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Observers Design for Singular Fractional-Order Systems

Ibrahima N’Doye, Mohamed Darouach, Michel Zasadzinski and Nour-Eddine Radhy

Abstract— This paper considers the observers design for
continuous-time singular fractional-order systems. The ap-
proach is based on the generalized Sylvester equations solutions.
The conditions for the existence of these observers are given
and sufficient conditions for their stability are derived in terms
of linear matrix inequalities formulation.

Index Terms— Singular fractional-order systems, generalized
Sylvester equations, linear matrix inequality (LMI), reduced
order observer, minimal order observer, full order observer,
stability.

I. INTRODUCTION

State estimation or observer design have been widely used
in control and signal processing in the last few decades. They
are of theoretical interest and also have some applications
particularly in the failure detection and fault diagnosis prob-
lems, and chaotic synchronization and secure communica-
tions [1], [2], [3], [4], [5]- The problem of observer design
for linear and singular systems has been greatly treated for
the standard and singular systems with or without unknown
inputs [6], [7], [2].

Fractional-order systems (i.e. systems containing frac-
tional derivatives and/or integrals) have been studied by many
authors in engineering sciences from an application point of
view (see [8], [9] and references therein). Many systems can
be described with the help of fractional derivatives. These
systems are known to display fractional-order dynamics :
electromagnetic systems [10], [11], dielectric polarization
[12], viscoelastic systems [13], [14] chaotic synchronization
and secure communications.

Singular systems (known as generalized, descriptor of
differential algebraic systems) describe a large class of
systems, which are not only theoretical interest but also have
a great importance in practice [3]. They are encountered in
chemical and mineral industries, for example the dynamic
balances of mass and energy are described by differential
equations while thermodynamic equilibrium relations con-
stitute additional algebraic constraints. The problem of the
state estimation for these practical applications arises in data
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reconciliation for example [4]. Singular systems are also
frequently encountered in electronic and economics [15].

The question of stability is crucial in control theory.
In the field of fractional-order control systems, there are
many challenging and unsolved problems related to stability
theory such as robust stability, bounded input-bounded output
stability, internal stability, etc. Stability results on fractional-
order control systems have been presented in [16], [17], [18].

In our knowledge, the present work is the first one
presenting in an unified framework the observers design for
singular fractional-order systems. The approach is based on
the parameterization of the generalized Sylvester equations
solutions and the design of reduced order, minimal order
and full order observers for singular fractional-order systems
are presented in a compact formulation. The conditions for
the existence of these observers are given, necessary and
sufficient conditions for their stability are derived in terms
of linear matrix inequalities formulation with fractional-order
o belonging to 0 <a < 2.

This paper is organized as follows.

In section II, we provide some background on the
fractional derivative, the observability and the stability of
fractional-order systems with the fractional-order o belong-
ingto 0 <o <2

In section III we present the system description and
formulate the observers design problem.

Section IV presents the main results of the paper.
Necessary and sufficient conditions for the asymptotical
stability of observers with fractional-order « belonging to
O0<a<l1 and 1<a<?2 are presented.

Notations. M7 is the transpose of M, Sym{X} is used
to denote X7 + X, QF is any generalized inverse of (2
satisfying QQTQ = Q and D® represents initialized o™
order differintegration.

II. PRELIMINARIES DEFINITIONS

A. The fractional derivative

Formulations of noninteger-order derivatives fall into two
main classes: the Riemann-Liouville derivative and the
Griinward-Letnikov derivative, on one hand, defined as [8],

[19]
o B 1 dn t f(T)
DEf(t) = I'(n— a) dtn /a (t —T)a—nt1 dr,

(1)
or the Caputo derivative on the other, defined as [19], [20]
d" f(r)

1 t dtn
F(n—a)/a (t—r)onr1 47

n—1<a<n

D f(t) =

n—1<a<n ()
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with n € IN and o € R™, where I'(.) is the Gamma
function. The physical interpretation of the fractional deriva-
tives and the solution of fractional differential equations are
given in [19], [20]. Here and throughout the paper, only
the Caputo definition is used since this Laplace transform
allows utilization of initial values of classical integer-order
derivatives with clear physical interpretations. In the rest
of the paper, D is used to denote the Caputo fractional
derivative of order o.

Consider the following linear fractional-order systems

Dex(t) = Ax(t) + Bu(t)
y(t) = Calt)
z(0)=xg

where x(t) € IR" is the state vector, u(t) € IR™ is the

control input vector and y(t) € R? is the measured output.
A, B and C are known constant matrices.

O<a<2 @3

B. Stability of fractional-order systems

The stability domain of fractional-order linear system with
order 1 <a <2 is a convex set that can be described by LMI
methods, and the stability domain for the case 0 <a <1 is
a nonconvex set that can not described by LMI methods.
However, in the case where 0 < o < 1, the formulation
introduced in [21] and developed in [22] permits to treat
this particular case using the concept of Generalized LMI
(GLMT) regions. This concept is based on the fact that
the stability domain can be viewed as the union of two half
planes and is initially extended in the case of fractional-order
systems in [23].

Definition 1: It has been shown that system (3) is asymp-
totically stable if the following condition is satisfied [16],
[24] for 0<a <1, [25] for 1<a<?2

Jarg(spec(A))| > ag )

where spec(A) represents the eigenvalues of matrix A.

The stability of matrix A is equivalent to the stability of
matrix A7, then the necessary and sufficient LMIs conditions
to satisfy condition (4) when the fractional-order « belonging
to 1<a<2and 0<a<1 are given in the following lemmas.

Lemma 1: [25], [23], [26] Let AT € R"*" the transpose
of matrix A. Then, the fractional-order system D%z (t) =
Az (t) is asymptotically stable (i.e. |arg(spec(A))| > aF
where 1 < o < 2, if and only if there exits Py = POT >0
such that

(PoA+ ATPy)sin —(PyA— AT Py)cos ~0
(PhA — ATPy)cos®  (PyA+ AT Py)sin6
where 0 = m — aF. O

Lemma 2: [27], [28] Let AT € IR™™" the transpose of
matrix A. The fractional-order system D®z(t) = Ax(t) is
asymptotically stable (i.e. |arg(spec(A))| > aF) where 0<
a <1, if and only if there exist two real symmetric matrices

P € R™", k = 1,2, and two skew-symmetric matrices
Pio € R"*", k = 1,2, such that

2 2
>0 Sym{ly; @ (ATP;)} <0 )

i=1 j=1

P Pro Py P 0 ©)
—Pi2 Py 7 —Py Py ’
where
= sin(ay) —cos(af) Iy cos(af) sin(af)
cos(a) sin(aZ) | —sin(aZ) cos(aZ)|’
Iyt — sin(af)  cos(af) gy — —cos(ag) sin(af)
—cos(af) sin(af)| —sin(af) —cos(af)
@)
O

The two drawings of the figures below illustrate the
stability region of linear fractional-order systems with
fractional order belonging to 0 < a < land 1 < o < 2.
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Fig. 1. Stability region of linear fractional-order systems with order 0 <
a <<l
Im
unstable
unstable
unstable
stable ,T
R
.
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unstable
unstable
Fig. 2. Stability region of linear fractional-order systems with order 1 <

a < 2.

C. Detectability of fractional-order systems

Lemma 3: [29], [30] System (3) is detectable by an
asymptotic observer if the unobservable modes of matrix A
are asymptotically stable.

Proof: The proof of lemma 3 can be established as
in the usual integer order case, since it involves algebraic
properties of the pair (C, A) only. ]

Remark 1: [29], [30] In particular if (C, A) is observ-
able, the spectrum of L = A — LC can be assigned

anywhere in the complex region of asymptotic stability
(i.e. larg(spec(LL))| > aF).
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III. SYSTEM DESCRIPTION AND OBSERVER FORM

Consider the following linear descriptor fractional-order
systems

ED%z(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

2(0)=xq
where z(t) € R" is the descriptor vector, u(t) € R™ is
the control input vector and y(t) € IR? is the measured
output. Matrix £ € R"**" and when np = n matrix £
is singular, A € R"**", B ¢ R™**™ and C € IRP*". Let

® ¢ R™*"" be a full row rank matrix such that ®E = 0,
then, from (8) we have

dBu(t) = —PAx(t)
Assumption 1: Assume that
E
rank | ®A
C

0<a<?2 (8

=n

]

As in [2], [3], it is easy to see that assumption 1 is equivalent
to the impulse observability, i.e.

E A E
rank | 0 E | =rank | ®A | + rank F =n +rank F
0o C C

Now, consider the following reduced-order observer for
system (8)

Den(t) = Nn(t) + Jy(t) + Hu(t)

Z(t) = Px(t) — QPBu(t) + Fy(t)

n(0) =m0

where 7(t) € R? is the state vector of observer and Z(t) €
IR™ is the estimate of x(t). Matrices N, J, H, P, @), and
F' are unknown matrices of appropriate dimensions, which
must be determined such that Z(¢) asymptotically converges
to x(t).

The following proposition gives the conditions for the
existence and stability of observer (9).

O<a<?2 (9

Proposition 1: Under assumption 1, system (9) is an
asymptotic observer, i.e. tlim Z(t) —x(t) = 0 where 0 <
«a < 2, if there exits a matrix 71" such that

i) De(t) = Ne(t) is asymptotically stable,

ii) NTE-TA+ JC =0,

iy H=TB,
TE

iv)[PQF] DA | =1, 0
C

Proof: Define ¢(t) = n—TEx(t), the error between 7
and TEx(t), then its fractional-order dynamic is given by

D%(t) = Dn(t) — TED“x(t) (10)

or equivalently
D%(t)=Ne(t) + (NTE+JC—-TA)x(t) + (H—TB)u(t).
(1)

On the other hand from the definition of ¢(t), we have
TE
i =P+ P Q F|| @4
C
If items i) - iii) of the proposition are satisfied then
tliglo n—TExz(t) = 0.
In addition if item iv) is satisfied, then tlirgo Z(t) —xz(t) =
tlirgo e(t) = tlirgloPE(t) =0.
Then, the estimation error is independent of u(t) and x(¢),
and we obtain the following observer error system

{ D%e(t) = Ne(t)

z(t).  (12)

0<a<? (13)

e(t) = Pe(t)

Items ii) - iv) correspond to a constrained generalized
Sylvester equation, of proposition 1 of assumption 1, let
U be an arbitrary matrix and define the following matrix
T' = T — U, then this constrained generalized Sylvester

equation becomes [3]
TE
T A
PA | = (14)
I,
C

where we have used the fact that £ = 0.
Equation (14) have a solution if only if

N -U J
P Q F

F g ]
PA TE E
rank C =rank | ®A | =n=rank | ®A
T A C C

I,

(15)

The design of observer of dimension ¢ is reduced to finding

the matrices 77, N, ¥, J, H, P, Q, and F' such that equation

(14) and items i) - iii) of proposition 1 are satisfied. |

Remark 2: One can see that the dimension of observer (9)

is of dimension ¢ < n. Then, the presented approach unifies

the observers design for the full order ¢ = n, the reduced
order ¢ = n — p and the minimal order observers

IV. MAIN RESULTS

In this section, we give sufficient conditions for the
existence and stability of observer (9).

The method to design observer (9) for system and its
existence and stability conditions are given in [3], [31]. From
proposition 1, the design of observer (9) of dimension q is
reduced to find the matrices 7', N, J, H, P, and @ such
that items i) - iv) of proposition 1 are satisfied.

The following lemma shows how we can solve, under
assumption 1, the constrained Sylvester equations (14) and
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obtain the expressions of matrices 77, N, ¥, J, H, P, Q,
and F' solution to (14).

Lemma 4: [3], [31] Let R € IR?”*"™ be any full row rank
R
®A | such that

C
rank Y = n, then under assumption 1, the general solution
to (14) is given by

matrix and define the matrix ) =

N=A-ZB-Y,C (16)
T=T +9d a7
+
R
I
P=| oA 0 ] (18)
C
and
-v J T A Y1 K
= ot- I -0t
0 F I [n](wlw )|:I'r1+p
(19)
E
where T/:Al—ZlAl, K:Ag—ZlAQ,QZ dA .
C
n 0
A1 = RQT , Ao = RQT ],
Ly
+y | In
Ay = _(In+7'1+p — Q0 ) o |’
+ 0 +1 1o
Ap=—(Intr,+p — QT) SA=MAY ’
n+p O

:A1A2+[%]’C:(q+p+r1 ZZ+)[ !

and with Y7 and Z; are arbitrary matrices of appropriate
dimensions. g

In these following sections IV-A and IV-B, the conditions
for the existence of the parameter matrices Y7 and Z; such
that the observer (9) is asymptotically stable is giving i.e.
condition i) of proposition 1 is realized where 1 <« <2 and
0 <a <1 respectively.

The problem amounts to study the asymptotical stability
for the fractional-order system D®e(t) = Ne(t) because
when €(t) — 0, then the estimation error e(t) — 0 and
it’s guaranteed the stability of observer (9).

A. Stability of fractional-order error system : The 1 <a<2
case

Under assumption 1, the asymptotical stability for the
fractional-order observer error system D%(t) = Ne(t)
where 1< a <2 is given in the following theorem.

Theorem 1: Under assumption 1, there exists an asymp-
totically stable observer of the form (9) where 1 <a <2, i.e.
condition i) of proposition 1 is satisfied, if and only if there
are matrices W € R™" and Py = P{ > 0 € R™™" such

that
1T 11
»o <o (20)
iy oo
where
Iy, = Tyy = (PoA + ATPy — WX — XTWT) sin 6

I = (ATPy — PpA + WX — XTWT) cos 6
and Wy = WPy = [ Z Y } X =

B .
with 6 =
C

T—al.
2
Proof: From lemma 3 and remark 1, one can see that
the necessary condition that condition i) of proposition 1

, A) is
detectable.

Now, suppose that there exist matrices W € IR"*" and
Py =P¥ >0 € R™" such that (20) holds. It follows from
lemma 1 that |arg(spec(N))| > a7 is equivalent to

(PoN + NTPy)sinf —(PoN — NTPy)cosf |
(PoN — NTPy)cos®  (PyN + NTPy)sin6

PyAsinf —PyAcosf
Sym
PyAcosd PyAsinf
WXcosb

—WXsin6
+ Sym <0 2D
—WXsin6

—WXcosb
1 B
=WEF, c and 0 =

B
is satisfied, by using (16), that the pair ([ C

where W, :{Zl Y1 },X:

m™—al.

2
Inequality (21) is equivalent to (20). This ends the proof
of theorem 1. [ ]

B. Stability of fractional-order error system : The 0 <a <1
case

Under assumption 1, the asymptotical stability for the
fractional-order observer error system D%e(t) = Ne(t)
where 0 < a <1 is given in the following theorem.

Theorem 2: Under assumption 1, there exists an asymp-
totically stable observer of the form (9) where 0 <a <1, i.e
condition i) of proposition 1 is satisfied, if and only if there
are matrices L € R™*" and Py = P{ > 0 € R™*" such
that

Z Sym{T;; ® (AT Py)} — Sym{T;; @ (XTL)}) <0

(22)

where Ty1(i = 1,2) satisfy (7), Wi = LP;' =
T B

[Zl Yl] and X = . O
C

Proof: From lemma 3 and remark 1, it is easy to see

that the necessary condition that condition i) of proposition
1 is satisfied, by using (16), that the pair ,A) is

detectable.
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Now, suppose that there exist matrices L € IR™*" and
Py = P¥ >0 € R™" such that (22) holds. It follows from
lemma 2 that |arg(spec(N))| > a7 is equivalent to

> sym{ly; @ (N"P;)} <0

(23)
i=1 j=1
B
where N = A — WiX, W; = [Zl i },X: -

and T';; (4,7 = 1,2) satisfy (7). By setting Pi; = Py = Pp,
P15 = Py5 = 0 in (23), one can conclude that if

Sym{T';; @ (NTPy)} + Sym{T2 @ (NTPy)} <0 (24)
the fractional-order system D%e(t) = Ne(t) where 0< a<1
is asymptotically stabilizable.

Substitute N = A — W1 X into (24) and set L = W{ Py,

we obtain
2

S (Sym{Ti @ (ATFy)} — Sym{Ty @ (X7L)}) <0

i=1

(25
Inequality (25) is equivalent to (22). This completes the
proof of theorem 2. [ ]

The algorithm for the observer design is given as follows
(31, [31]

C. Algorithm

Under assumption 1 the design of the observer (9) can be
obtained as follows

R
o Step 1 : Find a matrix R such that >, = | ®A | isa

C

full-column rank.

e Step 2 : Compute Ay, Ay, Ay, Ay, A, B, P and C.

o Step 3 : Solve the LMIs (20) or (22), to deduce the
parameter matrices Z; and Y;.

e Step 4 : Compute 77 = Ay — Z1A1, K = Ay — Z1 Ao,
N and then deduce [-® J] and [Q F].

e Step 5: Compute T' = T"+ U d, then deduce H = T'B.

D. Minimal order, reduced order and full order observers
design

In this section, the minimal order, the reduced order and
the full order observers are derived with the above results.

1) Minimal order observers
Let rank E = r and ® € IR™*" be a full row rank
matrix such that ®F = 0, withrank® =7y =n—r =
rank ®A. Then the dimension of the minimal order

observer is ¢ = n — r; — p, and we have
-1

R
+ -1
Y. =) =|v4
C
From the above results we obtain C = 0 and matrix
N becomes
N=A-7B

1,

q

I
where A = A1 A Z+ Oq ,B=AA Z+

The design of the observer is reduced to the determi-
nation of the parameter matrix Z; such that condition
i) of proposition 1 is satisfied.
This matrix can be determined by solving the LMIs
(20) or (22) with C = 0, the rest of the design can be
obtained from Algorithm IV-C.
2) Reduced order observers
This case corresponds to the full state estimation using
a filter of order n — p. It can be obtained when & =

0, in this case assumption becomes rank [ o =

R

n. It corresponds to ) = o

E
C]andZ:

nonsingular then QF = Q1.

The reduced order observer design can be obtained as
in the case of minimal order presented above.

3) Full order observers
This case corresponds to the state estimation of the full
state by using the full order observer. It corresponds
to ¢ = n and matrix R = [, then we have, under

E
assumption 1, rank ) = n with Q = dA | and
C
+
R
the following results >.7 = | ®A = [I, 0],
C
0
A=MAB=AAC=| ®A | and P = I,.
C
Where _
I, I,
A =0QF s A= _(In+r1+p - QQ+) >
0 | 0
n 0
Ay = Q , Ap = _(In—i-hH? -
I’7“1+P
. -1
0 R K
QOt) ,[Q F)= [ ] and
IT‘1+10 i ¢ ITl-‘rp
K= A2 — ZlAQ.

As in the above cases, the full order design can be
obtained by following Algorithm IV-C.

V. CONCLUSION

In this paper, we have presented the observer design for
singular fractional-order systems. The obtained results unify
the observers design of full, reduced and minimal orders. The
conditions for the existence of these observers are given,
necessary and sufficient conditions for their stability are
derived in terms of linear matrix inequalities formulation
with fractional-order o belonging to 0 << 2.
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