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Distributed H.. Optimal Control of Networked Uncertain Nonlinear
Euler-Lagrange Systems with Switching Communication Network
Topologies
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Abstract— This paper is concerned with the design of dis-
tributed state synchronization and trajectory tracking control
laws for nonlinear Euler-Lagrange (EL) systems in presence
of parameter uncertainty and external disturbances with fixed
and switching communication network topologies. Specifically,
H.. optimal control techniques are employed to formally design
controllers which address the state synchronization and trajec-
tory tracking of a team of multi-agent nonlinear EL systems
while the agents have access to only local information. It is
shown that the state synchronization (or consensus) protocol
and trajectory tracking controllers can be formally derived
by employing our proposed analysis. In addition, we formally
show that our proposed distributed state synchronization and
tracking control algorithms for EL systems is input-to-state
stable (ISS) where the input is taken as parameter uncertainty
as well as external disturbances. Our results are obtained for
both fixed and switching communication network topologies.
Simulation results for attitude control of a network of spacecraft
demonstrate the effectiveness and capabilities of our proposed
distributed control algorithms.

I. INTRODUCTION

Multi-agent systems and networked control of robotic
systems have been identified as one of the major research
challenges in the field of robotics and control systems [1].
Formation control of networked multi-agent systems has sev-
eral civilian applications including intelligent transportation
systems, space explorations, as well as military applica-
tions in intelligence, surveillance and reconnaissance (ISR)
missions in presence of vehicle failures and in battlefield
environments subject to uncertainties [2], [3]. Consequently,
synchronization and formation control of multi-agent sys-
tems have been studied extensively in the past few years.
A large number of work in the literature consider formation
control of single and double integrators or linear systems
[2], [4], [5], [6]. Formation control and consensus seeking
for networked nonlinear Euler-Lagrange (EL) systems have
also been considered in the literature. Specifically, in [7]
consensus seeking for a class of networked EL systems,
namely robot manipulators is studied under a fixed, that is
time-invariant communication network topology. Formation
control of robot manipulators is also considered in [8]. Fur-
thermore, in [9] state/output synchronization of networked
passive systems has been studied. Formation control of EL
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systems under switching communication network topology
has been studied in [10]. Distributed optimal synchroniza-
tion and formation control of networked EL systems has
been considered in [3]. In addition, in [11], [12] we also
have considered synchronization control of networked EL
systems in presence of actuator faults with switching in the
communication network topology.

The approach in the present work, unlike most of the
references in the literature which only rely on the analysis
[41, [5], [7], [8], [9], is based on design of a controller by
using H.. control techniques. Specifically, H.. optimal control
techniques are employed to formally design a controller
which addresses state synchronization and trajectory tracking
of a team of multi-agent nonlinear EL systems while the
agents have access to only local information.

The H. control of nonlinear systems have been studied
in [13], [14]. An adaptive H., control approach for single
robotic manipulators has appeared in [15], and in [16] the
authors employ a game theoretic approach for H. control
design of robotic systems. The inverse-H. control of EL
systems have been considered in [17]. Furthermore, H.
control of underactuated robotic manipulators is considered
in [18] based on quasi-linear parameter varying (quasi-LPV)
representation as well as game theory.

In this study, we formulate the problem of synchronization
and trajectory tracking control of multi-agent EL systems as
an H. optimal control problem in presence of parameter
uncertainty and external disturbances. We show that the
state synchronization (or consensus) protocol and tracking
controllers can be formally derived by employing our pro-
posed analysis in presence of parametric uncertainty and
external disturbances. This implies that the proposed method
is indeed a formal approach to derive the trajectory tracking
control and state synchronization (or consensus) protocol for
networked nonlinear EL systems. This can be considered as
one of the key features of the present work when compared
to other approaches that are reported in the literature. In ad-
dition, we formally show that our proposed distributed state
synchronization and trajectory tracking control algorithm for
EL systems is input-to-state stable (ISS) where the input is
considered to be the parameter uncertainty as well as external
disturbances for both fixed and switching communication
network topologies. Simulation results for attitude control
of a network of spacecraft demonstrate the effectiveness and
capabilities of our proposed distributed control algorithm.
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II. BACKGROUND AND PRELIMINARIES
A. Euler-Lagrange (EL) Systems

In this work, we consider m > 1 Euler-Lagrange (EL)
systems, where the j-th nominal system is governed by the
following nonlinear dynamic equation, namely,

Dj(g))d;+Cjlg;.4))4;+ &)+ F=v; (D)
where j € {1,....m}, ¢; ={q1j,-..,qx;} € R* is the gen-
eralized coordinates vector. Let the actual j-th EL system

be governed by the following nonlinear dynamic equation,
namely,

Dj(qj)t']j+Cj(qj,qj)qj—i—gj(qj)—|—,§Z’j:uj+d(t) )

where Dj(q;) € RE<k and ﬁj(qj) € Rk are symmetric
positive definite matrices known as the general inertia ma-
trices for the actual and the nominal systems, respectively,
Cj(g,.q;) and C;(q;,4;) € R*** are the matrices of Coriolis
and centrifugal forces for the actual and the nominal systems,
respectively, g;(q;) and §;(q;), are the gravitational force
vectors (GFV) for the actual and the nominal systems, re-
spectively, and .% ; and ZF ; are the damping functions for the
actual and the nominal systems, respectively. Furthermore,
d(t) represents the external time-varying disturbance on the
actual system.

The dynamic model (1) has the following properties [19],
[20], [21], [22], namely, P1: The general inertia matrices
for both the actual and the nominal systems are bounded,
specifically, ij,%j such that: k; Jx <Dj(q;) < kj Jr, Vg,
and k; Jp < Dj(q;) < k; Tk, Vq;, where J; is an k x
k identity matrix. P2: GFVs are assumed to be upper
bounded for both the actual and the nominal systems, that
is, 0 < sup, coue{l8ij(q,)|} <8 Vie{l,....k} and 0 <
suquew{\gL i)} <8, where g j(q;) denotes the ele-
ments of ¢;(q;) and g; ;(q;) denotes the elements of g ;)
and P3: D;(q;) —2C;(q;,4;) and D;(q;) —2C;(q;,4,) are
skew-symmetric matrices.

We now make the following assumption explicit.

Assumption 1: The generalized coordinates vector ¢; and
its time derivative ¢ are available for feedback and exchange
among the agents.

B. Graph Theory and Communication Topology

In this work, it is assumed that information exchanges
among the m EL systems can be represented by a graph.
Graph ¢ consists of a node set ¥ = {1,...,m}, an edge set
& C ¥ x ¥, and a weighted adjacency matrix A = [A},] €
R™>M_ The m agents in the network are considered as nodes
of a graph. The communication links among the agents are
considered as the graph edge set.

The weighted adjacency matrix A is defined such that
Ajn = Ay is a positive weight if (j,n) € &, while Aj, = A,j =
0, otherwise. Associated with A, we introduce a symmetric
positive semi-definite matrix known as the Laplacian matrix
L = [lj) € R™ such that [j; = ):nm=1_n¢j)“jn and Ij, =
—Ajn, where k # j. Furthermore, if the graph is connected, .%’
has a simple eigenvalue 0 with an associated eigenvector of

1,,, where 1,, is an m x 1 column vector of ones. All the other
eigenvalues of . are positive if and only if the graph ¥ is
connected. For a given node j in the communication network
the set of agents from which it can receive information is
called a neighboring set .4}, thatis Vj=1,....n: A= {n=
1,...,m|(j,n) € &}. In addition, the number of neighbors of
the j-th agent is denoted by |</1§‘ We now state our first
definition.

Definition 1: We define a finite set of 4 communication
graphs by 4 = {9,,...,%,} that are characterized by having
the same node set, i.e. #] =... =¥, = ¥ . Furthermore, the
edge set for f (f < h) communication graphs are different
from the others, i.e. &1 # ... # &, which result in a different
neighboring set for the j-th agent. In addition, the h— f >0
communication graphs with the same node set and edge set(s)
have different weighted adjacency matrices. This results in
a different weighted adjacency matrix for each commu-
nication graph, specifically, A; # ... # Aj. Consequently,
the Laplacian matrix associated with each i € {1,...,h}
communication graph, denoted by .%;, will also be different.

It should be noted that all the # communication graphs are
assumed to be connected, therefore, .Z; is a positive semi-
definite matrix Vi € {1,...,h}.

C. The £-Gain of General Networked Nonlinear Systems

Definition 2: [13] Consider the following nonlinear sys-
tem

Xj =1 (x;) +8;(x)uj+&j(xj)w,
yj =hj(x;)
where x; € R, u; € R™, y; € RP, wj € R, g;(x;) € R,
and g;(x;) € R™. Let y; > 0 and w;(t) = 0,Vt > 0. The
above nonlinear system is said to have £,-gain from the
input u;(r) to the output y;(z) less than or equal to y if

T 2 d 2
| sl de < [ s ar
is satisfied for all the initial conditions 7 > 0 and all
yj(t)ﬂuj(t) € [OaT)'

Definition 3: Consider a network of ‘m’ multiple het-
erogeneous nonlinear systems where the dynamics of the
j-th agent can be expressed by (3). The nonlinear state-
feedback H.. control problem is to find the control u; =
Kj(x;)+Kju(xj,), where xj, = x; —x,, for the j-th nonlinear
system with K;(0) = 0 and K;,(0) = 0, such that the £, gain
from the disturbance w;(t) to the block vector of outputs
yj(t), yjn(t), where n € A; and yj,(t) = y;(t) — ya(t), and
the input u j(t) is less than y; > 0. In other words, there
exists functions K;(x;) = 0 and Kj,(x;,) >= 0 such that,

[ (145 X It sl
J0 neN;

< W/O“’ lwi@)|Pdr, je ¥ ne.n

is satisfied for some weighting parameters k; > 0, i =
{1,...,4}, all initial conditions and all y;(z),u;(t),w;(t) €
[0,00). The H. optimal control problem is to find, if it exists,
the smallest value }/;‘ of the £, gains y;.

3)

“4)
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D. Input-to-State Stability of General Networked Nonlinear
Systems

In this subsection, we extend the standard definition (Def-
inition 4.7 in [23]) of the input-to-state stability (ISS) of
general nonlinear systems to general networked nonlinear
systems.

Definition 4: Consider a network of ‘m’ multiple hetero-
geneous nonlinear systems where the dynamics of the j-th
agent can be expressed by (3). A nonlinear state-feedback
control law u; = K;(x;) + Kj,(xj,) for the j-th nonlinear
system, with xj, = x; —x,, j€ ¥,n€ A4}, K;(0) =0 and
K;jn(0) =0, is said to be ISS if for the closed-loop system
there exists a class #".Z function f; and a class ¢ function
' ¥ such that for any initial conditions x;(0) and x;,(0),
where n € 4}, and any bounded input w;(r), the solutions
xj(t) and x;,(r) exist for all + > 0 and satisfy,

s+l < B s 01+ 0] )

&)
o3 s ]

The above inequality guarantees that for any bounded distur-
bance w;(r), the states x;(z) and x,(¢) will remain bounded.
In addition, as time evolves (¢ increases) the states x j(t) and
xjn(t) will remain ultimately bounded by a class %" function
of supyg < |w;(&)]|- One can further show that if w;(z) — 0
as t — oo, then, x;(r) = 0 and x;,(r) = 0 as r — oo

The ISS can be shown by using a Lyapunov-like theorem
as discussed below.

Lemma 1: Consider a network of ‘m’ multiple hetero-
geneous nonlinear systems where the dynamics of the j-
th agent can be expressed by (3). Suppose there exists a
nonlinear state-feedback control law u; = K;(x;) + K, (x,)
for the j-th nonlinear system, with K;(0) =0 and K;,(0) =0,
and a continuously differentiable positive definite radially
unbounded Lyapunov function % for the networked het-
erogeneous nonlinear system such that for the closed-loop
system we have,

7 < = Hxi )|+ xi@[) + 7 [[w;@)]f . and
7 <= ([l 0] + @] (©6)
& @+ @] = plw; 0)]])

for all x;(¢), x;u(t), and w;(¢), where ¥, ¥, and 7 are class
., functions and p is a class % function. Then the system
is ISS.
Proof: The proof is similar to the proof of Theorem
4.19 in [23] and it is omitted due to space limitations. W
Definition 5: Any positive definite radially unbounded
Lyapunov function % which satisfies (6) is denoted as the
ISS-Lyapunov function.

ISee e.g. page 144 in [23] for the definitions of class .#".%, # and %z
functions.

III. DISTRIBUTED H..-OPTIMAL STATE
SYNCHRONIZATION AND TRAJECTORY CONTROL OF A
CLASS OF NONLINEAR SYSTEMS

Our first result is concerned with a network of general
nonlinear systems whose dynamic equations can be written
in the form (3).

Lemma 2: Consider a network of ‘m’ multiple hetero-
geneous nonlinear systems (3). Let y; > 0. Suppose there
exist smooth functions %j(x;,t) belonging to class % .%
with #;(0,1) =0, Vj € ¥ such that the following Hamilton-
Jacobi-Isaacs (HII) partial differential inequality is satisfied

0% (xj,1) 86?/(xj, )f (x))x;
dt ox; SN

neN;

Z an>x,<0

Now consider the following distributed control law for the
Jj-th system

1 1
u]:fERJ *+ ZAf/TlQJ"x” ©
——— ne
7 %/—/
Zne,ﬁ/j an

0T (xt)
=k T(,. J_
where 77 = g; (x;) o
QZI/-(xj,t)

(J9x,- gj(x;)Y;=TJ5. In addition, F j, represents interaction
among the agents and 7; represents the dependence of the
control input of the agent j on its local information. Then by
choosing the distributed control law (8) for the j-th nonlinear
system it is guaranteed that the expression (9) is satisfied for

t>0
1 T
Z Z )Cananjn dt
)

and Y; is chosen such that

m o l _ _
Z/ [2x;Qij+TijTj+
j=170 netj

< 1 Zyjz/wwjrwjdt
Zj:] 0

where Q; = 0, R; > 0 and Qj, = 0 are diagonal matrices.
We further assume that Q, is chosen such that },c 4 Q;, =
. . “ J
ZjeM, anv RS 7/7 J 7é n.
Proof: Let us consider %;(x;,t) as the value function
for the j-th nonlinear system (3). Consequently, from (3), (7)
and (8) we have

d 0%, 0% oY _
A Zijjfj(XJ)xj + Tx;gj(xj')uj + Tx;gj(xj')wj
1 1
S—EXJT'QJ'X]—EXJT' Y Qjuxjn
neN;
1 2 _Tp =
+57 will” - TR
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therefore,
d m
; Z x/ QJxJ Z JnQJ”‘x/n
- oy (10)
1 2 _Tp =
+57 Wil = R
where % £ Z;f’:l %;. By integrating we obtain,
m ] _ _ 1
Z/ lzx?Qij+TijTj+4 Z XJT-ann)Cjn‘| dt
=179 ne; (an

lm

< L ImilPa0)-

Since % is a non-lncreasing function of time, the expression
(9) follows. This completes the proof of the lemma. [ ]

Remark 1: By satisfying the inequality (9) for a given ¥;
it is guaranteed that the control law 7; is an H.-optimal
controller (refer to Definition 3). Also note that by satisfying
the above inequality one may guarantee that all the agents in
a neighboring set would synchronize their states and have the
trajectory tracking error vector converges to a neighborhood
of the origin in the steady state.

Remark 2: When y; is very large, i.e. ¥; — oo, the dis-
tributed control law (8) is transformed into an H, optimal
distributed controller that is studied in [3]. Consequently, no
disturbance attenuation is expected for large values of ;.

Y (o)

IV. DISTRIBUTED H..-OPTIMAL STATE
SYNCHRONIZATION AND TRAJECTORY TRACKING
CONTROL OF UNCERTAIN EULER-LAGRANGE SYSTEMS

Denote the desired position, velocity and acceleration
coordinates vector of all the EL systems in the network by
q*(t), ¢*(t), and §*(¢), respectively, where they are smooth
functions of time. Let the biased desired position for the
Jj-th EL system be denoted as ¢;(r) = g*(r) +q5~, where q?
is added to guarantee the EL systems do not collide at the
steady state. Also let §;(t) =q;(t) —¢;(t), and ¢;, =G, —q,-
Our goal, in this section is to introduce a distributed control
law which guarantees synchronization and trajectory tracking
of the EL system coordinates, i.e. qjn— 0, qjn— 0, qj — 0,
g;—0ast—oo.

Based on the information we have on the j-th nominal EL
system (1), we employ the following modified computed-
torque control input, i.e.,

uj:ﬁj(qj)ij+Cj(qj,qj)rj+§j(CIj)+ﬁj+fj (12)
where 7; is an auxiliary control input vector and r; = §* —

K;§,—K; [1(§),d&, where K; and K; are positive definite
diagonal matrices. Note that the modified computed-torque
control only requires measurements from the generalized
coordinates vector ¢; and its time derivative ¢; (refer to
Assumption 1). The dynamics of the actual EL system (2)
is reduced to

D;(q;)(q;+K;q;+
JrK

+K;§)+Cj(q,,4;) (4, +K;q; "
q(é)dé) =Tj+w;(t)

where w;(r) is now considered as a new auxiliary disturbance
that is applied to the system and is defined according to

w;=D;(q,)(d,;+K;4;+K;q) +C;(q,,4;)(@
— = 1 ~
K, +K; [ 2(6)dE) +3)(a))+ F+d(0)

where ﬁj ZDj—ﬁj, Cj ZC]'—CJ', gj
Fj— ;.

We make the following assumption about the uncertainties
in the system which will be used subsequently.

Assumption 2: Define  the  operator  Hi(s;,$;) =
D (qj) + C (q]aq]) + gj(qj) + yj’ where s; =
g, + K;q; + K]joq(é)dé From (14) when d(r) = 0
one has wj = Hi(s,s;). We assume the operator H,(s;,$;)
is finite-gain £, stable with the gain ¥; for all j € 7.

The dynamics of system (13) can now be written in the
following state-space form,

(14)

:gj—gj, and jjz

Xj=Aj(xj)x;+Bj(x;) T +Bj(x;)w; (15)
where x; = [joq]dé qJ,qJ] € R, and
i 0 Tk 0
Aj(xj) = 0 _ o I
_—D;IC]'KJ' —D;ICJ'KJ'—KJ‘ —Djfle—Kj
[0
B,(x) = | 0
Djfl

The auxiliary control input vector 7; can be decomposed

as:
=7+ ), Fjux, (16)
neN;

Our objective is to design 7; such that the inequality (9) is
always satisfied for the networked EL systems.

Lemma 3: Consider a network of ‘m’ multiple heteroge-
neous EL systems with the dynamics governed by (15). Let
us select the following value function for the j-th system

1
Zj(x)) *ExJT'PJ (xj)x;j a7
with,
_1D.7K£+K£K]K/ I:(ijI:(jJrI:(jKj I:(/Dj
Pj(xj)=| KD;K;+K/K; KDK;+KK; KD,
D/K; D/K; D,

where Pj(x;) = PJT. (x;), K; € R is a positive definite
symmetric matrix and 0 < K5 —2K;. This selection of the
matrices guarantees positive definiteness of the matrix P;(x;)
and the HJI inequality (7) is satisfied if the following Riccati
equation is satisfied, namely,

Pj(xj) +Pj(x))Aj(x)) + AT (x)P;(x))
+ ZW Qjn —P;(x)B;(x;))R; "B (x))P;(x))

+Q;+ ; P;(x;)B;(x;)B] (x;)P;(x;) =0
J

19)
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Proof: It follows that % + %@?Aj(Xj)Xj =1 (Pj(xj) +

Pj(xj)Aj(xj)+A/T-(xj)Pj(xj)>. One can also show that

0%
W;Bj(xj) = ijPj(xj)Bj(xj) [24]. Consequently, the HIJI

equation (7) can be written as in (19). This completes the
proof of the lemma. [ ]

It is not generally straight-forward to solve the Riccati
equation (19) for an arbitrary selection of the weighting
matrices Q;, Qj, and R;. In our next result, inspired from
[17], we provide a guideline for selecting the weighting
matrices in order to guarantee existence of a solution for
the Riccati equation (19).

Lemma 4: For a given y; > 0 let us choose K; such that
K; - %33 >~ 0. Let the weighting matrix R; be selected as

-1
1
Rj = (Kj — 7’)/]2 J3>

and the weighting matrices Q; and Q;, be selected as
follows, namely,

followé, namely,

(20)

KIK; 0 0
Qi+ Y Qu=| 0 K;jK:I-2K;) 0 2D
neA; 0 0 Kj

Then the Riccati equation (19) is satisfied by taking into
account (18).
Proof: By noting (20) one can simplify (19) as follows,

Pi+PA;+ATP+Q;+ Y Q)

nej (22)
T
—~P;B,K;B/P; =0
It follows from the property P3 that
0 KKK; KK;
P;+P;A;+ATP; = KKK; 2KK; KK;| (23)
In addition, one can show,
. =KEKJ- KKK; KK;
PBKB;P;= KKK, KK; KK; (24
K/K; K/K; K;

Consequently, by adding (23) and (24) and in view of (22)
one obtains (21). This completes the proof of the lemma. B

Let us now define 0 < a; < 1 such that (1 — Og)f(? —2K; -
0. Consequently, one obtains,

KK, 0 0

Z an:OCj 0 K?Kj 0
ne; 0 0 K;

(25)

Therefore, one gets

KX, 0 0
Qj:(lfocj) 0 K%Kl 0
0 0 j
26
0 0 0 (20)
-0 2K/K; 0
0 0 0

The parameter «; plays an important weighting rule.
Specifically, smaller values of a; put more weight on the
trajectory tracking control law over the state synchronization
control law. On the other hand, by selecting higher values for
o; one can put more emphasis on the state synchronization
of the agents and less emphasis on the trajectory tracking.

We also assume that Q;,, = Qjx where n # k and n,k € .4;.
It can be shown that in view of (8) and (20) and with the
parameterizations that are provided above one obtains the
following control law for the j-th EL system:

1
Tjé—2<Kj—

@
2

I N

g , @7

Kj Z 7(&11+qun+ﬁj/ qnd'é)
neﬁ?’ j| 0

+

The complete control law is obtained from (12) and (27).

A. Stability Analysis of the Networked Euler-Lagrange Sys-
tems

Out first objective in this subsection is to demonstrate
the global asymptotic stability of the networked nonlinear
EL system (2) under the distributed control law (12) and
(27) in absence of external disturbances and parametric
uncertainties. Next we show that the closed-loop networked
EL system is finite-gain £, stable under Assumption 2 in
presence of parametric uncertainties and without external
disturbances by using the small-gain theorem [23].

Theorem 1: Consider a network of ‘m’ multiple hetero-
geneous EL systems that is governed by the dynamics (2)
and subject to the distributed control law (12) and (27) for
the j-th system. Suppose for a given y; > 0 the controller
gain, K, K;, K;, and o; are selected such that the following
conditions are satisfied, namely,

—_ = 1

K; -0, K; >0, K,-—?33>0, (28)
J

I1>a;>0 29)

(1-0a;))K3-2K; -0 (30)

Consequently, P;(x;), Q;j, R;, and Qj, are positive def-
inite matrices Vj € ¥, j # n. Then, in absence external
disturbances and assuming that the nominal and the actual
systems are exactly the same then the closed-loop system (2),
(12), (15) and (27) is globally asymptotically stable and the
networked EL system synchronizes its states and follows the
desired trajectory, i.e. [j¢;,(§)dé —0,¢;,—0,andg;, —0
as t — oo, and féqj(‘g')dﬁ —0,¢;—0,and §; —+0ast— oo,
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Proof: Consider the following function as a positive
definite, radially unbounded, Lyapunov function candidate
for the networked nonlinear EL systems, namely,

1 & o,
= EZS]-D]'S]‘
j=1

The time derivative of the Lyapunov function candidate along
the trajectories of the closed -loop system (2), (12) and (27) is
given by % = ): - 2s DJsJ +ZJ 18] DJsJ This by noting

(13) can be ertten as:
vl - T
V/:Z 55 (D;—2Cj)sj+ Zsj T
j=1 Jj=1
s
|%W4

1 m
2}1 yj I 4 f
(32)

where s j, =5 —s,. By noting (28) and (29) one can conclude
that (32) is a negative definite function. Since the Lyapunov
function % is radially unbounded, all the signals remain
globally bounded. By invoking Lyapunov stability theory
[23] one can conclude that the closed-loop system is globally
asymptotically stable in absence of the external disturbances,
i.e.s; — 0 and sj, — 0 as t — co. Furthermore, by invoking
Lemma A.12 in [19], one can conclude that [gq;,(§)d& — 0,
g;,—0,and g;, »0as—ocoand [54;(§)dE =0, q;—0,
and ¢; — 0 as t — oo. This completes the proof of the
theorem. u

The next theorem considers stability of the networked
nonlinear EL systems in presence of parametric uncertainties.

Theorem 2: Consider a network of ‘m’ multiple heteroge-
neous EL system that is governed by the dynamics (15) and
subject to the distributed control law (27) for the j-th system
and let Assumption 2 also holds. Suppose y; in chosen such
that 0 < y;¥; <1 for all j € 7. For this y; > 0 the controller
gains K; i K; j» K, and «; are selected such that the conditions
(28), (29), and (28) are all satisfied. This essentially implies
that P;(x;), Q;, R;, and Qj, are positive definite matrices
Vj,n €V, j+#n. Then the j-th closed-loop nonlinear EL
system is finite-gain £, stable.

Proof: According to Assumption 2 we have d;(t) = 0.
Application of the distributed control law (27) to the j-th
system guarantees that it is finite-gain £, stable with the gain
0 < y; < 1/7; in presence of uncertainties. From Assumption
2 it follows that the operator H, (s;,$;) is finite-gain £, stable
with the gain ¥;. Consequently, when ¥;¥; < 1 for all j€ 7,
by invoking Theorem 5.6 in [23] (which is known as the
small-gain theorem), it follows that the feedback connection
is finite-gain £, stable. This completes the proof of the
theorem. [ ]
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B. Input-to-State Stability of the Networked Euler-Lagrange
Systems

The purpose of this subsection is to demonstrate that the
networked EL systems (15) under the distributed control law
(27) and in presence of the modeling uncertainty and external
disturbances is ISS. We first consider a fixed communication

network topology. Time-varying (switching) communication
topology is considered subsequently.

Theorem 3: Consider a network of ‘m’ multiple hetero-
geneous EL systems that is governed by the dynamics (15)
and subject to the distributed control law (27) for the j-th
system. Suppose for a given y; > 0 the controller gains K;,
K;, K;, and o; are selected such that the conditions (28)
(29), and (30) are satisfied. Consequently, P ( ) Q;. Ry,
and Q;, are positive definite matrices Vj € 7/ j#n It the
follows that in presence of modeling uncertainty and external
disturbances (nonzero w;(r)) the closed-loop EL system is
ISS stable (refer to Definition 4) and the synchronization
and the tracking trajectory errors remain globally ultimately
bounded.

Proof: Consider the function in (17) as a positive def-
inite, radially unbounded, ISS-Lyapunov function candidate
(as per Definition 5) for the j-th system. Let & £ Z’J’-’Zl 2%
be the ISS-Lyapunov function candidate for the networked
EL systems. One can show, similar to (10), that the time
derivative of the Lyapunov function candidate ¢ along the
trajectories of the closed-loop system (15), (20), (25), (26)
and (27) can be written as:

. 1
@ < ~2 Z:liT [Pj(xj
j=

/B, (x;)R;BJ (x;)P;(x;)] x;

1 T 1 r
) Z Xj ij./' 4 Z Z xanjnxjn
Jj=1 eN;

j=17£ i
- 2
+5 27 wil
24

Positive definite matrices Q;, R;, and Q;, Vj € ¥, n€ 4
imply that the first two terms in the right hand
side of the inequality (33) are %, function of x;
and xj,, respectively. Define the bounded region

B, that includes the origin, that is B, = {xj, (xj —
ix; [QJ + %Pj(Xj)Bj(Xj)RjB;(Xj)Pj(Xj)} Xj +
izne%x,Tthnxjn < %7/]2 ijﬂz}. For all x; and xj,
outside this region, we have %@/ < 0. Consequently, by
invoking Lemma 1 one can conclude that the closed-loop
networked EL systems under the distributed control law
(27) for the j-th system is ISS and the synchronization and
the tracking trajectory errors remain globally ultimately
bounded. [ ]

In our last result, we consider switching in the communi-
cation network topology.

Lemma 5: Consider a network of ‘m’ multiple heteroge-
neous EL systems that is governed by the dynamics (15) and
subject to the following distributed control law for the j-th
system and the ith communication network topology (refer
to Definition 1), namely,

1 1
T/Jé—z(Kr},j)(tIﬂrKﬂﬂrK / g;dég)
Jsl

(33)

Xn) |

(34)

a]l >~ = AIN
+ 2K, +K; +K~/ d
2 neZ/V |/V ’ qn jqn j.an 5)
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Suppose for given 7y;; > 0 the controller gains K;, K;, K;,
and «;; are selected such that the conditions (28), (29),
and (30) are satisfied for all i € {1,...,h}. Consequently,
P;(x;), Qji, Rj;, and Qj,; are positive definite matrices
Vje¥, j#nandforallie {1,... h}. It then follows that in
presence of modeling uncertainty and external disturbances
the closed-loop system is ISS stable (refer to Definition 4)
and the synchronization and tracking trajectory errors remain
globally ultimately bounded for arbitrary switching in the
communication network topology.

Proof: The proof is based on the existence of a common
ISS-Lyapunov function for the considered switched system.
Let # & 27:1 %; be the Lyapunov function candidate for
the network. It follows from Theorem 3 that the closed-loop
networked EL systems is ISS for the ith communication net-
work topology that is given in Definition 1. In addition, note
that P;(x;) is the same for all the communication networks.
Consequently, the function % is a common ISS-Lyapunov
function for all the communication network topologies. By
invoking Theorem 3.1 in [25] one can conclude that the
closed-loop system is ISS under arbitrary switching in the
communication network topology. This completes the proof
of the lemma. [ ]

V. SIMULATION STUDIES: DISTRIBUTED CONTROL OF
NETWORKED SPACECRAFT

In this section, our proposed distributed control strategy is
applied to spacecraft formation flying problem, which is an
application area of significant strategic interest. The 3-degree
of freedom (DOF) attitude dynamics of a spacecraft can be

written in the form of (2) with g;(q;) = &%;;j) =0, where
we specifically have [3], [26], !
Dj(g;) =R;"JR;! (35)

and
. _ _ _ _ d _
Cig;.9;) =—R; TS(JjRj lqj)Rj ! +R; TJj;dtRj I (36)

where ¢; = [0;,¢;,y;j]" is the vector of the Euler angles,
Ji= J]T- is the j-th spacecraft positive definite moment of
inertia matrix, and R ;j is defined as:

) 1 |€6 Se;j56;  €9;5;
R/’ = E 0 C‘che_,' 7S¢ngj
J 0 S(pj C¢j

where cg; stands for cos(6;), se; stands for sin(6;), sy, stands
for sin(¢;), and ¢y, stands for cos(¢;). In addition, S(x) is
the skew-symmetric operator, given by,

0 —X3 X2
Sx)=| x3 0 —x
—X2 X 0

In simulations, we consider a network of 8 spacecraft. We
consider three communication topologies in simulations. The
communication network graphs are depicted in Fig. 1. One
can observe from this figure that all the three networks are
strongly connected and the connections are bi-directional.

=@ O
E—rD
Err(Drvr(®
®
@

The Communication
Network Topology #3

The Communication
Network Topology #1

The Communication
Network Topology #2

Fig. 1. The three communication network topologies considered in
simulations.

The communication network topology

. . . . .
0 50 100 150 200 250 300
time [sec]

Fig. 2. The random switching among the communication network topolo-
gies.

Furthermore, we randomly switch among the three com-
munication graphs every 10 seconds. The switchings in the
communication topologies are depicted in Fig. 2.

For simulations we set y;; = 0.6, «;; = 0.86, Vj €
{1,...,8},i€{1,2,3}. In addition, in view of (28), (29), and
(30) the distributed controller (34) gains are selected as: K; =
2073, K; = 0.16J3, and K; = 0.001J3. This results in the
following parameters for the j-th EL system, namely, R;; =
17.2275, Zne/yj Qi = diag([0.17¢ — 4, 0.17¢ —4, 0.17e —
4, 0.44, 0.44, 0.44, 17.22, 17.22, 17.22]), and Q;; =
diag([0.27¢ -5, 0.27¢—5, 0.27¢—5, 0.03le—3, 0.031e —
3, 0.031e—3, 2.78, 2.78, 2.78]). The above selection of
the controller gains imposes more emphasis on the synchro-
nization of the spacecraft attitudes and their attitude rates
and considerably less emphasis on the state regulation. Our
desired objective is to keep the spacecraft attitude states in
the neighborhood of origin.

The inertia matrix of a deployed spacecraft without a
propulsion system does not change during its mission. For
spacecraft with a propulsion system, the fuel tanks are placed
usually close to the center of mass of the spacecraft so that as
the fuel is consumed, the center of mass and inertia do not
change significantly. Therefore, we assume that the inertia
matrix of the spacecraft in the network is known within a

1385



6 [deg]
)

50 100 150 200 250

¢ [deg]

v [deg]
o 3
(

50 100 150
time [sec]

Fig. 3. Spacecraft attitudes of a network of 8 agents under the distributed
control law (34) for the first 300 seconds.

+£10% accuracy, i.e. J; = jj:I:O.IOjj, where J; is the actual
spacecraft inertia matrix and J; is it’s nominal value. The
disturbance d(t) is considered to be a Gaussian distributed
noise with the mean value of zero and variance of 0.001.
The initial attitudes of the spacecraft are selected randomly
between zero to 60 degrees.

The attitudes of the 8 spacecraft in the network under the
distributed control law (12) and (34) with the parameters
selected above are shown in Fig. 3 for the first 300 sec-
onds. This figure shows that the spacecraft synchronize their
attitudes quickly despite the uncertainties and topological
switchings.

VI. CONCLUSION

The main contribution of this paper is a formal devel-
opment of distributed state synchronization and trajectory
tracking control laws for nonlinear Euler-Lagrange (EL)
systems by employing H.. control techniques. Specifically, in
presence of parametric uncertainty and external disturbances,
H.. optimal control techniques are utilized to formally de-
sign a distributed control law which addresses the state
synchronization and trajectory tracking of a team of multi-
agent nonlinear EL systems given that the agents have
access to only local information. In addition, we formally
show that our proposed distributed state synchronization
and trajectory tracking control algorithm for EL systems
is input-to-state stable (ISS) when the input is considered
as the parameter uncertainty and external disturbances for
both fixed and switching communication network topologies.
Simulation results for attitude control of a network of eight
spacecraft demonstrate the effectiveness and capabilities of
our proposed distributed control algorithms.
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