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Zames-Falb multipliers for quadratic programming

W. P. Heath and A. G. Wills

Abstract—1In constrained linear model predictive control a
quadratic program must be solved on-line at each control
step. If zero is feasible the resultant static nonlinearity is
sector bound. We show that the nonlinearity is also monotone
nondecreasing and slope restricted; furthermore it may be
expressed as the gradient of a convex potential function. Hence
we show the existence of Zames-Falb multipliers for such a
nonlinearity.

For completeness, we construct such multipliers both for the
general case of multi-input multi-output static nonlinearities
and for the particular case where the nonlinearity arises from
a quadratic program. We also express the results in terms of
integral quadratic constraints. These multipliers may be used
in a general and versatile analysis of the robust stability of
constrained model predictive control.

I. INTRODUCTION

Recently we proposed a new stability test for constrained
linear MPC (model predictive control) [1], [2]. We consid-
ered the quadratic program that must be solved on-line at
each control step as a static nonlinearity. We showed that
if zero is feasible then the nonlinearity is sector bound.
Hence the multivariable circle criterion gives a sufficient
condition for closed-loop stability. The results may be used to
demonstrate stability against both structured and unstructured
infinity-norm bound model uncertainty [3].

In this paper we show the existence of Zames-Falb
multipliers for such a nonlinearity. In particular we show
that the nonlinearity is bound, monotone nondecreasing and
slope restricted in the sense of [4]. Furthermore it may be
expressed as the gradient of a convex potential function; it
has been shown [5] that this further condition is necessary for
the existence of Zames-Falb multipliers for MIMO (multi-
input multi-output) nonlinearities.

For completeness, we construct such multipliers both for
the general case and for the case where the nonlinearity
arises from a quadratic program. For the general case the
construction follows from the results of [4] and [5], but
requires some (small) technical details not considered in the
original papers. We also express the results in terms of IQCs
(integral quadratic constraints).

The multipliers, together with the results in [3], may be
used for the analysis of the robust stability of constrained
MPC. The analysis is general and versatile, but we should
note two caveats. Firstly, as stated above, we require zero to
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be feasible; this may be overly restrictive for MPC with state
(as opposed to input) constraints. Secondly, the Zames-Falb
stability criterion does not necessarily guarantee continuity
of the input-output map [6].

II. ZAMES-FALB MULTIPLIERS FOR MIMO
NONLINEARITIES

Here we state and prove the Zames-Falb construction
for MIMO (multi-input multi-output) static nonlinearities
¢ : RY — RN, This is in two parts:

ZF1: the first concerns bound and monotone nondecreasing
nonlinearities;

ZF2: the second concerns nonlinearities that are also slope-
restricted.

Both results are derived for single-valued nonlinearities in
[4], where it is commented that they can be “easily” gener-
alized to MIMO nonlinearities.

It is observed in [5] that, in fact, the first result only gener-
alizes under a further condition. Specifically it is shown that
a necessary and sufficient further condition for Zames-Falb
multipliers (ZF1) to exist is for the line integral [£ ¢ (x)”dx
to be independent of path, and this is equivalent to the
condition that ¢ is the gradient of some convex potential
function. Although the main results of [5] are expressed in
terms of skew(¢’(x)), we will wish to apply the result to a
non-smooth nonlinearity, where the derivative is not defined
everywhere.

We show the second Zames-Falb result (ZF2) is also true
provided the conditions of [4] and [5] hold. The contribution
is small, but requires some technical details.

Our construction is closely related to (and based on) those
of [4], [7], [8]. Note that in [8] a restricted case is considered,
and thus more general multipliers are obtained (see also [9]).

We say a MIMO nonlinearity ¢ : RY — RY is bound (by
¢ > 0) and monotone nondecreasing if it satisfies

1 ¢(0)=0

2) [9(x) =) (x—y) >0 for all x,y € RY

3) [16(x)]| < cllxl] for all x
We say further that ¢ is slope-restricted to the interval [a,b]
if

4. [0(x) =9 () —alx—y)]"[9(x) — ¢(y) —b(x—y)] <0

for all x and y.
We first require two lemmas:

Lemma 1: Let ¢ : RY — RY be bound and monotone
nondecreasing with the integral ff(p(x)de independent of
path. Then for any x € L) we have

/:Gx(t-i-‘L')Tq&(x(t))dt g/

—oo

oo

x(0)o(x(e)dr (1)
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Furthermore, if ¢ is odd then

[t aToo] < [“xwotonar @

Proof: See Appendix. U

Lemma 2: Let ¢ : RY — RY be bound and monotone
nondecreasing with the integral || f ¢(x)"dx independent of
path. Furthermore, let ¢ be slope-restricted to the interval
[a, B — €] for some real o, B, € >0 with B —& > a. Let
¢ : RV — RN be defined as ¢(x) = ¢1 0 d, ' (x) with ¢ (x) =
(¢ — ol )(x) and ¢y (x) = (BI— ¢)(x). Then ¢ is well-defined,
¢ is bound and monotone nondecreasing, [£@(x)7dx is
independent of path, and if ¢ is odd then ¢ is odd.

Proof: See Appendix. [

Theorem 1 (Zames-Falb multipliers): Let ¢ : RN — RV
be bound and monotone nondecreasing with [£ ¢ (x)7dx
independent of path. Let h € L; satisfy [~ |h(¢)|dt < 1 and
either let ¢ be odd or let h(¢) > O for all z. Then

1) For any x € LY we have
(9(x),x) = ($(x),hxx) 3)

2) If ¢ is slope-restricted to the interval [, — €] for
some real a, B, € >0 with f —& > o then for any
x € LY we have

(0 (x) — ax, Bx— ¢ (x)) = (9(x) — ax, x (Bx— ¢ (x)))

“)
Proof:
1) Under the assumptions, and exploiting Lemma 1, we
find
(9(x),hxx) =

/;/j;h(f)‘i’(x(f)yx(t—T)drdt
/:o |h(r)|dr/j;¢(x(t))TX(t)dt
< [ oty wyar )

IN

2) By Lemma 2 we may apply the first part of the
Theorem to ¢ (y), where y = ¢ (x) for any x € LY. We
have

(0(3),y) = (d(y),hy) (6)

and hence

A~

(@1(x),02(x)) > ($1(x), 1% $a(x)) (7)
O

Corollary 1 (Zames-Falb multipliers for discrete sys-
tems): Under the same assumptions on ¢, let & € [ satisfy
Yoo . |h(t)|dt <1 and either let ¢ be odd or let A(r) > O for
all #. Then

1) For any x € 112V we have

(0(x),x) > (9(x),h+x) (8)

2) If ¢ is slope-restricted to the interval [a, — €] for
some real a, B, € >0 with f —& > o then for any
x € LYY we have

(9(x) —ax, fx— ¢ (x)) > (9(x) — ax, hx (Bx— ¢ (x)))

)

Proof: This follows immediately by setting & € LY, given
xel, as

X(k+1t) =x(k) for k an integer and 0 <7 < 1
0

(10)

III. ZAMES-FALB MULTIPLIERS FOR QUADRATIC
PROGRAMMING

Let the function f:RY — RY be given by the quadratic
program

1
argmin =n’n—n’x
n 2

flx) =
subject to Ln < b with b >~ 0

and Mn=20 (11

with “=X” and “>" denoting term-by-term inequality.

In [1] we showed that the nonlinearity that occurs in
constrained linear MPC (model predictive control) can be
expressed in this manner, provided 0 is feasible. Furthermore
f lies in the sector [0,1] in the sense that

FT[f(x) —x] <0 for all xe RY (12)

Thus the multivariable circle criterion can be used to ascer-
tain the closed-loop stability of MPC.

Here we show that Zames-Falb multipliers may be con-
structed for f. In particular, we show in the following
two lemmas that f satisfies the conditions of [4] and [5]
respectively.

Lemma 3: Let f be given by (11). Then f is bound
by 1 and monotone nondecreasing. Furthermore f is slope-
restricted to the interval [0, 1].

Proof: See Appendix. [

Lemma 4: Let f be given by (11). Then the line integral
[ f(x)"dx is independent of path.
Proof: See Appendix. [

Hence our main result:

Theorem 2 (Zames-Falb multipliers for quadratic pro-
gramming): Let f be given by (11). Let & € L; satisfy
JZ |h(r)|dr < 1 and either let f be odd or let A(z) > 0 for
all . Then

1) For any x € LY we have
(f(x),x) = (f(x),hxx)
2) For any x € L12V and for any € > 0 we have

(f(), (1+e)x = f(x)) = (f(x), b [(1+€)x = f(x)])
(14)

(13)
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Proof:

1) This follows immediately from applying the first result
of the Zames-Falb theorem to f.
2) This follows from applying the second result of the
Zames-Falb theorem to f(x)+ ox with B =1+ o+ €.
0
The equivalent result for discrete time systems follows
immediately (c.f. Corollary 1):

Corollary 2 (Zames-Falb multipliers for discrete sys-
tems with quadratic programming): Let f be given by
(11). Let h € [; satisfy Y ;2 |h(z)| <1 and either let f be
odd or let A(¢) > 0 for all z. Then

1) For any x € I} we have

(f(x),x) = (f(x), hxx) (15)
2) For any x € [y and for any € >0 we have
(f(x),(1+e)x— f(x)) = (f(x)7h*[(1+€)x—f(x()l]é)

O

The results can be extended to quadratic programs with
more general positive definite Hessians via straightforward
substitution. Let the function f:RY — RN be given by the
quadratic program

1
f® = argmin EﬁTGﬁ —ilx

sub_]ect to Lii < b with b = 0

and Mii =0 (17

with G = GT > 0. This can be transformed to the form of
(11) by the substitutions

f = Grf

x = G Tz (18)

where G,TG, = G. Hence we may say:

Corollary 3 (Zames-Falb multipliers for quadratic
programming with generalized Hessian): Let f be given
by (17). Let h € Ly satisfy [*_|h(t)|dt < 1 and either let f
be odd or let i(r) > 0 for all ¢. Then

1) For any X € LIZ\' we have

(F(%),%) = (F(%),h ) (19)
2) For any % € LY and for any € >0 we have
(f@)., (1 +e)x—Gf(%))
> (f(),hx[(1+€)i-Gf®)]) (0

O

A similar result for the discrete case also follows imme-
diately.

IV. RESULTS EXPRESSED AS IQCs

In [10] a unified approach to robustness analysis via
IQCs (integral quadratic constraints) was introduced. Such
techniques may be used to analyze the robustness of MPC
[3]. Here we express the various inequalities of the theorems
in standard form. In particular, given ¢ :L12V — L12V , we adopt

the notation of [11] and say
¢ € IQC(TI) 1)

when

[ Ve ) ]

/—w { oo | V9| 4w |94920 @D
for all x € LZZV. Similarly if ¢ : lév — lév we say
¢ € IQC(IT) (23)

when

T x(e/®) ]* ; [ x(e"") }
/ I(e’® do>0 (24
/[ o) | T per) 29
for all x € 1.
Let H be the continuous (or discrete) Fourier transform of

h. Then following [8] we may say:
1) The inequality

(¢(x),x) = (¢(x), hxx) (25)
may be expressed as ¢ € IQC(IT) with
B 0 (1—HI

= [ (I—H)I 0 } (26)

2) The inequality

(9 (x) = ax, Bx— ¢ (x)) = (¢ (x) — ax, o+ (Bx — ¢ (x)))
(27
may be expressed as ¢ € IQC(IT) with
I I
where
I, = —(X[))(Z—H—H*)I
My = a(l—H)I+B(1—H)I
My, = (—24+H+H"I 29)
3) The inequality
(f(x), (14 &)x— f(x)) = (f(x), h* [(1+€)x— f(x)])
(30)
may be expressed as f € IQC(IT) with
_ 0 (I+e)(1—H")I
= [ (1+&)(1—H) (—2+H+H)I } G
4) The inequality
(f(®),(1+€)x-Gf(%))
> <f %),k [(1+8) GI®]) (2
may be expressed as f € IQC(IT) with
B 0 (I+e)(1—H"I
= [ (1+&)(1—H) (=2+H+H"G } (33)
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V. CONCLUSION

We have shown that Zames-Falb multipliers may be ap-
plied to the nonlinearity that arises in constrained linear
MPC, provided O is feasible. The result maybe incorporated
into a robustness analysis of MPC based on IQCs [3].

APPENDIX: PROOF OF THE LEMMAS

Proof of Lemma 1: The potential function P: RY — R
that satisfies VP(x) = ¢(x), P(0) =0 is well-defined. Since
¢ is monotone nondecreasing,

P(b) —P(a) < (b—a)" ¢(b)

We have ¢(x) € LY and P(x) € L; for all x € LY. Given x,
put a = x(t+7), b = x(r) and integrate to give

(34)

=

[ xeroTowna < [ awTooya 63
.Similarl.y, if ‘¢ is odd, putting b = x(t), a = —x(r + 7) and
Integrating gives

- L x{e+ ) O (xl0))et < [ T 9edr (36)
and hence

/:x(tﬂ)%(x(z))dt < /:x(r)%(x(z))dt 37)

]

Before we prove Lemma 2 we require the further lemma:

Lemma Al: Let ¢ : RV — R" be slope restricted to the
interval [a,b] for some 0 < a < b. Then:

1) For any x,y € RV

[0(x) —¢(y) —alx—y)] (x=y) > 0
[0() = 0() —b(x—y)]"(x—y) < 0 (38
2) Furthermore for any x € RV
16 ()1 < 671l (39)

Proof of Lemma Al:
1) For a given x,y € RV define the scalar A = A(x,y) as

= 90— 900 [x—v]

=P @
We have the relation [¢ (x) — ¢ (y) —A(x—y)]T (x—y) =
0. Thus
[0(x) —0() —alx—y)]"[9(x) =0 () —b(x—)]
= X)) -00)-Ax—y)—(a—A)(x—y)]"
x[9(x) —¢(y) —A(x—y) = (b—2)(x—y)]
= [10(x)—o0) —Alx—y)P
Ha—2)(b—A)|x—y|? (41)

So we must have

(a=A)(b—2)<0 42)

and hence
a<A<b 43)
Hence for any x and y we have
[0(x) = 0 (y) —alx—y)]" (x~)
= [0()—90) —A(x—y)—(a=A)(x =)
X(x—y)
= —(a=A)llx—ylf
> 0 (44)
Similarly
[0(x) = 0 (y) = blx— )] (x~)
= () —9() —A(x—y) = (b-2)(x—y)]"
X(x—y)
= —(b=A)lx—ylf
< 0 45
2) Putting y =0 we have
[6(x) —ax]"[p(x) 2] <O (46)
and
[0(x)—bx]Tx <0 (47)
Hence
1917 < (a+b)p(x)"x—abl[x|?
< (a+b)bllx|* —ab|lx|?
= 2P (48)
g
Proof of Lemma 2: From Lemma Al we have for any x
and y
[92(x) = ()] (x—)
= [0 -90) - BL—y"(x—y)
= —[0(0) =900~ (B—&)(x—y)] (x—y) +ellx I
> eyl (49)

Hence ¢, is monotone increasing which is sufficient for q?; !
to exist. Thus:
1) Since (ﬁ{l is well-defined then ¢ = ¢ o (132—1
well-defined.
2) We have:

(1) 6(0)=hio, (0
(2) Given x and y, pu

is also

1
= —[p®—9() —aE—-"
x[B(£) = 0(9) — B(E—9)]
= —[0(®)—9() —ax—)]"
x[9(%) = ¢(9) — (B—€)(2— )]
+e[9(£) — 0 () — a(z—)]" (2-9)

v
o
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(3) We will show that ¢ is slope restricted to the
sector [0, k] for some k and hence by Lemma Al
|1 (x)||* < k?||x||>. With £ and § defined as before

we find
[0(x) =] [9(x) — B (y) — k(x—)]
= [0 ()"
x[01(£) = 91(9) — k{h2(£) — $2()}]

a+k
+(ﬁ— Hf)(—»}
< [(1+k)(B—€)— (c+kB)]
x[9(£) = ¢(9) —a(t—)]" [£—F)]
= (B—e—ke—a)
x[0(£) — ¢ (9) —a(x— )] [£ 5]
< 0 (51)

provided ( — & —ke — ) <0. So we require

B—e—a
€

k>

(52)

Hence ¢ is bound and monotone nondecreasing.

3) We know [5] that ¢ is the gradient of a convex
potential function. Hence ¢ is a one-to-one mapping
and the gradient of a convex function. It follows from
Theorem 26.6 of [12] that ¢32_ !is also the gradient of
a convex function. We may express ¢ as

6() = (9—alo(BI—0)"'()
= (B-a)y '()—-1()

Hence ¢ is the gradient of a potential function, and
since ¢ is non-decreasing it is the gradient of a convex
potential: see [5]. Thus [+ @ (x)”dx is independent of
path.

4) If ¢ is odd then both ¢; and ¢ are odd. It follows that
(5{ !is odd and hence ¢ is odd.

(53)

O

Proof of Lemma 3:

1) Since b > 0, zero is feasible and condition 1 follows
trivially.

2) The Karoush Kuhn Tucker (KKT) conditions [13] for
f give

FR)+MTE)+LTA(x) —x =

M f(x)
Lf(x)+s(x)
)

Il
o - o o

(54)

with s(x) > 0 and A(x) = 0. Substituting for x (and y)
from the first condition gives:

[f(x) = O] (x—y)

= [f)—-rm’"
X[f(x) +MTE(x)+LTA(x)
—f)=M"E(y) =L A(y)]
= |If@) - rl?
+ @) = I MTE(x) = )]
() = FOITLTA(x) = A ()]
= |If@) = fI*+0
+s() = s A (x) = A ()]
= |IF@) = FOIP+s0)Ax) +s(x) A ()

> 0 (55)

3) Given x, suppose_ fx is feasible with || fy[|> > [|x||* and
hence |\fx||2 > fI'x. Let fy = (1—¢€)f, with € > 0. By

convexity f; is also feasible. Put Jo(f) = 3 fTf — fTx.
Then
~ 1
W) = F0-elfifi—(1-e)fix
1
= L) el fem L0+ 581 £

Ji(fyx) for € sufficiently small  (56)

Hence f, cannot be equal to f(x) and so we must have
1 GO < Il

4) Given x, y suppose fy and f, are feasible with (f; —
BT (=) < [1f— fyIP- Let fy = fu+e(fy — ) and
fy=Ff+&(fx— fy) for some £ > 0. By convexity f,
and fy are also feasible. Furthermore

Te(fe) + 0y (fy)
1
= LR+l =)+ €I 5P
*g(fy fx)TxJFJ (fy)+£fvT(fx*fy)
+ Ellfy =Ll —e(fi=1)y
= x(fx)JrJy(fy)—S(l—€)||fx—fy)||2
+e(fi— ) (x—y)
< Je(fe) + 1y (fy) for € sufficiently small
(57
Hence f, and f; cannot be concurrently equal to f(x)

and f(y), so we must have [f(x)— f()]T (x—y) >

|/ (x)— £ ()%, and hence [f(x) — f (V)] [f (x) = f(y) —
- (x—y) <o0.

Proof of Lemma 4: It is well-known (e.g. [14]) that f is
both piecewise affine [15] and continuous [16]. Within each
affine region R;, the KKT conditions give (c.f. [15], [13])

1 L M fi(x) x
[ L,' 0 0 ] [ 7L,-(x) ] = [ b,’ ] (58)
M 0 0 ¢(x) 0
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Fig. 1. This illustrates the final part of the proof of Lemma 4. Given x4
and xp on the border of adjoining regions R; and R;, the integral from x,
to xp is independent of choice of path.

where f = f; within region R;, where L; and b; correspond to
the constraints which are active in the region (i.e. L; is made
up of rows of L, and b; is made up of the corresponding
entries in b, and we have the equality f;(x) = b; within R;),
and where A;(x) are the corresponding Lagrange multipliers.
Thus the piecewise affine control law is

fi(x) = Fix+ai (59
with
LV (1Ll [ L
a- el ) L
T T\ !
o = [al ([R]a]) [5] @

In particular F; = F,-T > 0 and within each region R; we can
form the potential function

1
Pilx) = Jx" Fx+x"a; (61)

such that
fi(x) = VFBi(x) (62)

This is sufficient to show the integral is independent of path
within each region [5].

So it suffices to show that if x4 and xp lie on the border
of adjoining regions R; and R;, then the integral from A to
B is the same via region R; or region R;—see Fig 1.

Let I; be the integral via region R;, and R; be the integral
via region R;. Thus

B 1 1
I = /A (Fx+a;) dx = 5x£FiXB +xha; — Ex,{FixA —xha;
(63)
and similarly

xpFjxp + xhaj — %ngij — XA,

(64)
Since x4 and xp lie on the boundary of region R; and R, we
have the relations

B T 1
I = F. Mdx= =
[t

Fixgs+a;, =
Fxg+a; =

Fixa +aj

ijB +a; (65)

In particular

ai—aj=(Fj—F)xa = (F;— F)xp (66)
J J J
Ii—1 = ! LF A ! I'p r
j—hi = SXpLXB T XAj = XAl XA —Xad
1 1
_EngixB —xlT;ai + EngixA —|—x£ai
1 1
= Exg (Fj—F)xp+ EXX (Fi = Fj)xa
+(xa —xp)" (a; —a;)
1
= S0a—xp)(ai—a))
1
= E(XA —xB)T(Fj — F,~)xA
= 0 (67)

as required. [
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