
Abstract— Lyapunov-like characterizations for non-uniform 
in time and uniform robust global asymptotic stability of 
uncertain systems described by retarded functional differential 
equations are provided.

I. INTRODUCTION

 n this paper we provide Lyapunov characterizations for 
non-uniform in time and uniform Robust Global 
Asymptotic Stability (RGAS) for systems described by 

time-varying Retarded Functional Differential Equations 
(RFDEs). The notion of non-uniform in time RGAS is 
introduced in [7] for continuous time finite-dimensional 
systems and in [9] for a wide class of systems including 
discrete-time systems and systems described by RFDEs. 
This notion has been proved to be fruitful for the solution of 
several problems in Mathematical Control Theory (see 
[7,8]). The notion of uniform RGAS that we adopt in this 
paper is an extension of the corresponding notion for finite-
dimensional continuous-time uncertain systems (see [3,14]). 

     The motivation for the extension of non-uniform in time 
and uniform RGAS to uncertain systems described by 
RFDEs is strong, since such models are used frequently for 
the description of engineering systems (see [5]). It should be 
emphasized that in many cases where hybrid open-
loop/feedback stabilizing control laws are proposed for 
finite-dimensional continuous-time systems, the closed-loop 
system is actually a system described by time-varying 
RFDEs (infinite-dimensional). For example, in [19] analytic 
driftless control systems of the following form are 
considered and strategies are provided for the construction 
of control laws of the form ))(),(,()( lTxtxtktu  for 

))1(,[ TllTt  where l  is a non-negative integer and 
0T  denotes the updating time-period of the control. 

Notice that the resulting closed-loop system is actually a 
time-varying system described by RFDEs even if k  is 
independent of time. The same comments apply for the 
synchronous controller switching strategies proposed in 
[21]. The possibility of switching control laws using 
distributed delays was exploited in [17]. 
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   Lyapunov functions and functionals play an important role 
to synthesis and design in control theory and several 
important results have been established concerning 
Lyapunov-like descriptions of uniform global asymptotic 
stability (UGAS) (see [5,13] and the references therein). Our 
goal is to establish Lyapunov characterizations for the 
concepts of non-uniform in time and uniform robust global 
asymptotic stability (RGAS) analogous to the corresponding 
characterizations given in [3,14] for continuous-time finite-
dimensional uncertain systems, which overcome the 
limitations imposed by previous works. Particularly, our 
Lyapunov characterizations apply 

 to systems with disturbances that take values in a (not 
necessarily compact) given set 

 to systems with dynamics which are not necessarily 
bounded with respect to time 

     Viability issues for systems described by functional 
differential inclusions (and thus uncertain systems described 
by RFDEs) were considered in [2]. We note that Lyapunov 
functionals for linear time-delay systems were constructed in 
[4,12,18]. Stability conditions for time-varying time-delay 
systems were given in [11]. Recently in many works the 
problem of feedback stabilization of systems described by 
RFDEs was studied (see for instance [6,15,16,20]). It should 
be emphasized that the literature concerning issues of 
stability and stabilization of linear time-delay systems is vast 
and the previous references are only given as pointers. Note 
also that in the present paper we are not concerned with 
stability conditions given by Razumikhin functions, since 
such conditions resemble “small-gain” conditions with 
Lyapunov-like characteristics (see [23]). 

    In the present work we provide Lyapunov-like conditions 
which demand the infinitesimal decrease property to hold 
only on subsets of the state space which contain the 
solutions of the system (i.e., the infinitesimal decrease 
property holds only after some time) along with an 
additional property that guarantees forward completeness on 
the critical time interval when the infinitesimal decrease 
property does not hold, namely the property VV , where 
V denotes the Lyapunov functional and V  the time 
derivative of the Lyapunov functional evaluated along the 
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solutions of the system (Theorems 3.1 and 3.2). This 
property was shown to be necessary and sufficient for 
forward completeness of continuous-time finite dimensional 
systems in [1]. Moreover, the “weaker” property that we 
demand in the present paper is utilized for the construction 
of Lyapunov functionals for time-delay systems (see 
Example 3.4).   

Notations Throughout this paper we adopt the following 
notations:  

 For a vector nx  we denote by x  its usual Euclidean 

norm and by x  its transpose. For )];0,([0 nrCx

we define )(max:
]0,[
xx

rr
.

 By );(0 AC ), we denote the class of functions (taking 
values in ) that are continuous on A .
E  denotes the class of non-negative 0C  functions 

: , for which it holds:
0

)( dtt  and 

0)(lim t
t

.

 We denote by K  the class of positive 0C  functions 
defined on . We say that a function :  is 
positive definite if 0)0(  and 0)(s  for all 0s .
For definitions of the classes K , K  and KL  see [10]. 

II. DEFINITIONS AND TECHNICAL RESULTS

    Let nbrax ),[:  with 0ab  and 0r . We 
define  

]}0,[;)({:)( rtxxtTr , for ),[ bat       (2.1) 
Let DM  the class of all right-continuous mappings 

Dd : , with the following property: 

 “there exists a countable set dA  which is 

either finite or },...,1;{ ktA d
kd  with 

01
d
k

d
k tt  for all ,...2,1k  and d

ktlim ,

such that the mapping DtdAt d )(\  is 
continuous” 

We denote by )(tx  with 0tt  the unique solution of the 
initial-value problem: 

D
n

r

Mdtx

tttdxtTtftx

)(,)(

,))(,)(,()( 0              (2.2) 

with initial condition )];0,([)( 0
00

n
r rCxxtT , where 

lD , 0r  is a constant and the mapping 

nn DrCf );]0,([: 0  with 0),0,( dtf  for 

all Ddt ),(  satisfies the following hypotheses: 

(H1) The mapping ),,(),( dxtfdx  is continuous for 

each fixed 0t  and such that for every bounded I

and for every bounded );]0,([0 nrCS , there exists a 
constant 0L  such that: 

DdSSyxIt

yxLyxL

dytfdxtfyx

rr

,),(,

)()(max

),,(),,()0()0(
22

]0,[

This assumption is equivalent to the existence of a 
continuous function :L  such that for each 
fixed 0t  the mappings ),(tL  and ),( tL  are non-
decreasing, with the following property: 

DrCrCdyxt

yxyxtL

dytfdxtfyx

nn
rrr

);]0,([);]0,([),,,(

),(

),,(),,()0()0(

00

2 (2.3)

(H2) For every bounded );]0,([0 nrC  the 

image set nDf )(  is bounded. 

(H3) There exists a countable set A , which is either 
finite or },...,1;{ ktA k  with 01 kk tt  for all 

,...2,1k  and ktlim , such that mapping 

),,()];0,([)\(),,( 0 dxtfDrCAdxt n  is continuous. 

Moreover, for each fixed DrCdxt n)];0,([),,( 0
0 , we 

have ),,(),,(lim 0
0

dxtfdxtf
tt

.

(H4) For every 0 , t , there exists 0),(: t

such that 
r

xtDddxf ,,;),,(sup .

We denote by xtTdxtt r )(:);,,( 00  the solution of (2.2) with 

initial condition );]0,([)( 0
00

n
r rCxxtT

corresponding to input DMd . It can be shown for the 
initial-value problem (2.2) under hypotheses (H1-4) that: 

1) for every D
n MrCdxt );]0,([),,( 0

00  there 
exists ],( 0max tt  such that the initial-value problem 
admits a unique solution )(tx , which is continuous on 

),[ max0 trt  and cannot be further continued. Moreover, if 
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maxt  then we must necessarily have 
)(suplim

max

tx
tt

.

2) the solution )(tx  is an absolutely continuous function on 
),[ max0 tt , which satisfies ))(,)(,()( tdxtTtftx r  for all 

)(\),[ max0 dAAttt  and ))(,)(,(
)()(

lim
0

tdxtTtf
h

txhtx
r

h

for all ),[ max0 ttt .
3) Finally, the unique solution of (2.2) satisfies for all 

D
nn MrCrCdyxt );]0,([);]0,([),,,( 00

000

 and for all 0tt  so that );,,( 00 dxtt  and );,,( 00 dytt
are both defined: 

)(~exp);,,();,,( 0000000 ttLyxdyttdxtt
rr

(2.4)

where
r

ttt
r

ttt
dyttdxtttLL );,,(sup);,,(sup,:~

00
],[

00
],[ 00

 and 

L  is the function involved in (2.3).   

Remark 2.1:
(a) When 0r  we identify the space )];0,([0 nrC  with 

the finite-dimensional space n  and we obtain the 
familiar finite-dimensional continuous-time case.  
Consequently, all the following results hold also for 
finite-dimensional continuous-time systems. 

(b)  A major difference between the case of uncertain finite-
dimensional continuous-time systems considered in [14] 
and the case of uncertain systems described by RFDEs 
is the nature of the class of allowed inputs DM . This 
happens because there is a fundamental difference 
between the two cases: in the finite-dimensional case 
the map describing the evolution of the state is 
absolutely continuous with respect to time while in the 
infinite-dimensional case the map describing the 
evolution of the state is (simply) continuous with 
respect to time (see Lemma 2.1 in [5] and notice that the 
state for the infinite-dimensional case is 

)];0,([)( 0 n
r rCxtT ). This fact has an important 

consequence: Lyapunov functionals evaluated on the 
solutions of system (2.2) will be (simply) continuous 
and not absolutely continuous maps with respect to time 
and in order to guarantee their monotonicity, we must 
require that an appropriate decrease condition holds for 
all times (and not almost everywhere, see the discussion 
in [3], Chapter 6). Thus we cannot allow DM  contain 
arbitrary measurable mappings. 

(c)  In all the following results we assume that the inputs 
belong to the class DM . It is clear that the same 

conclusions hold for inputs Dd : , for which 

there exists DMd  such that )()( tdtd  almost 
everywhere.

   Since 0),0,( dtf  for all Ddt ),( , it follows that 

)];0,([0);0,,( 0
0

nrCdtt  for all DMdt ),( 0

and 0tt . Furthermore, for every 0 , 0, hT  there 
exists 0),,(: hT  such that:  

r
x

],0[,],[,;);,,(sup 0000 TthttMddxt Dr

Thus );]0,([0 0 nrC  is a robust equilibrium point for 
(2.2) in the sense described in [9]. The following definition 
of non-uniform in time RGAS coincides with the definition 
of non-uniform in time RGAS given in [9], for a wide class 
of systems.  

Definition 2.2: We say that );]0,([0 0 nrC  is non-
uniformly in time Robustly Globally Asymptotically Stable 
(RGAS) for system (2.2) if the following properties hold:

P1 );]0,([0 0 nrC  is Robustly Lagrange Stable, i.e.,
for every 0s , 0T , it holds that 

Drr
MdTtsxttdxtt ,],0[,,),[;);,,(sup 00000

(Robust Lagrange Stability)
P2 );]0,([0 0 nrC  is Robustly Lyapunov Stable, i.e., 

for every 0  and 0T  there exists a 
0,: T  such that: 

rr
dxttTtx ),;,,(],0[, 0000 ,

DMdtt ,),[ 0

(Robust Lyapunov Stability) 

P3 );]0,([0 0 nrC  satisfies the Robust Attractivity 
Property, i.e. for every 0 , 0T  and 0R , there 
exists a 0,,: RT , such that:

rr
dxttTtRx );,,(],0[, 0000 ,

DMdtt ,),[ 0

    The two following lemmas are given in [9] (as Lemma 3.3 
and Lemma 3.4, respectively) for a wide class of systems 
that include systems of RFDEs under hypotheses (H1-4). 
They provide essential characterizations of the notion of 
non-uniform in time RGAS.  

4732



Lemma 2.3: Suppose that (2.2) is Robustly Forward 
Complete, i.e., for every 0s , 0T , it holds that 

Drr
MdTtsxThdxtht ,],0[,,],0[;);,,(sup 00000

and that );]0,([0 0 nrC  satisfies the Robust 
Attractivity Property (property P3 of Definition 2.2) for 
system (2.2). Then );]0,([0 0 nrC  is non-uniformly in 
time RGAS for system (2.2).

Lemma 2.4: );]0,([0 0 nrC is non-uniformly in time 
RGAS for system (2.2) if and only if there exist functions 

KL , K  such that the following estimate holds for 

all D
n MrCdxt )];0,([),,( 0

00  and 
),[ 0tt :

00000 ,)();,,( ttxtdxtt
rr

    (2.5) 

    Finally, we also provide the definition of uniform RGAS, 
in terms of KL  functions, which is completely analogous to 
the finite-dimensional case (see [3,14]). It is clear that such a 
definition is equivalent to a  definition (analogous to 
Definition 2.2). 

Definition 2.5: We say that );]0,([0 0 nrC is
Uniformly Robustly Globally Asymptotically Stable 
(URGAS) for system (2.2) if and only if there exist a function 

KL  such that the following estimate holds for all 

D
n MrCdxt )];0,([),,( 0

00  and ),[ 0tt :

0000 ,);,,( ttxdxtt
rr

        (2.6) 

   The following corollary must be compared to Lemma 1.1, 
page 131 in [5]. It shows that for periodic systems of RFDEs 
non-uniform in time RGAS is equivalent to URGAS. We 
say that (2.2) is periodicT  if there exists 0T  such that 

),,(),,( dxtfdxTtf  for all 

DrCdxt n );]0,([),,( 0 .

Corollary 2.6: Suppose that );]0,([0 0 nrC  is non-
uniformly in time RGAS for system (2.2) and that (2.2) is 

periodicT . Then );]0,([0 0 nrC  is URGAS for 
system (2.2).

    Let nrCx ;]0,[0 . By );( vxEh , where rh0

and nv  we denote the following operator:  

hrforhx

hforvhx
vxEh )(

0)()0(
:);(      (2.7) 

Let nrCV ;]0,[: 0 . We define  

h
xtVhyvxEhtV

vxtV h

rCyy
h

n

),());(,(
suplim:);,(

)];0,([,0
0

0

0

                                                  (2.8) 

    The following lemma presents an important property of 
this generalized derivative.  

Lemma 2.7 Let nrCV ;]0,[: 0  and let 

));,([ max0
0 ntrtCx  a solution of (2.2) under 

hypotheses (H1-4) corresponding to certain DMd . Then 
for all ),[ max0 ttt it holds that 

)))(,)(,(;)(,(

))(,())(,(
suplim

0
0

tdxtTtfxtTtV

h
xtTtVxhtThtV

rr

rr

h        (2.9) 

  The following comparison principle is an extension of the 
comparison principle in [10] and will be used frequently in 
this paper in conjunction with Lemma 2.7 for the derivation 
of estimates of values of Lyapunov functionals.  

Lemma 2.8 (Comparison Principle) Consider the scalar 
differential equation:

00 )(;),( wtwwtfw                   (2.10) 

where ),( wtf  is continuous in 0t  and locally Lipschitz 
in Jw , where J  is an open interval. Let 0tT
such that the solution )(tw of the initial value problem 
(2.10) exists and satisfies Jtw )(  for all ),[ 0 Ttt . Let 

)(tv  a lower semi-continuous function that satisfies the 
differential inequality for all ),[ 0 Ttt :

))(,(
)()(

suplim:)(
0

tvtf
h

tvhtv
tvD

h
     (2.11) 

Suppose furthermore:
00 )( wtv                         (2.12a) 

),[,)( 0 TttJtv                 (2.12b) 

If one of the following holds: 

(i) the mapping ),(tf  is non-decreasing on J , for 
each fixed ),[ 0 Ttt .

(ii) there exists )(0C  such that )(),( twtf , for 
all JTtwt ),[),( 0 .
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then )()( twtv , for all ),[ 0 Ttt .

III. MAIN RESULTS

   We are now in a position to state our main results for non-
uniform in time RGAS and URGAS. 

Theorem 3.1 Consider system (2.2) under hypotheses (H1-
4). Then the following statements are equivalent: 

(a) )];0,([0 0 nrC  is non-uniformly in time RGAS for 
(2.2).  

(b) There exists a continuous mapping 
),()];0,([),( 0 xtVrCxt n , with the 

following properties: 

(i) There exist functions Kaa 21, , K  such that: 

rr
xtaxtVxa )(),()( 21 ,

)];0,([),( 0 nrCxt                  (3.1) 
(ii) It holds that:

),()),,(;,(0 xtVdxtfxtV ,

DrCdxt n )];0,([),,( 0             (3.2) 
(infinitesimal decrease property) 

(iii) There exists a non-decreasing function :M
such that for every 0R , it holds: 

r
xyRMxtVytV )(),(),( , ],0[ Rt ,

RxrCxyx
r

n ;)];0,([, 0           (3.3)

(c) There exist 0 , a lower semi-continuous mapping 

)];0,([: 0 nrCV , constants 0R , 

0c , functions Kaa 21 , , )4,...,1(iKi  with 

0
4 )( dtt , E  (see Notations) and 

);(0C  being positive definite and locally 
Lipschitz, such that the following inequalities hold: 

r
xtaxtVxa )(),()0( 121 ,

)];0,([),( 0 nrCxt           (3.4) 

)(),()()),)0(,(;,( 32
0 tRxtVtdxTtfxtV r ,

DrCdxt n )];0,([),,( 0      (3.5a) 

t

r

dsstxtVt

dxTtfxtV

0
444

0

)()(),()(

)),)0(,(;,(

 )(,),[),( tSxDdt              (3.5b) 
(infinitesimal decrease property)

where the set-valued map )];0,([)( 0 nrCtS  is 
defined for t  by: 

D

r

Md

dssdxsTstfxxtSx
tS

,]0,[

,))(,)(,()()(;)(
:)(

(3.6a)
and )];0,([)( 0 nrCtS  is any set-valued map 
satisfying for all 0t

)(
,0,)()(

;)];0,([

0
412

0

tS
cdssxta

rCx
t

r

n

  (3.6b)

where ),,( 00tt  denotes the unique solution of the 
initial value problem:

0)(;)( 00tt       (3.6c) 

Theorem 3.2 Consider system (2.2) under hypotheses (H1-
4). Then the following statements are equivalent: 

(a) )];0,([0 0 nrC  is URGAS for (2.2).  

(b) There exists a continuous mapping 
),()];0,([),( 0 xtVrCxt n , satisfying 

properties (i), (ii) and (iii) of statement (b) of Theorem 
3.1 with 1)(t . Moreover, if system (2.2) is 

periodicT , then V  is periodicT  (i.e. 

),(),( xtVxTtV  for all )];0,([),( 0 nrCxt )
and if (2.2) is autonomous then V is independent of t .

(c) There exist constants 0,  , a lower semi-continuous 

mapping )];0,([: 0 nrCV , functions 

Kaa 21 ,  and );(0C  being positive 
definite and locally Lipschitz such that the following 
inequalities hold: 

r
xaxtVxa 21 ),()0( , 

)];0,([),( 0 nrCxt            (3.7) 
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),()),)0(,(;,(0 xtVdxTtfxtV r ,

DrCdxt n )];0,([),,( 0     (3.8a) 

),()),)0(,(;,(0 xtVdxTtfxtV r ,
 )(,),[),( tSxDdt              (3.8b) 

(infinitesimal decrease property)

where the set )];0,([)( 0 nrCtS  is defined for 

t  by (3.6a) with )];0,([:)( 0 nrCtS .

Remark 3.3: a) Although the conditions for non-uniform in 
time RGAS seem more complicated than the corresponding 
conditions for URGAS, it should be emphasized that the 
conditions for non-uniform in time RGAS are “weaker” than 
the corresponding conditions for URGAS. Particularly, the 
main difference lies in that the infinitesimal decrease 
condition does not have to be satisfied for states sufficiently 
close to the equilibrium point in the non-uniform in time 
case.
b) Notice that we demand the infinitesimal decrease 
property to hold only on a subset of the state space ( )(tS )
which contains the solutions of the system. However, an 
additional property that guarantees forward completeness on 
the critical time interval ],[ 00 tt  has to be satisfied, 
namely (3.5a) in the non-uniform in time case and (3.8a) in 
the uniform case. Notice that for finite-dimensional 
continuous-time systems, it was shown in [1] that this 
additional property is necessary and sufficient for forward 
completeness. 
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