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Convergent Series Observer Design for A Class of Nonlinear Systems

Zhengtao Ding

Abstract— This paper deals with convergence analysis for
power series solutions to a partial differential equation for
nonlinear observer design with linear observer error dynamics.
This power series solution is used to design the gain matrix for a
Luenberger-like observer for nonlinear systems. The conditions
are identified to guarantee the convergence of the series in /5.
The linearized model of the original system is assumed to be
anti-stable at the origin for the convenience of presentation.
The convergent conditions can provide a guideline for nonlinear
observer design with a truncated series for the observer gain.

I. INTRODUCTION

Results for observer design of nonlinear systems started
to appear in 1970 [1], [2], and observer design for nonlinear
systems continue to attract significant attention of control re-
search with many results appeared in literature (for example,
see [3], [4], [5], [6], [7] etc). One significant result was on
observer design for nonlinear systems with linear observer
error dynamics by introducing output injection [8]. A more
general formulation of observers with linear observer error
dynamics is reported in [9] based on Lyapunov’s auxiliary
theorem in which a Luenberger-like observer is presented
with the observer gain to be determined by a nonlinear
function of the system state. This nonlinear function is a
solution to a partial differential equation. This result has
attracted significant attend in nonlinear observer design, as
evidenced by some of the recent results [10], [11], [12], [13],
[14], [15].

The partial differential equation in [9] depends on the
dynamics of the original system and the chosen dynamics
of observer errors. Although conditions have been identified
for the existence of a solution, a general solution to the partial
differential equation is difficult to obtain in general. When a
closed form solution is not available, series solutions can
be considered, and an iterative method of obtaining high
order polynomials has been introduced [9]. This series can
be truncated to a certain order and the truncated series can
then be used for computing observer gain in the nonlinear
observer design. In this paper, we consider the convergence
issue of the power series to the partial differential equation
for a class of nonlinear systems with nonlinear functions
in polynomials, and identify conditions for the series to
converge in l5. The conditions depend on the higher order
terms in relative to the first order one, and on the radius of
the state variables with respect to the origin. In establishing
the convergence result, we formulate the individual terms

proper matrix manipulations, and obtain the convergence
result based the dynamic of the discrete time system. An
easy assumption is made for the linearized model at the
origin to be anti-stable for the convenience of presenting
the basic concepts. With the result of the convergence of the
series, users would be more confident in selecting the order
of approximation and identifying the domain for the observer
errors to converge. A example is included to demonstrate the
notations used in the paper and to reveal some issues in the
convergence of the power series in the observer design.

II. PROBLEM FORMULATION

Consider a nonlinear system
i‘ =

y =

f(=), (D
h(x) 2
where © € R” is the state vector, y € R™ is the output,
f:R® - R™ and h : R® — R™ are continuous nonlinear
functions with f(0) = 0, and h(0) = 0, and n > m.

As shown in [9], an observer can be designed if there
exists a nonlinear function p : R™ — R"™ such that

Ip(z)
ox
where A € R™"*™ and B € R™>*™ are constant matrices with

A Hurwitz and {4, B} controllable. Let £ = p(z), and its
dynamics are then described by

f(z) = Ap(x) + Bh(x) ©)

£ = At+ By,
y = hp7H(©).
from which an observer is designed as
£ = A+ By,
o= p (e “)

It is easy to see that the observer error dynamics is linear
as

£ = AL

The observer can also be implemented in the original state
as

= 0+ (@) Bu-n@).

which is in the same structure as the standard Luengerger

in the series as states of a discrete-time system through 9 -1
observer for linear systems by viewing (a—i’(i)) B as the
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conditions for the existence of solution of (3) have been
given in [9]. In case that a close-form solution is difficult
to obtain, solutions in power series can then be obtained. In
this paper, we analyze the convergence of the series solutions
to the partial differential equation (3) for nonlinear observer
design.

For the convergence analysis, we assume that functions
f(x) and h(z) are polynomials of = with finite orders, and
we introduce an assumption on the eigenvalues of % (0) and
A.

Assumption 1. All the eigenvalues of %(O) are positive
real numbers and distinct, and all the eigenvalues of A are
negative real numbers and distinct.

Remark 1: Even though functions f(z) and h(z) are
polynomials are with finite orders, the power series solution
to (3) is not of finite order in general. When f(z) and
h(x) are other smooth nonlinear functions, they can be
approximated by polynomials.

Assumption 1 guarantees the existence of a solution to the
partial differential equation (3), following the result shown
in [9].

Based on Assumptlon 1, we can state, with loss of
generality, that both 2L ( ) and A are diagonal.

Remark 2: When the eigenvalues of (O) and A are dis-
tinct, we can introduce suitable state transforms such that the
transformed system and transformed A satisfy Assumption
1 with diagonal 3£ (0) and A. Let 3£ (0) = 77 ' Fy T} where
Flisa diagonal matrix. Let £ = Tz, and we have

= f@)

= ()

where f(-) = Ty f(T; *(-)), and h(-) = h(T; *(-)). It is easy
to verify that —f( ) = [ that is diagonal. For A, we can
choose a controllable pair {A, B} with A diagonal. If A is
not diagonal, but with distinct eigenvalues, a transform can
be introduced. If A = T3 ! AT, with A diagonal, multiplying
both sides of (3) by 75>, we have

’\‘ < oy

T 325;6) f(z) = ATop(x) + T2 By
which gives
XBID) () = A(Top(a)) + TBy.

This means that the convergence analysis can be carried out
with the diagonal A together with Tp(z).

III. SOLUTIONS IN POWER SERIES

Series solutions for (3) are discussed in [9]. In this
section, we introduce an set of iterative matrix equations,
by taking similar notations for series solutions for nonlinear
output regulation equations in [16] for the convenience of
convergence analysis.

Let us denote a solution p(z) by

= ni(x) (6)
=1

where p; : R” — R"™ denotes all the polynomial terms
with the order 4, ie, all the terms of z{'w5?...x%" with
Zk:l ar =t and ay € N. Similarly, we denote
ny
fl@) = > filw), @
i=1
T h
hz) =

> hi(z) ®)
i=1

with the notations f; = 0 for i > ny, and h; = 0 for ¢ > ny,.
Substituting the above expressions into (3), we have

Z apz Z fi@) = A Zp(x

i=1
Comparing the order of the polynomial terms in above
equation, we have

31)1( )

2

)+ B Z hi(z).  (9)

fi(x) = Api(2) + Bha (),

8”;5;”) fi@) + 2 1y (2) = A (2) + Bha(a)

3 Wit ) < i) + B (o),

. (10)

Re-arranging them, we have

P @)~ Api) = B) (an
WD) 0y~ amate) = 22 o) 4 Ba(a
6%1(1;96) fi(z) — Api(z) =

_ Z 51% ]+1

fi(x) + Bhi(x), (12)

An iterative solution can start from (11) for p;(z) and then
follows (12) for p;(z) for i = 1,2, 3 etc.

For the first order term, we have p;(x) = Pix and
fi(x) = Fiz with Py, F; € R™*™ being constant matrices,
and hq(z) = Hyx with H; € R™*™ being a constant matrix.
Hence the equation (11) can be written as

PlFl,T — APl,T = BHlfL‘
which leads to a matrix equation

P Fy — AP, = BH;.

The solution of this equation is guaranteed by the condition
specified in Assumption 1.

For the high order terms, we need to introduce a few
notations. Let us introduce a base function for polynomials
such that we can write

pi(x) = Pv;(x).
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where v;(z) contains all the unique polynomial terms of
order 7.

Adopting some notations from [16], we define
]T

1
U():x:[:zrl,...xn ,

and
v =D g x, fori > 1,

where ® denotes Kronecker product. For example, with n =
2, we have

3 3 .2 2 2 2 2 2 3T
1)() = [IlaIIIQaI1I23I1x23I1x27x1x27x1I27x2] ’
_ 3 .2 2 3T
vy = [x7,T]T2, 2125, T3] .

Hence, v; can be formed by taking the unique elements from
v®, and it can be denoted by

v; = sz(z)

Note that M; has more columns than rows for ¢ > 1,
and therefore it is not invertible. However, since the unique
entries in v(¥ are contained in v;, We can write

’U(Z) = Ni’l}i.

It can be seen that M;N; = I, from their definitions.

With the notations v;, we can write f;(z) := F;v;(z) and
hi(x) := H;v;(x) with F; and H; are constant matrices with
proper dimensions.

Furthermore, we denote matrix notations 3; and @); ; for
partial differential operations by

%gwﬂx = Sui(z), (13)
Ovi_;
Uﬁ@fﬂ—l(l’) = —Q;jvi(x) (14)

for j = 1,...,ny — 1. From Lemma 4.6 of [16], we have
the explicit expressions of ¥; and ); as

Ei = Mlile, (15)
Qij = M;_;Q;;N; (16)
where
S, = [Jﬁ”®ﬂ®wk%, a7
k=1
Qi; = — mk”®ﬂ®ﬁﬂkﬁ,(w)
k=1

and the superscript (k) denotes & times Kronecker products,
ie, IV = 1,9 I, ® I,.
With the notations introduced, we can re-write the equa-
tion (12) as
ny—1

PZEZUZ({E) — APZUZ(I) = Z Piiji,jvi(x) + BHl’Ul({E),
Jj=1

and therefore
nffl
Py, — AP, = Z P_;Q;; + BH;.

Jj=1

19)

for + € N. If we have solutions of P; form (19), we will
then have a solution for the regulation equation (3). Based
on Assumption 1, the solution of P; is guaranteed.
Theorem 1: There exists a unique solution for the matrix
equation (19) if Assumption 1 is satisfied.
Proof. The existence of unique solution can be established
based on the results shown [9], [16].

IV. CONVERGENCE ANALYSIS OF POWER SERIES
SOLUTIONS

In this section, we will analyze the convergence issue
of the power series solutions obtained form the iterative
polynomial method. As shown in the previous section that P;
can be obtained from (19) iteratively for ¢ = 1,..., N, with
N denoting any big positive integer. Hence we can write

p(x) = Z P(x).

We introduce a number of notations for the convergence
analysis. We use o7 to denote the largest singular value and
oy, for the smallest singular values, regardless the actual
dimension of the matrix, and similarly, A\; and )\, for the
eigenvalues of a matrix with largest and smallest modules.
The notation vec(A) is to denote the vector formed by
stacking all the vectors of A. We have used || - || to denote
2-norm for a vector or its induced norm for a matrix, and
|| - ||oo for the infinity norm for a matrix A € R"*™ as

m

g%é]%ﬂ
j=1

HAHOO =

We also define u,, € R™ with all the elements equal 1, ie,
ps = [1, 1, 1]T, and for a matrix A = {a; ;} € R"*™ we
denote At = {la; ;|}. Furthermore, for A, B € R™™™, we
define A < Bifa;; <b;;fori=1,...nandj=1,...m.
For the convergence of this series, we have the following
theorem.
Theorem 2: The series {p;(z)} for i € N converges in ls

for |z;| < d;,i=1,...,n,if
|)‘1(S)| <1, (20)
where § € R(nr—1x(ny—=1) gnd
0 1 ... 0
S = 1)
0 0 N |
Snf—l Snf—l S1
with
_ M i

J O'n(Fl) x

forj=1,...,ny—1.

We need a few technical results for the proof of this
theorem.

In the following lemma, we list a number of results on
matrices and singular values that are needed later on.
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Lemma 3: The following facts hold:
31For Ae R, o1(I® A) =01(A®I)=01(A) and
on(I®A)=0,(ARI) =0,(A).

32 For A € R"™™, o,(A) = |\, (4)] if A is a normal
matrix.

3.3 For A, X and B in proper dimensions such that AX B
exists, vec(AXB) = (BT ® A)vec(X).

34For Ac R, |A® I]loo = [l ® Alloo = || Al co-

3.5 A€ R™ AT i < || Al sotin-

3.6 For A and B in proper dimensions such that AB
exists, (AB)t < ATB™, and if A is diagonal, (AB)T <
01 (A)B+ .

Proof. The results 3.1 to 3.3 can be directly found or de-
rived from the results in the reference [17]. The result shown
in 3.1 follows Theorem 4.2.15, p.246 of [17]. 3.2 follows
a result shown on p.162 of [17]. 3.4 follows from Lemma
4.3.1, p.254 of [17]. 3.4 follows from direct evaluation of
Kronecker products. The results in 3.5 and 3.6 follows from
direct evaluation of matrix products.

Lemma 4: For the matrices M; and N;, the following facts
hold:

4.1 N;Mv® =50 with 7 = p,,:.

4.2 Let D be a diagonal matrix with proper dimensions such
that M; DN;, can be evaluated, and D invertible. The matrix
M;DN; is diagonal too, and (M;DN;)~t = M;D~N;,.

Proof. From the definitions, we have vV = Nv; =
N;M;v*. Therefore, 4.1 can be obtained by setting z; = 1
forj=1,...,n

From the definition, M; has one and only one no-zero
entry with value 1 in each row. IV;, too, has one and only
one no-zero entry with value 1 in each row, but it will have
at least one 1 in the entry of each column. The number of
“1”’s depends on the combinations of z; to make up the
polynomial entry. From the definitions, we have M;N; = I,
ie, the nonzero entry in the jth row of M; matches with
a nonzero entry of 1 in the jth column. Hence with a
diagonal matrix D, M;DN; is a diagonal matrix with only
the possible entries from the diagonal elements of D. If we
denote D = diag{d,} for j € J := {1,2,...n'}, we have
M;DN; = diag{d; } for j/ € J' C J. Similarly, it can be
shown that M; D~'N; = diag{1/d; } for j* € J’. Therefore,
we conclude (M;DN;)~! = M;D~!N;.

We are ready to prove Theorem 2.

Proof of Theorem 2. We first establish a relationship
between P; and P; with j = ¢ —1,...,i — ny + 1. Let
us assume that ¢ > n; which implies H; = 0. From (19),
we then have

ny—1

Si— AP, = Y P Qi

J=1

(22)

Using the notation of vec(-), and the result 3.3 in Lemma
3, we have

nfl

vec(P;) = Q Z

I @ Ivec(Pi_j) (23)

where
Q=[Elel-IxA.

From (17) and 4.2 of Lemma 4, we know that ¥; is diagonal
and furthermore that §2; is diagonal, as A is diagonal. From
3.2 of Lemma 3, we have

Un(Ql) =

Notice that 2; is a diagonal matrix with all its elements
positive, ie, Q= Q.
From (23), using the result 3.6, we have

Mn(Q)] > ion(FL) + on(A).  (24)

ny—1
vee(PF) < (7T Y Q)T @ Ivec(PE )

nf—l
[( Zj)Jr ® I]Vec(Pitj)
j=1

= o, () fz [( Zj)Jr ®I]V€C(Pitj)
j=1

IA
2
o

which implies, with the result 3.3 in Lemma 3, that
nf—l

BY o< o, () Z P07
=1

nf—l

L) Y PEIM QN
j=1

Multiplying both sides of (25) by M;5(Y) and using the
results 4.1, 3.5 and 3.6, we have,

(25)

‘Pi—’_Mi'B(i)
nf—l
< 0, () Y B M0 NiM
j=1
nf—l
= o, () Y P M Qe
j=1
ny—1
< 0N () Y B M1Q7 ot Y
Jj=1
From (18), it can be obtained that
iy ‘
10 ille = 1D ISV @ Fn ©If Ml
k=1
< D) MV @ Fm @ I 9o
k:
< S 1B 0]
k=1
< (= DIFj+1lleo-
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Therefore we have

P M5
ne—1 ) )
B SR
=~ = ZUn(F1)+Un(A)

nfl

<X

With the result shown in (26), we can establish a bound of

pi(x) as

})itjMZ ﬂ—,(l J)

||FJ+1||OO

Ml 5(i=7)
on Fl z gV

(26)

Ipite)ll
1P M0
|2 Mo

ny—1

>

=1
ng— 1

3

IN A

[ 41|00

(i—3) 1| ¢
Un(Fl) JU Hd

A

[P M

Fii1lleo
H J+1H HP+ i J’Ul J)dl J”dJ

Define
pi = | P M0 | d,.

We then have that

ny—1

g

Let us define a discrete-time system with state variable z €
R™ ~1 with

Il s
O'n Fl abi- J

27)

2(i) = [Pi—npt1,- - - Di—1,Di) "
which implies that
2(i+1) = [Pi—n;t2,- - iy Dit1)” -
From (27), we have
nf 1
Fitilloo ;-
Pirt Z | J+1|| d] Pioji

and therefore we obtain that
z(i+1) < Sz(3). (28)

From (28), there exist positive definite matrices U, W &
R =1)x(ns=1) guch that
STUS —U = —-W. (29)

Let

Ji = Z 2T ()W (i
i=k

for an integer k£ > max{ns,n,}. From (28) and (29), we
have

J, = 2T (U - STUS)z(i)

i

-
Il
>

2T (k)(ST)Yk U - STUS) Sk 2(k)

I

-
I
>

ZT(k) [(ST)i—kUSi—k

I

-
I
>

(ST)i—IH—lUSi—k—J—l]Z(k)
(k) (ST)TFUS ™ 2 (k).
With ||h;(x)|| < hi(z), we have

Zl\h

where wy,,—1,,,-1 is the last diagonal element of W, and
therefore we can conclude h;(z) converges in ls.

1
(z)|* < I

nf—l,nf—l

V. AN EXAMPLE

Consider a nonlinear system

i = 2.1z +xp +0.327 — 0.52%,
j?2 = T,
y = x. 30)

For this system, we have

2.1 1 03 0 0
Fl_[—1 o}’FQ_[ 0 0 0]
With

we obtain that

p _ [ 01352 0.3104
L7 | 03791 1.0665

P —0.0081 0.0032 —0.0042
2 = —0.0212 0.0083 —0.0093

Note that even though the nonlinear functions in the dy-
namical system (30) are polynomials up to third order, the
solution p(x) to the equation (3) is not a polynomial with
finite order.

Observers in the form of (5) are implemented with p(z) =
Pyv; for the first order approximation of p(z) and with
p = Pjv; + Pyvy for the second order approximation. The
simulation results are shown in Figures 1 and 2. The second
order approximation shows improvements over the first order
approximation. A third order approximation was also studied,
but no improvements were observed, and this might be due
to the fact the z was outside the convergence region for
computation of p(x). Further study on this issue will be
carried out in future.
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Fig. 1. The unmeasured state variable and its estimates from observers
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Fig. 2. An enlargement of Figure 1

VI. CONCLUSION

In this paper, we have identified a set of conditions for the
convergence of a series solution to the observer gain design
for nonlinear dynamic systems. This result is obtained by
analyzing the relationship between the sizes of subsequent
terms and then establishing a dynamic model in discrete-
time. Assumption 1 is fairly restrictive, which requires the
linearized model to be anti-stable. This assumption is used
for the convenience of presentation of the basic concepts

shown in this paper. The study is underway to relax this
condition. Further studies are also needed on how this pre-
sented result can be used for determining the proper order of
approximation and on possible domain of attraction observer
errors. Note that the domain of attraction of the observer
errors are different from the domain of the convergence of
the power series for the observer gain design.

REFERENCES

[1] F. Thau, “Observing the states of nonlinear dynamical systems,”
International Journal of Control, vol. 18, pp. 471-479, 1973.

[2] S. Kou, D. Ellitt, and T. Tarn, “Exponential observers for nonlinear
dynamical systems,” Information and Control, vol. 29, pp. 204-216,
1975.

[3] D. Bestie and M. Zeitz, “Canonical form observer design for non-linear
time-variable systems,” International Journal of Control, vol. 38, pp.
47-52, 1983.

[4] X. Xia and W. Gao, “Nonlinear observer design by canonical form,”
International Journal of Control, vol. 47, pp. 1081-1100, 1988.

[5] A. Krener and W. Kang, “Locally convergent nonlinear observers,”
SIAM Journal on Control and Optimization, vol. 42, no. 1, pp. 155—
177, 2003.

[6] S. Lee, “Robust reduced order observer for lipschitz nonlinear sys-
tems,” IEICE Transactions on Fundamentals of Electronics, Commu-
nications and Computer Sciences, vol. E92-A, no. 6, pp. 1530-1534,
2009.

[7]1 Z. Ding, “Differential stability and design of reduced-order observers
for nonlinear systems,” IET Control Theory and Applications, vol. 5,
no. 2, pp. 315-322, 2011.

[8] A. J. Krener and A. Isidori, “Linearization by output injection and
nonlinear observers,” Sys. Contr. Lett., vol. 3, pp. 47-52, 1983.

[91 M. Kazantzis and C. Kravaris, “Nonlinear observer design using
lyapunov’s auxiliary theorem,” Systems and Control Letters, vol. 34,
pp. 241-147, 1998.

[10] C. Kravaris, “Modular design of discrete-time nonlinear observers
for state and disturbance estimation,” European Journal of Control,
vol. 15, no. 2, pp. 120-130, 2009.

[11] N. Kazantzis, “Map invariance and the state reconstruction problem
for nonlinear discrete-time systems,” European Journal of Control,
vol. 15, no. 2, pp. 105-119, 2009.

[12] 1. Karafyllis and C. Kravaris, “From continuous-time design to
sampled-data design of observers,” IEEE Transactions on Automatic
Control, vol. 54, no. 9, pp. 2169-2174, 2009.

[13] W. Kang, “Moving horizon numerical observers of nonlinear control
systems,” IEEE Transactions on Automatic Control, vol. 51, no. 2, pp.
344-350, 2006.

[14] M. Xiao, “The global existence of nonlinear observers with linear error
dynamics: A topological point of view,” Systems and Control Letters,
vol. 55, no. 10, pp. 849-858, 2006.

[15] Y. Shen, Y. Huang, and J. Gu, “Global finite-time observers for
lipschitz nonlinear systems,” IEEE Transactions on Automatic Control,
vol. 56, no. 2, pp. 418-424, 2011.

[16] J. Huang, Nonlinear Output Regulation Theory and Applications.
Philadelphia: SIAM, 2004.

[17] R. A.Horn and C. A. Johnson, Topics in Matrix Analysis. Cambridge,
England: Cambridge Univ. Press, 1991.

6924



