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Robust H . Output Feedback Control of Discrete-Time Networked
Systems With Adaptive Quantizers

Faiz Rasool, Dan Huang and Sing Kiong Nguang

Abstract— Quantization effects are inevitable in networked
control systems (NCSs). These quantization effects can be
reduced by increasing the number of quantization levels.
However, increasing the number of quantization levels may lead
to network congestion, (i.e., the network needs to transfer more
information than its capacity). In this paper, we investigate
the problem of designing a robust H..output feedback con-
troller for discrete-time networked systems with an adaptive
quantization density or limited information. More precisely,
the quantization density is designed to be a function of
the network load condition which is modeled by a Markov
process. A stability criterion is developed by using Lyapunov-
Krasovskii functional and sufficient conditions for the existence
of a dynamic quantized output feedback controller are given
in terms of Bilinear Matrix Inequalities(BMIs). An iterative
algorithm is suggested to obtain quasi-convex Linear Matrix
Inequalities (LMIs) from BMIs. An example is presented to
illustrate the effectiveness of the proposed design.

Keywords: Networked Control Systems (NCSs), Adap-
tive quantization Density, Sector Bound Approach,
Markovian Jump Systems(MJSs), Bernoulli Sequence.

I. INTRODUCTION

With emerging technologies such as shared digital wired
and wireless networks, new research areas are opened in
the field of networked control systems (NCSs). NCSs are
distributed systems in which plants, sensors, controllers and
actuators are spatially distributed and interconnected through
communication networks. This development has greatly im-
proved modularity, system flexibility and reduced processing
cost. However, NCSs also bring many new challenges in con-
trol system design such as network-induced delays, packet
dropouts, quantization errors, variable transmission intervals,
network security and other communication constraints.

The issues of network induced time delays and packet
dropouts have been considered by many researchers; see
[1]-[11]. Many researchers have used Markov processes
to model the randomness of the network-induced delays
[31, [12], [13], [14], [18]. The Markov chain takes values,
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which corresponds to network-induced delays, in a finite set
based on known probabilities. However, the main drawback
of the aforementioned papers is that real communication
networks are not able to send data with infinite precision.
In communication networks, the length of each data packet
is finite, therefore, in order to improve the performance of
NCSs, the effect of data quantization must be incorporated
into any controller design. In most studies, the quantization
error is treated as an uncertainty in stability analysis and
controller synthesis [5], [4], [15], [16], [17]. The size of the
uncertainty depends on the quantization density and for a
logarithm quantizer, the size of uncertainty can be bounded
by a sector [19]. The main drawback of aforementioned
papers is the quantization density is assumed to be fixed.

In [20], it has mentioned that quantization process is useful

in NCSs . Quantizers with coarser quantization densities help
in reducing the network congestion. Consequently, network-
induced delays can be reduced because less information is
transmitted. However, the coarser the quantization density the
larger the quantization error. Hence, there exists a trade off
between the quantization error and the network congestion
or network-induced delay. In this paper, the quantization
density is designed to be a function of the network load
condition which is modeled by a Markov process. More
precisely, when the network load is heavy, a coarser quanti-
zation density is used so that less number of information is
transmitted. While in the lighter network load case, a finer
quantization density is selected. In doing so, the network
load condition can be sustained or maintained. Based on the
Lyapunov-Krasovskii functional approach, stability criterion
and the design procedures for an output feedback with an
adaptive quantization density are given in terms of Bilinear
Matrix Inequalities (BMIs) which are then converted into
quasi-convex LMIs to be solved by using an iterative cone
complementarity algorithm [25].

The main contributions of the paper can be summarized

as follows:

o To ease the network congestion, the quantization density
is designed to be a function of the network load which
is modeled by a Markvo process. To the best of the au-
thors” knowledge, this issue has never been investigated
in the literatures.

o The controllers are parameterized by BMIs whose
dimensions depend upon the dimension of the state
variable of the open loop system and not on the number
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of the modes of the Markov chain. This decreases
the computational burden and it has not been formally
investigated in NCSs.

This paper is organized into five sections. In Section
II, system description, quantization error modeling, packet
dropouts and problem formulation are presented. Main re-
sults for stability criterion and controller synthesis are given
in Section III. Conclusions are given in Section IV.

II. SYSTEM DESCRIPTION AND DEFINITIONS

A simple networked control system is shown in Figure
1. A class of uncertain discrete-time linear systems under
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Fig. 1. Layout of the networked control systems with quantizer

consideration is described by the following model:

z(k+1) = [A+ AA(k)]z(k) + [B1 + AB:(k)]w(k)
+[B2 + ABy(k)|u(k), x(0)=0
z(k) = [C1+ ACL(K)]z(k) + [D11 + AD11(k)]
w(k) + [D12 + AD12(k)]u(k)
y(k) = Cox(k) (D

where z(k) € R, u(k) € R™, z(k) € R™,y(k) € R™2
are the state, input, controlled output and measured output,
respectively. w(k) € ™3 is the disturbance which belongs
to L2[0,00), the space of square summable vector sequence
over [0, 00). The matrices A, By, Bs, C1, D11, D12 and Co
are known matrices with appropriate dimensions. The matrix
functions AA(k), AB;(k), ABs(k), ACy(k), AD11 (k) and
AD;io(k) represent the time-varying uncertainties in the
system which satisfy the following assumption

Assumption 2.1:

AA(k)  ABi(k)  ABy(k) | _
[ ACy (k) ADlll(k) AD?Q(k) } = E,F(k)H,
Egz[gl},Hg:[Hl Hy Hj |

where I/, and H, are known matrices which characterize
the structure of the uncertainties. Furthermore, there always

exist a positive-definite matrix ¥V such that the following
inequality holds:

FT(EYWF (k) <W

where F'(k) is a time varying function.
Quantizer Modeling and Description:

The quantization process is useful in NCSs design. Net-
work congestion and network-induced time delay can be
reduced by using a coarser quantizer. Hence, by adjusting
the quantization density, the network load capacity can be
sustained.

Let {ry,k} be a discrete homogeneous Markov chain
taking values in a finite set S = {1,2,---,s}, with the
following transition probability from mode ¢ at k to mode j
at time £ + 1

Pij = PI‘Ob{Tk_H = j|7‘k = Z}

where i,j € S.

In this paper, the quantization density is designed to
be a function of the network load condition. Hence, the
quantization density, ¢, is described as a finite state Markov
process as d = d(rg). On the basis of this technique, a
network load dependent quantizer is proposed as follows:

p" (i) if TP (1) < v < 150" (0),
. v>0,h=0,+1,42, -
q(v,1) = ,
0, if v=20
—q(—v,i) ifvr<0

)
where 0 < p(i) < 1 is the quantization density of g(-,-),
and §(7) is related to p(i) by

50) = 1 28 @
The associated quantized set U/ is given by
U = {&p"(i),h =0,+1,+2,--- } | J{0}. (4)
Now define the quantization error as
e(k, 1) = q(v(k), )

where v(k) is signal to be quantized, ¢(v(k),i) is
the quantized signal. It has been shown in [19] that
Aq(k,i) € [=0(i),6(2)]-

— (k) = Ag(k,0)v(k), ()

The measured output y(k), which is used as feedback
information for controller, may not be available all the time
due to packet dropouts. To compensate these packet dropouts,
a stochastic variable following Bernoulli sequence is used.
We are interested in the following mode dependent dynamic
output feedback control law:

k+1) = ak){Ac()z(k) + Be(i)q(y(k — (k) )}
+(1 = alk))Acs (D)2 (k)
u(k) = Ce(i)2(k) (©)
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where Ac(2), Acr(i), Be(i), Ce(i) are controller matrices.
a(k) €€ 0,1 is random variable following Bernoulli random
distribution:

alk) = {

Assume that a(k) has probability:
Prob{a(k) =1} = E{a(k)} = a, Prob{a(k)

1, if feedback information is available
0, Without feedback signal

=0} =1-«
where 0 < o« < 1 is a constant and
E{a(k) - a} = 0,5 = B{(a(k) - a)*} = a(l - a)
where F(-) is the expectation operator and 32 is the variance.
7(k) is the time varying delay satisfying:
0<z<7(k)<T

where 7 and 7 are known constants. It is worth mentioning
that in NCSs, there exist various type of delays such as sensor
to controller delays 7.(k); controller to actuator delays

Tea (k) and processing delays 7.(k). However, these delays
can all be lumped together [22]:

T(k) = Toe (k) + Tea (k) + Te(k)

Using (5), the closed loop system of (1) with (6) is given
as follows:

Problem Formulation:

Given a prescribed v > 0 and quantization densities p(7),
design a dynamic output feedback controller of the form (6)
such that

1) the system , given in (7) with (6) and w(k) = 0 is

stochastically stable, i.e, there exists a constant 0 <
a1 < 0o such that
} < a1

E {Z QOO

£=0
for all ¢(0) and ro.

2) Under the zero-initial condition, the controlled output

z(k) satisfies Hooperformance:

©)

E {ZZT(k)z(kﬂro} <2 ZwT(k)w(k) (10)
k=0 k=0

for all nonzero w(k).

The following lemma plays an important role in the deriva-
tion of the main results.
Lemma 2.1: Let T(k) = z(k + 1)

(€7 (k) C7 0= (k) W (k) (T (AT
T (k — 7(k)CT AqT (k) wT(k)HQTFT(k)}T € R, then

for any matrices R € R"*", M € R"*! and Z € R*!
satisfying

— x(k) and (k) =
(i) F" (k)

Ck+1) = [Aai(i) + a(k)Aua(i) + (1 — a(k))Aus (i) R M
+E\F(k)H:1(i)]¢(k) + [By + EvF(k)Ho) [ uT 7 } >0 (11)
w(k) + o(k)Ba (i)(1 + Aq(k, 1) C2((k — T(k))h followine inequality hold
k) = [Ccl(i)—i—EgF(k)fIl(i)]C(k)—i— the following inequality holds
(D11 + ExF(k)Haw(k). k-t _
) Z )< W+ 1T 472} (2)
where ((k) = [x(k) Z(k)]", i=k—7
Aar(i) = gl OBQOC(Z) } , Aaa(i) = [ 8 ?4 " } . where T, = M7 [diag{I,0} diag{—1,0} 0 0 0 0].
L el? Proof is given in our previous work [21].VVV
0 0 0
Ac ) = 7Bc 1) = ;
(i) | 0 Acs(i) } 1(0) [ Be(i) } ITI. STABILITY ANALYSIS AND SYNTHESIS OF NCSs
Bl = OBl } ,C’g = [ Cy 0 ] LBy = [ OEl ] Stability criterion for uncertain discrete-time systems with
_ - ) , ] random quantization densities are given in the following
Hi(i) = [ Hi HsCe(i) |, Ca(i) = [ C1 D12Ce(i) | theorem.

Equation (7) can be simplified as:

((k+1) = [Aa(i)+ E1F(k)H:(9)]C (/f)+ [B1 + E1F (k)
HaJw(k) + aBa (i) (1 4 Aq(k, 7)) CaC (k —
7(k)) + (a(k) — a){(Aa2(1)¢(k) — Aas()
C(k) + Ba(i)(1 + Aq(k,4))C(k — 7(k))}

z(k) = [Cu(i) + E2F(k)H1(3)]¢(k)
+[D11 + EoF(k)HaJw(k). ®)
where
Aq(i) = Aai(i) + aAaz(i) + (1 —a)Aas(i)

The problem under study is formulated as follows.

Theorem 3.1: For given controller matrices A. (%), Acs(1),
B.(i) and C.(i)and quantization densities p(i) where ¢ =
1,---,s, v > 0, if there exist sets of positive-definite
matrices P (i), Ry (i), Ry, Wi (2), Wa(i),W5(i),Q, Z(i) and
matrices M (i) satisfying the following inequalities

Ry > R1(i) (13)
{ Rl*(i) ]\24(;)) } >0 (14)

A(i) + T3 (1)15( )Fl( )+ T3 (i)7Ri T2 (i) +
Y1(i) + Y1 (i) +72(i) + T3 ()T3(i) <0 (15)
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[ Acl(z) B (Z)CQ Bl El Bcl(i)OQ El ]

[121 O Bl El O El}

cl(l 0 D11 E2 0 E2 }

= dlag{( F—14+1)Q+ H (i)W (i)Hy (i) —
P(i)). (62 Wa (), Q). (HT Wa(i) Ha

1), WA (i), ~Wa(i), ~Wai) )

PO = 2P0

;1
w
—~ QA/‘\

T.(i) = MT( )[diag{I,0} diag{—1,0} 0 0 0 0]
~ [ A=TI ByC.()
S I

Aa(i) = Aa(i)+ B{Au2(i) — Aus(i)},

Then the closed-loop system is stochastically stable with the
prescribed H . performance.
Proof: The system (8) can be written as

Chy1 = Fl(ﬁcl&c
2 = T3(r1) e

where ((k+1) = (i11, ['1(r%) and T's(r) are given in (16)
and fk is defined in Lemma 2.1

Select the L-K candidate functional for the closed loop
system as:

a7)

V(s i) = Vi(Ch k) + Va(Cry i) + Va(Cryrr)  (18)
with
Vi(Cs i) = G P(ri) e (19)
-1
Va(Grori) = ) Z 71 Rz (20)
b=—T j=k+¢
—7+1 k—1
Va(Cro ) = Z Goa+ Y. > Qg

L=k—7(k) b=—T+2 j=k+{—-1
2y

First forward difference of V'({j,7x) is given as follows:

V(Cr) = AVA(Ch, i) + AV (Ciy i) + AV3(Ck, 1)
(22)
with
NGRS CE P(ri)Gror — GFP (i) Cr
= T ) P(re)T1(re) G — CE P (i) e
(23)
k—1
AVa(Gror) < TpTRiZ— Y TRz (24)
I=k—7

and
AVs(Gryri) < (T =2+ 1)C QS — G (1) QCh—r
Using Lemma 2.1 and Ty, = xp41 — 2 = FQ(’I”k)Ek, we have
AVa(Gere) < GE{TE ()7 RiTa(r) + Ta(re)
YT (re) + 7200}

where T'y(ry) is given in (16).
Therefore,

AV (Cr,ri) <

). (25)

~¢F (Pr) = (F =2+ 1)Q) i -
Gy @Ch—r (k) + Ctg{F{(rk)
P(Tk)rl(Tk) —+ Fg (’I”k)7_'R1F2 (’r’k)
Y1 () + YT (i) + fzm)}fk
(26)

Using Assumption 2.1; and adding and

(chEG (T“k)FkTVVl(Tk)Fkﬁl(f“k)ék’

Ck T(q) ) Wa(ri)A q(kvi)Ck—T(k)’
HIFT W3(rk)FkH2wk, 2z, and y?wlw to and

from (26) we obtain

subtracting

V(C,rr) <

~CE (P = (7 = 1+ 1)Q — HT (13)
F'Wh (Tk)Fkﬁl(Tk))Ck — G

(Q = 82 )Wa (k) Gerry + G {
F{(Tk)P(Tk)Fl(Tk) + Fg(Tk)T’RlI‘Q (Tk)
+T1(rg) + TlT(rk) + 77 (rg) + F3T(rk)
Fs(Tk)}fk — 2k 2k + YPwi wp — wi (721
—HQTWB(Tk)H2)wk - CICT—T(IC)(SQ(Z')

Wa (k) Crmr (i) — G Hi (ri) Ff Wi (7)) Fi
Hy (14)Ce — wi HY FIWs(r) Fiy Howf27)
Using (16), (27) can be rewritten as

V(Gore) < GE{A@m) +TT ) PrTa(re)
+T3 (re)TRaTa(ri) + Ta(re) + 17 (1)

+7Z(r) + Fg(rk)Fg(rk)}fk — 2l +

Y2l wy, (28)
Using (15), we have
AV (g, 1x) < —zgzk + ’wagwk (29)

Taking expectation and sum from O to oo on both sides of
(29) yields

BV (Goro)} = BV (Goir0)} € —E{ Y 7}

Z:O

—|—’y2 Z wgwg
=0
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As initial conditions, as given in problem formulation, are
considered zero i.e, V({p, ) = 0, so

oo oo
E{ Z Z?Zg} <92 ngng
=0 =0

If w(k) = 0, VE > 0 closed-loop system should be
stochastically stable. From (28) and (15), we learn that

(30)

V(Cler1ys Ter)) — V(Cooi) < =BG G

where 8 = inf{A(rg)min[-M(7%)],7 € S} with

(€19

M = A(rg)+ FlT(rk)P(rk)Fl(rk) + FQT(rk)?leg(rk)
+ Yi(rr) +XT(rp) +7Z(rk) + T (rp)T3(ry) (32)

Summing from 0 to oo and by taking expectation on both
sides of (31) gives

E{V(Coor7o0)} = E{V(C0,70) }

IN

—»31E{ i <~€T§E}
k=0

—51E{ i@TQ}
k=0 )

IN

Re-arranging (33), we have

E{kz_%cf@} < FEV(G )} = 5BV}

< m (34)

where a1 = Z-E{V(Co,70)} < oo. This shows that the
closed loop system is stable and (9) holds. \YAYAY

The following theorem provides procedures for designing
a quantized output feedback controller.

Theorem 3.2: For given v > 0 and quantization densities
p(1), if there exist positive symmetric matrices X (i) > 0,
Y (i) >0, Y(i) > 0, Wi (i), Wi(i), Wa(i), Wa(i), Wa(i),
9, Q, N(i), N(i), R1, R1, R1(4), S(4, j), Z(i) and matrices
A(i), As (i), B(i), C(), J(i), M (i) satisfying the following
inequalities for all 4,j € S

Ry > Ry (i) (35)
{ NG A;((Z)) } >0 (36)
e
[ Rl*(i) i/T((ii)) ] -0 (39)

YOY@)=1, QQ =1, Ni)N(i) =1, RiRy = I. (40)

W)W (i) = I, Wa (i)W (i) = 1, (41)

where

Y ke )e
MO = diag \ (w6, - 22T,
—Wl (Z)a _W2(i)v _WB(i)
Y(i) = M7"(i)[diag{I,0} diag{—1,0} 0 0 0 0]
[1(i)) = [ Aa(i) Ba(i)Co By Ey Bu(i)Cy By |
(i) = V7[A@G) 0 B Ey 0 E |
[3(i) = [Cua(i) 0 Dy E» 0 B ]
T.(i) = [(VF—2+DTGE 0 0 0 0 0]
[50) = [Hi(d) 0 0 0 0 0]
Lg(i) = [0 6(i) 0 0 0 0]
= _ [ =@ -J@-JITG) T
20 = | 1 o)
~(Z) = ple(]),g(i): pZJS(Zv.])
i - AY (i) + B2C(3) A }
T (@ BAG) (1 —a—B)A(D) X(D)A
- Jo 5 _ [ B
Ba = | (a+B)BG) ] B = [ X()B: }

§ By » (A=DY (i) BC
B o= | Zom A= § 0 |
Cali) = [C1Y (i) + D1zC(i) Cl],T(z):[}{g) H

m) = )+ e 1), 76 =) 2
@)

Then the closed-loop system is stochastically stable with
the prescribed Ho, performance. Furthermore, a suitable
controller is given as follows

Ad) = Ezj—lpwlm SON

A(i) = X ()(AY (i) + B2C(0)) )Y 1(0)
Asi) = Ezi—lpwl(j) SO

Ap(i) = XG)AY (i) + BaC(0) ) Y1 (6)

-1

Bo(i) = (Siopa¥ ') - X)) B
C.(i) = CHY ().
(43)
Proof: The proof is omitted due to the space limitation.
VvV

Using the cone complementary algorithm [25], the feasi-
bility problem formulated by (35)-(41) which is not a convex
problem can be converted into the following nonlinear min-

imization problem: Minimize T'r (Y(z)y(z) + Q1)Q) +
NGNG) + RiRy + Wi (Wi () + Wa (i)W ()
Subject to (35)-(39) and
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m A Y A =7 ~T sy 7T 7T =T =T (; AT (T
AG@) + (@) + Y7 0) +720) TL@) To@) T3@) i@ T5@)  Te()
* —Z(4) 0 0 0 0 0
* * —Rl 0 0 0 0
* * * -1 0 0 0 <0 (37)
* * * * -Q 0 0
* * * * — W1 (Z) 0
L * * * * * * —Ws(i) |
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