
 
Abstract— Identification of systems with very slowly and

irregularly sampled output data is considered. While the input
is sampled uniformly and frequently enough, the output
sampling time is assumed very long, say, much longer than the
dominant time constants. The output sampling may be
irregular. Dual-rate system with slow output samples is a
special case of the problem studied here. Model structures for
the identification of the fast rate models will be proposed.
Output error method is proposed and motivated for parameter
estimation. Consistence of the estimate is established and
covariance expression of the parameters is derived. Simulation
studies will be used to illustrate the method. The developed
identification method can also be used in other fields where
measurement delay is a major problem.

I. INTRODUCTION

nferential models or soft sensors are often used in model
predictive control (MPC) controllers to provide real-time

prediction of the product compositions (qualities) that are
measured at a much lower frequency than the control
frequency. The quality sampling time is often more than 100
times longer than the sampling time of inputs and output
sampling time may also vary. The problem may also occur in
other fields. In process control community, a misconception
exists that says: if the output sample time is very long, say,
greater than the system settling time, then it is impossible to
identify the fast dynamic system using fast input data and
slow output data. It is based on a wrong intuition and/or a
misunderstanding of the Shannon’s Sampling Theorem. This
may explain why most inferential models in the process
control are static models. Ignoring dynamics in inferential
modelling is one of the major causes of inaccuracy.
The problem has not been studied extensively, may due to
the above-mentioned misconception. Telkamp (1994)
studied the problem and proposed an output error method
without theoretical analysis. If the output is sampled
uniformly, the problem can be addressed in the dual-rate
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system identification where a popular solution is the so-
called lifting technique; see, e.g., Li et al (2001, 2002, and
2003) and the references therein. In a listing technique, first
a lifted model with higher dimension will be identified and
then the original fast rate model is extracted. This technique
is not suitable for the given problem because the resulting
lifted model will have too high order and because the output
sampling may be irregular.
Another approach is to create the fast rate output data by
interpolation and then apply a single-rate identification
method; see, e.g., Raghavan et. al. (2004). When the output
data sampling time is much greater than relevant time
constants, the interpolation error will be too large and this
approach will result in erroneous models.
A third method is to use an auxiliary model to predict the
fast rate output and then identify the fast rate model. Based
on the idea, Ding and Chen (2004) have developed a
recursive least-squares algorithm. The quality of their
approach depends heavily on the quality of the auxiliary
model.

In this work, we continue the work of Telkamp (1994) and
propose an output error method to solve the problem.
Consistency will be established and variance expression of
parameter estimation will be given. Simulation studies are
used to show the relevance of the method.

II. STATEMENT OF THE PROBLEM

An inferential model has a single output that is often a
composition of a product; it has multiple inputs that are often
temperatures, flows (or flow ratios) and pressures. The
inputs are measured in real time at the sampling time of the
MPC controller, which is often 1 minute. The model output,
the composition, can only be sampled at a much longer
sampling time, much longer than the dominant time
constants, ranging from 30 minutes to 24 hours. The output
may be sampled irregularly. Denote the fast inputs as u1(t),
..., um(t) and fast output as y(t). Assume that the fast inputs
and output data are generated by a fast sampled linear multi-
input single-output (MISO) system:
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is the transfer function from ui to y(t) which is stable, di is the
delay from ith input to the output, v(t) is the unmeasured
output disturbance and
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is a stable and invertible (minimum-phase) filter, and q-1

denotes unit delay operator. The disturbance source e(t) is a
white noise signal.

Denote θ as the parameter vector of process model
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Then the system model transfer function can be written as
),(),...,,(1 θθ qGqG m

with
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The parameters of the disturbance model )(qH of fast

sampling cannot be identified due to slow and irregular
sampling of the output.

The input sampling time Tu is the same as the system
sampling time; the output sampling time is much greater than
Tu (Ty >> Tu) and Ty is time-variant meaning that the output
is irregularly sampled. The time stamp of the output is
known. Here ty denotes a sample of output. Then the system
of slowly sampled output can be denoted as

[ ]
[ ]

y
y

y
mmy

ttteqHtv

tttvtuqGtuqGty

==

=+++=

)()()(

)()()(...)()()( 11
(3)

Note the output disturbance is not measurable. Denote the
number of input samples as Nu and that of output as Ny. Note
that

yu NN >> . Denote the data sets as

Z = {u1(t), ..., um(t), t = 1, 2, ..., Nu; y(ty), ty = 1, 2, ..., Ny}
(4)

The system studied here is more general than dual rate
systems with slowly sampled output. When assuming
uniform output sampling, we will obtain a dual rate system.

System and Data Assumptions

A1 The inputs u1(t), ..., um(t) of process (1) are
stationary stochastic processes sampled uniformly at
the system sampling time Tu. Inputs are persistent
exciting with any finite order and they are not
linearly dependent.

A2. The output y(ty) is sampled at a much longer
sampling time Ty. Ty is a multiple of Tu. It may be

obtained at irregular sampling times. Time stamps
of the output samples are known. The output
sampling time Ty is greater than the length of each
process impulse response plus the length of the
corresponding input autocorrelation function and Ty

is also greater than the length impulse length of the
disturbance filter.

A3. The system operates in open loop, which implies
that the disturbance v(t) and inputs u1(t), ..., um(t)
are uncorrelated.

A4. Model order n and time delays d1, d2,…, dm, are
correctly determined.

A5. The models ),(),...,,(1 θθ qGqG m
are smooth

functions of parameter vectorθ .

The identification of model (1) is the determination of its
order, delays and parameters ),(),...,,(1 θθ qGqG m

using data

in (4). This work will focus on the determination of model
parameters, or, parameter estimation. Note that the noise
filter H(q) cannot be obtained due to slow sampling.

III. OUTPUT ERROR METHOD

For a given model order n and given delays d1, d2,…, dm, the
problem of parameter estimation is to determine the value of
model parameters using measured input-output data in (4) by
minimizing a suitable error criterion or loss function.

In the spirit of prediction error method (Ljung, 1987 and
Söderström and Stoica, 1989), the best choice of error
criteria is to use the error at the point where a white noise
disturbance enters the system. Because of the slow sampling
as stated in assumption A2, the output disturbance v(ty)
becomes a white noise sequence. Therefore, an output error
criterion is a natural choice for parameter estimation.

The output error is defined as

y

m
m

m
yy

tt
tu

qA

qB
tu

qA

qB
tyt

=
�

�

�

�

�

�

++−= )(
),(

),(
...)(

),(

),(
)()( 1

1

1
oe θ

θ
θ
θε

(5)

And the output error method estimates parameters by
minimizing the loss function
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Because the output error )(oe ytε is nonlinear in the

parameters of denominator polynomials, there exists no
analytical solution to this minimization problem. Therefore,
a numerical search algorithm is needed to find a minimum.
Problems such as local minima and non-convergence can
occur.

A Minimization Algorithm
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There exist a large variety of numerical methods for
optimization like Newton-Raphson, Marquardt, and others.
Here we will derive the Gauss-Newton method. Denote kθ̂
as the estimate at iteration k. Assume that kθ̂ is close to a

local minimum. For parameter vectors close to kθ̂ we can
approximate the output error residual by truncating the
higher order terms of its Taylor expansion so that
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Here )( y
k tϕ is the gradient of the output error residual (5)
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Under this approximation, the error is linear in the
parameters. Hence the least-squares method can be used to
find the refined estimate. Then the new estimate is given by
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Some conditions should be satisfied in order to make the
algorithm work. First the models from all iterations must be
stable, because otherwise the elements of )( y

k tϕ will be

unbounded. If an unstable intermediate model is obtained,
we can approximate it by a stable one. Secondly

)(ˆ qAk and )(ˆ qBk must have no common factors, which is

true when the model order is not higher than the true order.
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invertible when inputs are persistent exciting. These
conditions are not restrictive for practical applications.

The Gauss-Newton method is simpler than other
optimization methods mentioned above and it is numerically
more reliable (Söderström and Stoica, 1989, Chapter 7.)

Initialisation

In order to obtain accurate estimate using the optimization
scheme, a good initial estimate should be provided. Two
methods are proposed for obtaining an initial model:

1) Estimate a steady gain plus delay model using slowly
sampled inputs and the output. Then determine one or
two time constants for each model using process
knowledge. This method is suitable for situations where

the output sampling time is much greater than the input
sampling time.

2) Interpolate the output using some technique to create fast
sampled output samples. Then estimate a fast sampled
model using a single rate identification method, such as
output error method, ARMAX method or Box-Jenkins
method. This method is suitable for situations where the
output sampling time is not much greater than the
dominant time constant.

It remains an interesting topic to search for other methods for
initial estimate.

Theorem 1. Given the system (1) - (4), with assumptions A1
– A5 hold. Denote

yN

OEV
θ
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as the parameter estimate that minimizes the output error
criterion and )ˆ,(ˆ),...,ˆ,(ˆ

1 θθ qGqG m
as the corresponding

transfer function estimates. Denote ),(),...,,(1 θθ qGqG o
m

o as

the true transfer functions of the system and oθ as the true
parameter vector. Then

1) The output error model is consistent meaning that
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o
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11 θθθθ

(10)

2) The parameter errors follow an asymptotic Gaussian
distribution
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with the covariance matrix given by
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where 2σ is the variance of v(ty) and
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3) The output error model is a minimum variance estimate,
meaning that if *θ is another estimate, then the following
always holds

θθ ˆcovcov * ≥ (14)

A Simplified Proof. For notational simplicity, we will only
prove the case of single-input single-output (SISO) system.
The proof for MISO systems only needs notation changes.

Denote the model error as

)ˆ,(ˆ),()ˆ,( θθθ qGqGqG o −=∆

Then
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Because the output sampling time Ty is very large (see A2),
both terms in the right hand side of (15) are white noises and
hence stationary processes. Therefore, the output error

)ˆ,(oe θε yt is stationary. Then when ∞→N , its sample

variances converge to the corresponding expected values:
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The last equality in (16) is due to an open loop experiment.
If the minimization finds the global minimum, we have

∞→→∆ NqG as0)(

which implies that

∞→→ NqGqG o as),()ˆ,(ˆ θθ

Hence the output error model is consistent.

To prove the asymptotic normal distribution and covariance
matrix, note that the output error method is a special case of
the predictions error method studied in Ljung, (1987,
Chapter 7, 8 and 9) and same conditions are met for the
output samples ty. Hence we can conclude that the
vector )ˆ( θθ −o

yN follows asymptotically a Gaussian

distribution with covariance matrix given by (12).

Minimum variance is a property of the prediction error
method.

Remark 1: The consistence can also be proved when the
output sampling time Ty (> Tu) is not greater than the length
of impulse responses and the length of autocorrelations
mentioned in A2. The proof is the same if the output
sampling is uniform. The proof for irregular output sampling
is technically more involved and will not be shown here.

Remark 2: The minimum variance property implies
optimality of the output error method. This nice the
consequence of A2 which makes the slowly sampled
disturbance v(ty) a white noise sequence. Even when Ty is not
greater than the length of impulse responses and the length of
autocorrelations mentioned in A2, v(ty) will still be almost
white and the output error estimate will be close to a
minimum variance estimate.

Remark 3: For finite output samples Ny, the covariance of
the parameter vector can be approximated as

12 )]()([
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T
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which is proportional to 1/Ny and not to 1/Nu. Therefore, in
order to reduce the variance error, one needs to increase the
number of output samples Ny.

Remark 4: It is fortunate that the output error has nice
properties for identifying systems with slowly sampled
output. Other prediction error models used for uniform
sampled systems, such as ARX, ARMAX, and Box-Jenkins
models, cannot be used here due to slow and irregular output
samples.

IV. SIMULATION STUDIES

Noise-free data

We will firstly use noise-free data to show that the proposed
model is able to fit the dynamic process almost perfectly and
to show the errors of using a static model.

The process is noise free and is given as

)(
7.05.11

5.0
)(

94.01

2.0
)( 221

21

11

1

tu
qq

qq
tu

q

q
ty

−−

−−

−

−

+−
+

+
−

= (18)

The inputs u1(t) and u2(t) are generated using low-pass
filtered white noises
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where e1(t) and e2(t) are two white noises independent with
each other. The process is simulated for 120000 minutes, or
83.3 days. The input sampling time is 1 minute and the
output sampling time is 4 hours (240 minutes). Thus, 500
output samples are available. The first 400 output samples
were used in model identification, the later 100 output
samples are used for simulation and validation.

The model identification computes the parameters of two
low order plus delay models using the 96000 samples of 1
minute input data and 400 samples of 4 hour output data.
The identified step responses and output simulation are
shown in Figure 1. We see that for noise-free data, the model
and simulated output fit the process almost perfectly. This
shows the feasibility of identifying dynamic models using
slowly sampled output data such as lab data.

The same noise-free data were used to identify a static
model. The results are shown in Figure 2. We can see that
the static model cannot describe the dynamic behaviour of
the process. The error variance of the simulation is about
30% of the output!
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Figure 1. Dynamic model identified using noise-free data. Upper
part: Step responses of the process (red/solid) and of the model

(blue/dashed). Lower part: Process output (red/solid), model
simulated (blue/dashed) and simulation error (black/dashdot)
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Figure 2. Static model identified using noise-free data. Upper part:
Step responses of the process (red/solid) and of the model

(blue/dashed). Lower part: Process output (red/solid), model
simulated (blue/dashed) and simulation error (black/dashdot)

Noisy data

The process and inputs are the same as given in (18) and
(19), but with unmeasured disturbance added at the output.
The disturbance v(t) is generated by low-pass filtering a
white Gaussian noise e(t). The filter is given as
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92.01

)(
1

te
q

tv −−
= α (20)

The constant α is adjusted so that the noise variance at the
output is 8.7% of the measured output.

The results of dynamic model identification are shown in
Figure 3 and that of static model are shown in Figure 4. We
can see that dynamic model outperforms static model
considerably for the noisy data.

Note that we have compared the fast sampled output with the
model simulation. This is only possible in simulation studies.
In practice, the comparison can only be done for the slowly
samples lab data. The simulation errors for the slow (lab)
data have also been checked and they are similar to the
simulation errors of the fast sampled data.
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Figure 3. Dynamic model identified using noisy data. Upper part:
Step responses of the process (red/solid) and of the model

(blue/dashed). Lower part: Process output (red/solid), model
simulated (blue/dashed) and simulation error (black/dashdot)
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Figure 4. Static model with delays using noisy data. Upper part:
Step responses of the process (red/solid) and of the model

(blue/dashed). Lower part: Process output (red/solid), model
simulated (blue/dashed) and simulation error (black/dashdot)
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V. CONCLUSION AND DISCUSSION

System identification for slowly and possibly irregularly
sampled output has been studied. The problem often arises in
inferential modelling or soft sensor where measurement of
certain system output variables contain significant delays. It
has been shown that the proposed output error method is a
natural approach that will produce most accurate model
estimate; namely, the obtained model is consistent and
minimum variance. The proposed method can be used for
both uniformly sampled output (dual-rate system) and
irregularly sampled output. The effectiveness of the method
has been demonstrated using simulation examples.

The concept of soft sensor and the proposed method can also
be used in other field (rather than process control) for
predicting variables where measurement delay is a major
problem, for example, in economic forecast and in
biomedical engineering.
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