˆ
iC  is the average concentration over the n measure-

ments for the i th depth. The standard deviation on a relative 
basis (i.e., normalized by concentration) obeyed the follow-
ing square-root relation: 

TABLE I
MAXIMUM LIKELIHOOD (ML) ESTIMATES OF THE SURFACE LOSS 

PROBABILITY S AND VALUES OF KEY ACTIVATION ENERGIES
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2 1
ˆ ˆ/ /i i iC k k Cσ = + .                                             (9) 

where k1 and k2 denote constants equal to 4.4×108 and 
2.7×10 2, respectively. Equation (9) indicates that the rel-
ative measurement error decreased with the square root of 
the signal strength. 

As experiments were performed under various degrees of 
adsorbate coverage, the sensitivity analysis was repeated for 
various values of the surface loss probability S. This helped 
elucidate the effect of surface boundary condition on the 
governing diffusion/reaction mechanism in the system. The 
results also can be used to guide experimental design if 
particular parameters need to be refined in future studies. 

B. Maximum a posteriori (MAP) Estimation 
Maximum a posteriori (MAP) estimation determines the 

most likely values of parameters when prior information is 
available [23]-[24]. MAP estimation optimally combines 
prior statistical information of the parameter estimates with 
additional experimental data to obtain improved a posteriori
estimates. For this application MAP estimation can be equiv-
alently posed as a minimization problem, 
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                                                                                          (10) 
where β denotes the vector of estimated parameters that are 
the same for all profiles, µ is the vector of corresponding a
priori parameter estimates, Vµ is the prior parameter covar-
iance matrix, d is the total number of SIMS profiles, and Sk

is the surface loss probability, Yk is the vector of 
experimental observations, Pk is the vector of model 
predictions, and Vε,k is the measurement covariance matrix 
for the kth profile. Assuming the measurement errors at 
different depths are uncorrelated, the measurement 
covariance matrix is diagonal with nonzero elements given 
by 

[ ] 2
, ,k i kii

Vε σ=                                                                (11) 

where σ i is determined by 

2 1, , ,/ /i k i k i kC k k Cσ = + .                                        (12) 

Assuming the accuracies of the individual prior parameter 
estimates are independent of each another, the prior 
parameter covariance matrix can be expressed as a diagonal 
matrix with nonzero entries given by 

2
, jjjVµ βσ=                                                                   (13) 

where 
jβσ is the standard deviation in the prior estimate of 

the jth parameter. No prior information was assumed for the 
surface loss probability Sk, which varies with the adsorbate 
coverage that is different for each profile. In the case where 
only the surface loss probabilities are estimated, (10) gives 
maximum likelihood estimates. 

The parameters to estimate in β is chosen based on the 
results of sensitivity analysis such that parameters with low 
sensitivities are not included. The objective function in (10) 
is formulated as the sum of weighed squared differences 
between the experimental profile concentrations and the 
model predictions for all available profiles. The values of 
various activation energies in β are independent of the ex-
perimental conditions, while the values of Sk are a function 
of nitride coverage. 

All of the estimated parameters can be stacked into a 
single vector, 

T
1[ ]dS Sβ β= ,                                                      (14) 

with an estimate of the covariance of (β* βtrue) given by 
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                                                                                      (15) 
where β* and βtrue denote the best estimate and the true value 
of the vector of parameters, respectively, and each 0 is a 
matrix of zeros of compatible dimensions. The matrix F is 
the sensitivity matrix of 

T
1[ ]dP P P=                                                        (16) 

with respect to the vector of parameters β, computed from 
(6). 

The accuracy of the parameter estimates are quantified by 
a hyperellipsoidal confidence region given by 

{ }*
1 2: ( ) ( ) ( )true trueE V pβ αβ

β β β β β χ−= − − ≤              (17) 

where α denotes the confidence level and χ denotes the chi-
squared distribution with p degrees of freedom. The confi-
dence region can be visualized by confidence intervals: 

* *
* 2 * 2

,, ,( ) ( )true jj jjj jj
p V p Vα αβ ββ χ β β χ− ≤ ≤ +                 (18)

The confidence intervals are a poorer representation of the 
hyperellipsoidal confidence region when the off-diagonal 
elements in Vβ* are large relative to its diagonal elements, in 
which case the correlation between the parameters is sig-
nificant. 

V. RESULTS AND DISCUSSION

A. Sensitivity Analysis 
Values of the total sensitivities for different surface loss 

probabilities are shown in Table II. Results can be summa-
rized as follows: 
1) The energetics of exchange between interstitial and 

substitutional silicon, Eex, have a large influence on the 
final concentration profile for high values of the surface 
loss probability S (10 2 and 10 4). The total sensitivity 
decreases as S decreases.  

2) The total sensitivities of cluster energetics mostly 
increase as S decreases. For small S (10 6 and 10 8), the 
profile is most sensitive to the cluster energetics for 
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large clusters (E4 and E5). 
3) The profile is sensitive to Ediff over the entire range of 

the surface loss probability S.
An explanation of the above results requires a deep under-

standing of the self-diffusion mechanism. In Si implanted to 
significant levels of interstitial supersaturation as described 
above, the self-diffusion behavior is determined primarily by 
the interplay between the interstitials, the surface, and the 
reservoirs that render interstitials immobile, i.e., lattice sites 
and interstitial clusters. A high value of the surface loss 
probability S implies a high flux at the surface. As inter-
stitials of both 28Si and 30Si move towards the surface, inter-
stitial 30Si will be selectively immobilized by the exchange 
reaction with lattice sites described in (3), owing to a higher 
concentration of substitutional 28Si than 30Si. Continuous re-
moval of the interstitial 28Si at the surface drives the ex-
change reaction to the right hand side, resulting in more 30Si 
kicked into lattice sites. Owing to this selective removal of 
interstitial 28Si over 30Si, a high value of the surface loss 
probability S results in a less diffused final 30Si profile (see 
Fig. 1). This also explains why the profile is very sensitive to 
the activation energy for the kick-in reaction (Eex) for high 
values of the surface loss probability S.

As the value of the surface loss probability S decreases, 
the effect of surface removal decreases, and the interstitials 
tend to diffuse to the bulk rather than the surface. The ex-
change reaction becomes less important in freezing the 30Si 
profile, because of the relatively high concentration of inter-
stitial 28Si present in the bulk. Clusters then become a more 
effective reservoir for interstitials. 

The magnitude of the total sensitivity for Ediff agrees with 
physical intuition. It is reasonable to expect that the diffu-
sivity of the silicon interstitial would play an important role 
on the final annealed profile regardless of the mechanism 
that render interstitials immobile. Hence the total sensitivity 
of Ediff is high for all values of the surface loss probability S.

Based on the results of ML estimation with the surface 
loss probability S as the only adjustable parameter (see Table 
I), the available experimental data gave values of the surface 
loss probability S between 10 4 and 10 1. In this regime, the 
concentration profiles are relatively insensitive to the disso-
ciation energy of small clusters (see Table II). As a result, E2
and E3 were not included in the parameter set for maximum 
a posteriori estimation, resulting in the vector of parameter 
estimates defined by 

TT
4 5 1 2 3, , , , , , .ex diffE E E E S S Sβ = ⎡ ⎤⎣ ⎦                              (19) 

According to the results of the sensitivity analysis (see 
Table II), if the values of E2 and E3 need to be determined 
more accurately in the future, then the experiments should 
be performed under conditions in which the surface 
boundary condition is close to that of a perfect reflector, that 
is, experimental conditions in which the surface loss 
probability S is small. 

Note that the concentration profile was not very sensitive 
to E5 and Ediff in previous experimental systems (which is 
why the standard deviations from past parameter estimation 

studies are relatively large in Table I), but the concentration 
profiles are very sensitive to these parameters in the present 
system (see Table II). This indicates that incorporating the 
experimental results from the present system with prior 
information should result in more accurate estimates of these 
parameters. 

The dissociation energy of the second largest cluster, E4,
shows moderate sensitivity for S ≈ 10 4 (see Table II). Al-
though a prior parameter estimation study for boron diffu-
sion experiments estimated a standard deviation of 0.002 for 
the estimate of this parameter, this value is too small for use 
in the MAP estimation for this silicon self-diffusion study. 
In the boron system, there are three kinds of clusters, namely 
pure B clusters, pure Si clusters, and mixed B-Si clusters. 
The dissociation energy for clusters of size bigger than 2 
was assumed to be solely size-dependent. This assumption is 
probably only an approximation. Results from first-princi-
ples calculations [25] and the tight-binding method [26] 
indicate that the identity of atoms in a cluster affects the 
value of the formation energy. In addition, it is unlikely that 
the dissociation of these three groups of clusters is of same 
importance in affecting the final boron profile. The 
estimated high accuracy of the estimate of E4 may be due to 
a high sensitivity of the concentration profiles to the 
dissociation of a certain group of clusters. These issues 
suggest that the prior standard deviation for E4 used in the 
current MAP estimation should be increased; we used 0.1 
eV, which is the same as that of E5. This makes the refined a
posteriori estimate of E4 a more defensible value for pure Si 
clusters. In the next section the refined value is compared to 
the prior estimate to quantify the validity of the “size-
dependent-only” assumption. 

B. Maximum a posteriori (MAP) Estimation 
MAP estimates of the model parameters and the 

associated 95% confidence intervals are shown in Table III. 
Fig. 2 shows the simulated profiles using the refined 
parameters. The simulated profiles with MAP estimates are 
closer to the experimental profiles than when a priori
estimates are used (see Fig. 1), especially for the clean 
surface sample (sample 1). Values of the MAP estimates are 
reasonably close to the prior estimates, but with confidence 
intervals significantly tightened. With the exception of E4,
each estimate lies within the 95% confidence region of the 
prior estimate, suggesting that the values of the model 

TABLE II
VALUES OF THE TOTAL SENSITIVITIES OF MODEL PARAMETERS AT 

VARIOUS VALUES OF THE SURFACE LOSS PROBABILITY S
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parameters are consistent in the various experimental 
systems studied. 

As discussed above, the error bound in the prior estimate 
of E4, the dissociation energy of the second largest clusters, 
was loosened in present study. The refined MAP estimate is 
larger than the prior estimate and is outside the original 
confidence interval. This discrepancy suggests that dissoci-
ation of clusters may not be solely dependent on the number 
of atoms in the cluster. In order to obtain a more defensible 
value for cluster energetics, refinement in the boron model 

and additional experiments may be necessary. 

VI. CONCLUSIONS

The energetics in silicon self-diffusion were identified 
using a combination of parametric sensitivity analysis and 
maximum a posteriori (MAP) estimation. Refined parameter 
estimates with tighter confidence intervals were obtained by 
combining information from multiple experimental systems. 
The much higher sensitivity of the concentration profiles in 
the new experimental system to the dissociation energy of 
the largest clusters E5 and the energetics of Si interstitial 
diffusion Ediff enabled an order-of-magnitude improvement 
in the accuracy of the estimates of these parameters, upon 
application of MAP estimation. The greatest improvement in 
accuracy was for the activation energy for the exchange be-
tween interstitial and substitutional silicon, Eex, which had a 
very strong effect on the concentration profiles for high 
values of the surface loss probability S. The results suggest 

that the dissociation energy of the second largest clusters 
may be dependent on composition as well as the number of 
atoms in the clusters. 
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TABLE III
MAXIMUM A POSTERIORI (MAP) ESTIMATES OF THE SURFACE LOSS 

PROBABILITY S AND VARIOUS ACTIVATION ENERGIES
        

Fig. 2. Experimental and simulated 30Si profiles using refined esti-
mates of the surface loss probability S and various energetics deter-
mined by maximum a posteriori (MAP) estimation. 
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