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Establishing iISS Property of Interconnected Systems via
Parametrization of Supply Rates

Hiroshi Ito

Abstract— This paper deals with the problem of estab-
lishing integral Input-to-State Stability(iISS) of interconnected
nonlinear systems. Recently, the iISS-ISS small-gain theorem
has been developed to cover iISS components to which the
popular ISS small-gain theorem is not applicable. This paper
focuses on a small-gain-like ‘condition’ in the iISS-ISS small-
gain ‘theorem’. The purpose is to expand the capability of the
iISS-ISS small-gain ‘condition’ by introducing new flexibility
in choosing supply rates. A novel technique of parametrization
of supply rates provides us with many supply rates with which
a fixed single iISS-ISS small-gain condition can establish the
iISS property of the interconnection.

I. INTRODUCTION

The problem of establishing stability properties of in-
terconnected systems has attracted a lot of attention in
the field of nonlinear systems control for many decades.
Classical methods which can be found in [1], [2], [3] have
become popular. Recently, the ISS small-gain theorem[4],
[5] has been found useful in dealing with an important
class of essential nonlinearities described by the input-to-
state stability(ISS) property[6], and widely exploited in sta-
bilization of nonlinear systems. There are, however, systems
for which ISS is too strong requirement. The integral input-
to-state stability(iISS) property introduced by [7], [8] covers
nonlinearities much broader and stronger than the ISS. More
recently, the spirit of the ISS small-gain theorem has been
smoothly extended to interconnected systems involving the
iISS property in [9] by the author. The new stability criterion
deals with iISS components which do not have finite ISS
nonlinear gain in a global sense. For brevity, the author
refers to the new criterion as the iISS-ISS small-gain theorem
although it is not completely described in terms of gain. The
technique proposed in [9] also covers cascade systems as
special cases, and it generalizes a result in [10] developed
for a class of cascades from a different angle.

The iISS-ISS small-gain theorem developed in [9] applies
to the interconnected system of the form

up =x3 (D
uy = X1 ()

22 = filxun, ),
1 X = folxo,uz, 1),

It assumes the existence of C! functions V; and continuous
functions ¢;, 0, 0t € He, 0, 0;, 0, € # such that

o;(bxil) < Vi) < a(|xil) 3)
aV;

T;ﬁ(xhui,n)S—Oti(|xi|)+6i(|”i‘)+0”'(|r"‘) “)
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hold. This assumption indicates that X, is only iISS, while
% is ISS. The iISS-ISS small-gain theorem is written as

[on 08y oy (s))*
O] (S)

[0262 Orl (W)}k
o1(w)
3
(1)-(2) is iISS with respect to (ry,r2) and (x1,xp).

< , VseR. (5)

we(0,s]

where kK >0, ¢; > 1, i=1,2, and I'; given by
Fl(s)zgfloaloafloclol(s)

is the nonlinear gain of X; [11], [12]. The iISS-ISS small-
gain theorem supposes that the supply rates(See [1] for termi-
nology) —o;(|xi|) + 0;(|ui]) + 0,:(|r;|) are given a priori, as
does the ISS small-gain theorem. This paper pays particular
attention to the fact that the small-gain condition (5) never
leads us to the stability if one fails to find supply rates that
are accepted by X;, i = 1,2 as in (4), and satisfy the condition
(5) at the same time. Selecting supply rates fulfilling these
two requirements is not an easy task.

This paper develops a useful tool for accomplishing the
task. For this purpose, this paper employs the unique idea of
parametrization of supply rates which originates from [13].
Answers to the following problem are given in this paper.

Parametrization of supply rates: Suppose that a supply

rate of X, is fixed a priori. Find a set of multiple
supply rates for X; with which the iISS property of
the interconnected system can be proved under a fixed
single 1ISS-ISS small-gain condition (5).
The previous study presented in [13] deals with only ISS
systems. This paper extends it to iISS systems on the basis
of the recent result of the iISS-ISS small-gain theorem[9].
The results of this paper provide us with more chances to
come at a supply rate that fit a system.

II. ILLUSTRATIVE EXAMPLE

This section explains the goal of this paper using a simple
example. Consider an interconnected system defined by

2
x)
=1.1 R
x2+1),ﬂ , x1(0) € R1(6)

x(0) Ry, n()eRy  (7)

X = —/.Lx‘f-i—x% (
Xt X = flx,x1,12),

where x|, x, and r, are scalar variables. The set R denotes

the interval [0,c0). Assume
f2(0,0,0) =0,  f2(0,x,r2) =0, Vx; ER;,rp €Ry.

so that the interconnected system has an equilibrium at the
origin x = [x1,x2]” = 0 for r, =0, and all trajectories remain
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in the positive cone x(t) = [x1(t),x2(¢)]” € R% for all ¢ €
R, . Supposed that we do not have information about f,
except the existence of a continuously differentiable radially
unbounded function V,: x; € Ry — R satisfying

A%} (XQ) X2

< — 2 8
dt - x+1 tatn ®)

along the trajectories of 2. This paper addresses the question
of whether the interconnected system is iISS with respect to
input 7, and the state x(¢) = [x;(t),x2(¢)]".

The assumption (8) only ensures that X, is iISS with
respect to input (xj,72) and state x, since V, is an iISS
Lyapunov function[7]. The system X; is ISS with respect
to input xo and state x;, and V; = x7 is an ISS Lyapunov
function[6], [11]. Since the system X, is not ISS, we are not
able to resort to the ISS small-gain theorem[4], [5].

A stability theorem which is recently developed in [9]
and called the iISS-ISS small-gain theorem is ‘applicable’
to the interconnection involving the iISS property. The time-
derivative of Vi = x; along the trajectories of (6) satisfies

4 —1.4 X2
—uxi+a; xj for x; > /a1 745

4
A X
luxl —‘r(ll (x2+1) .
2
for x; < Vai iy

V] (X])

IN

< —oq(s)+oi(s)
4
am9=<u—alwf,ouw=al(gj) ©)

for any a; > 0. A nonlinear gain function of X£; with respect
to input x, and state x| is obtained from (9) as

1/4
a S
Tig(s)=(1+e1) (Ii—al_l> (s+1>

for any & > 0 [11], [12]. The minimum of the gain function
is achieved with a; =2/u as follows:

D)= (1+e0)y 2577

Write (8) as follows:

Vz(xz) < —Otz(xz) —|-62(X1)—|—Gr2(r2)
az(s)zsi, 0s(s) =5, Ga(s) =52 (10)

+1
We obtain
2 s [oa(s)]F 2554
o oli(s) = (14+&)y/ — , =
20T1(s) = ( ) us+1 o (s) u

Thus, there exist €1,& > 0 such that

(1+&)oz0T(s) < oa(s), VseRy (1D
holds for u > 2. There also exists k > 0 such that
k
M is non-decreasing. (12)

o (s)
According to the iISS-ISS small-gain theorem[9], the con-
traction condition (11) with the help of the non-decreasing

. b r
X1 ik = fi(t,xp,ur,r) »
u .

ry Iy k= fo(t, x2,u2,12) X

Fig. 1. Feedback interconnected system X

property (12) could imply iISS of the interconnected system
if 4 > 2 held. However, the theorem does not guarantee the
stability for u = 1.1 given in (6).

If we could use

. Vi(x1) 1
Vl(xl) :/ —2ds
0

N

(13)

we would obtain

. 2
bito) =+ (2

xy+1 2
— ) +0i(0). anlo)=nsts o) = ()

n@%ﬂkwo¢igg

along the trajectories of (6). Then, there exist €,& > 0 and
k > 0 such that the contraction condition (11) holds for y > 1,
and the property (12) holds. The function in (13) is, however,
not integrable, so that v (x1) in (13) is not qualified as a
Lyapunov function. In addition, a function of the form

. Vi(xr)
)= [ s

with a positive-valued function B(s) decreasing faster than
or as fastas 1/ 52 toward oo is not radially unbounded, so that
it cannot be used for proving global properties[14]. Indeed,
the gain in (14) cannot be justified by (13). Thus, the iISS-
ISS small-gain theorem does not bring the stability of the
interconnected system to us.

This example suggests that the supply rate in (9) for %,
is not a right choice for establishing the stability of the
interconnected system. The iISS-ISS small-gain theorem is
surely better than the ISS small-gain theorem in the sense that
it covers iISS systems. However, we cannot appreciate it truly
unless we select a successful supply rate for an individual
system. It is also indicated that direct use of the technique
of changing supply rates introduced in [14] does not help
much for this example. This paper will demonstrate that
the iISS-ISS small-gain ‘condition’ held for the ficticious
functions in (14) is able to lead us to the iISS property of
the interconnected system. In other words, the usage of the
ficticious functions chosen in (14) will be justified without
relying on the forbidden function in (13).

(14)

III. PARAMETRIZATION OF SUPPLY RATES

Consider the nonlinear interconnected system X shown in
Fig.1. Suppose that subsystems X; and X, are described by

15)
(16)

i X = fit,x,un,rm)
Xt dp = folt,x0,u2,12)
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These two systems are connected each other through u; = x;
and up = x;. Assume that f1(¢,0,0,0) =0 and f>(¢,0,0,0) =
0 hold for all 7 € [fy,0), tp > 0. The functions f; and f>
are supposed to be piecewise continuous in #, and locally
Lipschitz in the other arguments. The state vector of the
interconnected system X is x = [x] ,x]]7 € R" where x; € R"
is the state of X;. The exogenous inputs r; € R™ and r, €
R™ are packed into a single vector r = [r] r}]T € R™. We
make the following assumption.

Assumption 1: There exist a C' function V5 : Ry x R™2 —
R, continuous functions oy, 02,0y, € £ such that

% (Jx]) <Va(t,x) < 0o(|x|) (17)
VvV, IV
7;+T;f2(tax25u27r2)

<—o(jx2|) +o2(Juz|) + 02(J72])  (18)

hold for all x, € R"2, up € R™, r, € R™ and t € R, with
some oy, 0y € .

The following are the main results which offer techniques
of parametrization of supply rates for interconnected systems
involving iISS properties.

Theorem 1: Suppose that the system X, satisfies Assump-
tion 1. Assume that real numbers ¢; > 1, i=1,2, and k>0
and functions

o € Kooy, O] €EH\ Heo (19)
satisfy
A k
max [c20000; cdyooy ocior(w)]
wel(0,s] C)'](W)
~ 1 k
< [p 00, oy (s)] WseR.  (20)
o1 (s)

If there exist a continuous function A R, — R and a C!
function Vi : Ry x R™ — R such that

A(s) >0, Vs € (0,00) (21)
—1 k
M < oo (22)

s=0* [oy 00 ' (5)]A(s)
o (fx]) Vit xr) < oa(lxal) (23)
oV aV

R létt,)q) la(;;)q)fl (t7x17u17r1) S

AWVi(t,x1)) [—oa(fx1])+o1(|ur])+o (ri])]  (24)

hold for all x; e R™, u; €R"2, r; e R™ and r € R, with some
o, 0y € K. and some o, € £, then the interconnected
system X is iISS with respect to input r and state x.

Theorem 2: Suppose that the system 2, satisfies Assump-
tion 1. Assume that real numbers ¢; > 1, i=1,2, and k >0
and functions

0 € Koo, O] € oo (25)

satisfy (20). If there exist a continuous function A Ry —R
and a C' function V; : R, x R™ — R such that

- [or00; ' (W)F| 1
max - -
1 wel0,s] (04Kl OC1 (W) A (S)

ds=oo (26)

and (21)-(24) hold for all x; € R™, u; € R™, r; € R™ and
t € Ry with some a, & € . and some 0,1 € JZ, then
the interconnected system X is iISS with respect to input r
and state x.

The system X, satisfying Assumption 1 is iISS and it does
not require the ISS property. The condition (20) is referred
to as the iISS-ISS small-gain condition in [9]. Theorem 1
incorporates new flexibility A into the stability test based on
the iISS-ISS small-gain condition. The function A in (24)
provides an adaptable parameter in selecting a supply rate
of X; to establish the iISS property of the interconnected
system. The flexible function 2 allows us to scale an initial
supply rate —oy (|x1]) + o1(|u1|) + 0,1 (Jr1]) which is chosen
such that the iISS-ISS small-gain condition is fulfilled. The
freedom of A can be utilized to have (24) fulfilled by a given
system X;. The flexibility of 2 in the supply rate offers more
chances to come at a supply rate that fit the system XZ;.

The iISS property of interconnected systems can be estab-
lished by Theorem 1 and 2 without constructing Lyapunov
functions of the closed-loop systems. When we need a
Lyapunov function, a formula is available in the next section.

Remark 1: Theorem 1 and 2 include the iISS-ISS small-
gain theorem developed in [9] as a special case. In fact, when
we pick i(s) =1, the condition (22) and (26) are always
satisfied. To see this, we suppose that (20) holds. The left
hand side of (20) is non-decreasing due to the maximization.
The right hand side takes finite positive value at all s € (0, o).
These two facts imply

[020'2 ogfl oQo Otfl(s)]k

<oo, Vs€[0,h)

s
for some & > 0. In the case of oy € %@, we can use h = oo,
Thus, (22) is fulfilled for any constant A. On therther hand,
that constraint (26) is fulfilled for any constant A since

(0200 (w))*

>0
061056f1(w) ’

w € (0,00)
is implied by o, 0, gfl, 66{1 ex.
_ Remark 2: Theorem 1 and Theorem 2 allow the functions
A to be much more flexible than ones we can obtained from
techniques in [14], [12]. Indeed, the function f(;/ 11/A(s)ds
does not guaranteed to be integrable and radially unbound-
eded. Theorem 1 and Theorem 2 are developed without using
fovl 1/A(s)ds in the construction of Lyapunov functions. This
paper extends the idea proposed in [13] to iISS systems.
Remark 3: The assumption (20) can be replaced by sim-
pler assumptions. In fact, if there exists a constant k > 0 such
that at least one of

—1( Tk
(e eN04
M is non-decreasing (27)
ooy (s
~—17\1k
opoa.
M is non-decreasing (28)
o100, (s)
holds and
02 ogfloﬁtl oafloclal(s)
< azoécglogz(s)7 VseRL (29)
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is satisfied, the assumption (20) is fulfilled.

Remark 4: An easy way to pick an initial supply rate
—oy(|x1]) +o1(|u1|) + or1(|r1]) fulfilling the iISS-ISS small-
gain condition (20) is to take copies of functions in the supply
rates of X,. If we choose o7 and ¢ such that

o (S) =V Gz(s), O] (S) = VQOQ(S), v,i>0 (30)

holds, the condition (20) is reduced to (29) and the two
constraints (22) and (26) can be replaced by

" [Gzo@j‘(s)]"*l <o

50 A(s)

/°° (o200 ()] s = o0
1 A(s)

respectively. These facts can be verified from Remark 6.

Remark 5: 1t is worth noting that the condition (22) is
satisfied for all k > [ if it is satisfied for k = /. The conditions
(26) and (20) have the same property. It is also worth noticing
that there always exists k£ > 0 such that (22) holds if each
function appearing in (22) satisfies a Lipschitz condition of
some order at s = 0. There always exists k > 0 such that (26)
holds if each function there satisfies a Lipschitz condition of
some order toward s — oo,

IV. ILLUSTRATIVE EXAMPLE CONTINUED

Using the development in the previous section, we can
give an affirmative answer to our question posed in Section
II. For the simple choice V| = x|, we obtain

2
Vi =24 —uxl 2
1 xl{ ux1+<x2+1

which fulfills (24) with

2
A(s) =5, ou(s)=ps?, 0'1(5)—< > > , ri(H)=0 (31

s+ 1
Thus, the inequality (29) and the property (27) become

cxooa; tocio1(s) < o(s), Vs € Ry (32)

and (12), respectively. It is verified that (12) holds for k > 2,
and there exist cj,cp > 1 such that (32) holds for u > 1.
Theorem 1 concludes that the interconnected system (6)-(7)
is iISS with respect to input r; and state x(¢) = [x1(¢),x2(¢)]”.
It is important that Theorem 1 and Theorem 2 enable us
to obtain the iISS property without constructing a Lyapunov
function of the overall system explicitly. It is, however, possi-
ble to construct a Lyapunov function explicitly whenever one
prefers it. For instance, if X, achieves (8) with V2 (x;) = xa,
an iISS Lyapunov function of the interconnected system is

v ne) (s,
cl(x]axZ)—x1+/0 (s—i—l) s

which is obtained with ¢ =4 from a formula presented in
the next section. Indeed, the time-derivative of this function

(33)

V., along the trajectories of (6)-(7) is computed as

2
y 4, 2 X2
Vcl<xlax2) < —Uxy+x] (x2+1>

4 3 3
(2 g () 42 (2 )R
xy+1 xy+1 xy+1

< —py(x1,x2) +brS (34)

It can be verified that (34) holds for some positive definite
function p;(xj,x;) and some positive constant b if and
only if u > 1 holds. Since V,(xi,x;) defined by (33) is
positive definite and radially unbounded, the fulfillment of
(34) ensures the iISS property of (6)-(7).

V. PROOFS

A. A key lemma

Lemma 1: Suppose that continuous functions V; : (¢,x;) €
Ry xR" — Ry, i =1,2, satisfy

o;(Jx]) <Vilt,x) < u(fxil), Ve eR"reRy (35)
for some ¢;, &; € Fo. Let p;, i=1,2, be
pi(xiyuiy 1) = — o4 (|xi]) +0i (Jui )+ 01 (|7i]) (36)
consisting of continuous functions satisfying
o E%, OCQEL%/, (37)
G]E%, O'zEJi/, (38)
0,1(8) >0, 0On(s)>0 VseRy (39)

If there exist ¢; > 1, i=1,2 and k > 0 such that (20) holds,
there exists a continuous function p,(x,r) of the form

Pe(x,7) = =0ty (|x]) + our (|r]) (40)
O 6%7 GCI(S) > 07 Vs € R+ (41)
such that
A (Vi(t,x1))p1(x1,x2,r1)
+A2(Va(t,x2))p2(x2,%1,72) < pe(x,71,72),

Vx| ERM x eR™2 1 eR™M npeR™reRy (42)
holds with non-decreasing continuous functions A; : s €
Ry — Ry, i =1,2 satisfying

—1
¢ |Op0Q 4
Ai(s) = max clcg&il M
wel0,s] ooay  (w)
Vs €[0,d) (43)
—1 q
Ai(s) > max 010354%7[620%1_10‘})]
we[0,s] ogody  (w)
Vs € [d,0) (44)
d = lim &y ooc]_1 ocio1(s)
§—00
Jo(s) = g8 7T apo s (5))9! Vs € R, (45)
where 0 and ¢ are any constants satisfying
1>6>0, d>[8(ci—D]"", g>k ¢>1(46)

Furthermore, if o0, and o, are class # functions, the
inequality (42) holds with a class J# function o.
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It is worth noting that there always exist 6 and g such
that (46) holds. In the case of 0] € ., the function A, (s) is
given completely for all s € Ry by (43), In the case of o] €
H\ e, the segment of A;(s) on the interval s € [d,e0) can
be any non-decreasing continuous curve satisfying (44) and
connected continuously to (43) at s = d. The function A;(s)
given as (43) fulfills lim,_+ A; (s) < oo, which is guaranteed
by (20). In fact, the left hand side of (20) is a non-decreasing
continuous function due to the maximization. The right hand
side of (20) takes finite positive value at all s € (0,). In this
situation, the inequality of (20) implies

L looay o))

47
s—0t oy o al—l (S) ( )

Hence, the functions A;(s), i = 1,2 given in (43)-(45) are non-
decreasing continuous and lim,_,y+ A;(s) < e is satisfied.
Lemma 1 is proved as follows. Define p > 1 as

1=(1/p)+(1/q)
Due to (46) and ¢ > 1, there exists u > 1 such that

() 25w

holds. If 6, (s) is not identically zero, pick & satisfying

(48)

STT <5 <1

(49)
There exists 7, > 1 such that
1 1 = 1
1——25(1—) (50)
C1 Tr C1

is satisfied. If o,1(s) = 0 holds, let § = 1 and the rest of the
proof does not require 7,. If 0,2(s) is not identically zero,
there exists (, > 1 such that

| > 1 n 1

Tyt

holds. In the case of 0,2(s) =0, the parameter u, does not

appear in the rest of the proof. Define the following class
J functions.

(D

01(s) = oy oocl_1 ocio(s)
6,1(s) =0y 0 afl 07,01 (s)

Suppose that 41,4, : s € R, — R, satisfy (43)-(45) which
are non-decreasing continuous functions. Combining calcu-
lations in individual cases separated by a; (|x1]) > c¢101(|x2]),
o () < 1oy (b2l ea(jxi]) > 501 (|r]) and o () <
7.0r1(|71]), we obtain

M (Vi(t,x1)) {—ou(x1]) + o1 (]x2]) + 01 (|r1]) }
<5 (—1 s 1) A (Va(exn))en (b
+A1(61(|x2])) o1 (|x2]) + A1 (61 (|71])) 071 (|71 1)

Using Young’s inequality

1 r 1
w2 el ey eRa#0
pla q

we obtain
a(Va(t,x2)) {—0a(x2|) + 02(|x1]) + 0r2(|r2]) }
1 1 p
< DoVl as(n) +q [p (w(vz(r,xz))) ;

q 1 1
£ oz<x1|>q+(
q P \gqu

Define ot;(s) and o,(s) as follows:

xz<v2<r,xz>>)p+“q’qorzurznq]

r

C]—l

acl(s>:?ﬁ?{<5—sqh> ety ()t ()

+(16#')/12(0:2(|x2))a2(|x2|)}
0ci(s) = max {41 (6,1(|r11)) 01 (I ]) + 1/ ora (| r2)7}

s=|r|

From (49) it follows that o, € # . Moreover, the function o,
satisfies o./(s) >0 for all s € R. It is class % if 0, € &
holds for i = 1,2. The inequality (42) is achieved if the pair
of A; and A, solves

C1

L als)an (o5 (5)
+uoa(ay ! (5))7 <0, VseR, (52)

1 :
117 (cll)plz(S)" — 87T da(s) (0 (5))

1
_&aT

+1(61(a; ' (5)))01(; ' (5) <0, Vs €Ry. (53)

The inequalities (50) and (51) are used to obtain (53). The
inequality (52) holds if and only if

wici[oa (0! (5)))4
871 (1 - 1)ou (657 (s))
is achieved. Using A, given by (45) in (53), we obtain

<Mi(s), VseRy (54)

J(61(5)01(5) < (67T (05 (e (s))))Y, Vs € Ry
Hence, the pair of (52) and (53) holds if A satisfies (54) and
2(5)01 (8 (5)) < (677 (0 (2 (6, (5))))¢
Vs €10,d) (55)

The choice of A; given in (43)-(44) fulfills (54) since we
have (48). The function A; satisfies (55) if

eo(ar @) _ [0a(0; ' (@a(5)))

on(a; ' (61(w))) c101(s)
VseR, (56)

<
wel0,s]

The inequality (20) implies (29), so that
max_[c20200a; 0@ oa; 'ocio1(w)]
wel0,s]
<08y o0y(s)

holds. The inequality (20) implies that (20) still holds even if
k is replaced by g > k. Therefore, the condition (20) ensures
(56). Hence, the functions A; and A, given in (43)-(44) and
(45) achieve (52) and (53).

Remark 6: In the case that

oy (s) =vioa(s), o1(s) =w(s), v,>0 (57)
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holds, the condition (20) and the formulas (43)-(44) can be

replaced by (29) and

B C]C%Sq%

= 7\/1

clcq5ﬁ

Ai(s) > —2—
Vi

respectively. These facts are true since

A1(s) (o200, (s)]77!, Vs€[0,d) (58)

(G200, (5)]77!, Vs€[d, ) (59)

1
_san ¢!

L (svi+ o ()] <0, Ve,
1

can replace (52).
B. Proof of Theorem 1
Since k > 0 satisfies (22), the function
1 (o200 (w))'
i(s) wel0,s] oy oaf](w)

(60)

is guaranteed to be continuous on R for all / > k. Suppose
that ¢ and § satisfying (46). Let 1(s) denote
v [0200, " ()]

n(s) = max c;cd§t

wel0,s] o 00y (w)

which is non-decreasing and continuous on R .. Define 4 (s)
by (43) and

= X n(d) X A w N N o
(o) = maxd 7 max (L06)0(5) (Vs € [de) (61

Then, the function A, (s) is continuous on R and meets (44).
Define Ay(s) by

Zo(s) = Aa(s)/A(s) (62)
The function is continuous on R and satisfies

lim Ap(s) <eo, lim Ap(s) >0

s—0F §—o0

0 < Ap(s) <oo, Vse&(0,00)

Since 0pod, ' € # and g > 1 hold, the function A(s) given
by (45) is a class £ function. Therefore, the C! function

Vi(t.xy) Va(t,x2)
Va(tx)= [ Ao(s)ds+ / T (5)ds 63)
0 0
satisfies
o (|x]) <V (t,x) < (|x]), VxeR™ 1Ry (64)

for some a ., 0 € J%. Due to (62) and Lemma 1, there

exist 0,0y € £ such that
chl
dt
holds along the trajectories of the interconnected system X.

C. Proof of Theorem 2

Define Ay(s) as (62) where A, (s) is determined completely
by (43) due to 0] € J . The requirements (22) and (26)
guarantee that the C! function V,; given by (63) satisfies (64)

for some @, 0 € . The rest is the same as Theorem 1.

<—0(Jx])+ou(|r]), VxeR", reR" reRy

VI. CONCLUDING REMARKS

This paper has expanded the capability of the ilSS-
ISS small-gain condition by introducing the technique of
parametrization of supply rates. The parametrization has
provided a set of supply rates with which a fixed single
small-gain condition can establish iISS property of an inter-
connected system. A first attempt to introduce a parametriza-
tion technique for iISS systems was made by a preceding
paper[15]. The reformulation done by this paper has enabled
us to achieve the following significant points which are not
possible in the previous work[15].

o This paper has dealt with iISS property of intercon-
nected systems which is stronger than the asymptotic
stability in [15].

o This paper has introduced more flexibility into the
parametrization than the previous paper [15]. More
precisely, we do not have to take copies of functions
in the supply rate of X, in choosing a supply rate of X;.

o The results of this paper are exactly identical to the iISS-
ISS small-gain theorem when the free parameter jL(s) is
fixed as A = 1. In contrast, the previous results in [15]
do not agree with the iISS-ISS small-gain theorem even
if A =1 is taken. This paper has succeeded in putting
freedom into the iISS-ISS small-gain theorem literally.
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