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Abstract— Active control has been shown as a feasible tech-
nology for suppressing thermoacoustic instability in continu-
ous combustion systems, and the control strategy design is
substantially dependent on the reliability of the flame model.
In this paper, refinement of G-equation flame model for the
dynamics of lean premixed combustion is investigated. Precisely,
the dynamics between the flame speed Su and equivalence ratio
φ are proposed based on numerical calculations and physical
explanations. Finally, the developed model is tested on one set
of experimental data.

I. NOMENCLATURE

ξ flame position

Su flame surface velocity

φ equivalence ratio

u(u, v) unburnt fluid velocity

∆H combustion enthalpy

η combustion efficiency

ρ fluid density

τ convective time from the fuel

injection point to the flame surface

(̄) mean value

()′ perturbation in time domain

(̂) perturbation in Laplace domain

II. INTRODUCTION

As lean premixed prevaporized (LPP) combustion technol-

ogy is increasingly employed in the current combustor design

for the purpose of reducing NOx emissions, thermoacoustic

instability has drawn particular attention since it is more

likely to happen under lean combustion conditions. Reduced-

order models have been proved effective in representing the

fundamental properties of unsteady combustion oscillations

and therefore serving as starting points for feedback control

design. With the idea of extending the G-equation flame

modeling approach for the lean premixed flames, a number

of studies ([1], [2], [3], [4]) attempt to consider the impacts

of perturbations in equivalence ratio on the combustion, a

general method is to incorporate the empirical relationship

between the flame speed Su and equivalence ratio φ in the

G-equation flame model.

However, this empirical equation taking the change of Su

as a function of φ is mostly derived from the fitting of lab-

scale experimental data, which are measured under steady

state conditions (see, e.g., [5]), thereby the dynamics between

Su(t) and φ(t) has not been captured by this empirical

function, and it can cause discrepancies between the results
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from the reduced-order flame model and experimental data,

particularly at high frequencies ([2]). The purpose of this

paper is to make a proposition on the dynamics between

Su(t) and φ(t) based on some combustion numerical cal-

culations, moreover the dynamics assumption will be tested

with experimental data.

In section III, the G-equation approach for flame modeling

and how the empirical equation Su(φ) merges into the

reduced-order model are briefly introduced. Based on some

fundamental knowledge in combustion calculation, section

IV illustrates how the flame speed responses change as the

frequency of the φ increase, thereby a first-order flame dy-

namics assumption is proposed. The flame models including

the flame dynamics are tested on one set of experimental

data in section IV-C.

III. G-EQUATION FLAME MODEL

By capturing the kinematic propagation of the flame

front, the G-equation model provides a interpretation of how

fluctuations in the inlet flow result in perturbations of the

flame surface, thereby affecting the overall heat release. The

model is based on the following assumptions:

• The flame is a thin surface separating the combustion

products from the unburned mixture

• The flame moves at a velocity in a direction normal to

its surface with speed Su

• Compressibility effects and vorticity across the flame

are not considered

• The structure of the flame surface is axisymmetric

• Pressure perturbations do not affect the flame surface

structure

• The rate of the heat release is proportional to the

instantaneous flame area
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Fig. 1. Simple geometry of the setup in [6]

Take the combustion system in [6] as an example, its

schematic is shown in Fig. 1. Suppose that combustion begins
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on a surface whose axial position is given by x = ξ(r, t), so

that G(x, r, t) = 0, where

G(x, r, t) = x− ξ(r, t) (1)

And G < 0 for the unburned fluid with a velocity of u(u, v),
where u and v denote the velocity components in the axial

and radial direction respectively; While G > 0 for the

products. The flame surface propagates according to the so-

called G-equation:

∂G

∂t
+ u · ∇G = Su|∇G| (2)

Substitute G in (2) with (1) gives:

∂ξ

∂t
= u− v

∂ξ

∂r
− Su

√

1 + (
∂ξ

∂r
)2 (3)

Once the ξ(r, t) is determined by solving the (3) with a

specified oncoming velocity u, the instantaneous heat release

Q(t) can be calculated by

Q(t) = ηρu Su∆H

∫ b

a

2πr

√

1 + (
∂ξ

∂r
)2dr (4)

The G-equation approach has been used to construct

mathematical flame model for both premixed laminar flames

([7]) and turbulent flames ([6]).

IV. FLAME DYNAMICS

This section will aim to explain the issue of applying the

empirical function Su(φ) and propose a new assumption for

the flame dynamics. A general form for the laminar flame

speed is given as follows ([5]),

Su(φ) = k1φ
k2e−k3(φ−k4)

2

(5)

where kis are constants. The function of Su in terms of φ
is an empirical expression for the static relationship between

Su and φ. Flame speed Su appears twice in the G-equation

flame model, the first one comes into the PDEs (3) for the

calculation of flame fronts position, the other one comes

into the enthalpy calculation for the overall heat release

integration in (4). Here we assume that the dynamics only

come into the former one because of the following two

reasons. Firstly, the two terms involve different combustion

mechanism while the relationship between Su and φ has been

well studied, moreover, the investigation in [2] reveals the

impact of fluctuations in φ at flame fronts PDEs (3) needs

more inspection.

In the G-equation model ([6],[7], [1]) we assume the flame

is simply a surface separating two thermodynamic states of

unburnt and burnt gases related by overall mass and energy

conservations, the mixing and combustion dynamics has not

been considered. This assumption works very well for the

laminar premixed flame, however, it is unrealistic for the

turbulent premixed flame, which is the case in [1], [2].

The turbulent premixed flame in reality has a finite thick-

ness, and the effects of fluctuating mixture will be different as

the fluctuating frequencies change, at low frequencies as the

wavelength of the fluctuation is much larger than the flame

surface thickness so that the flame can “see” the fluctuations,

which would be more effective in changing the flame speed.

However, when the frequency increases to the level that the

wavelength of the fluctuation is comparable to the flame

surface thickness, the flame will only “see” the mean value

and the mixture fluctuation cannot take the same effects as

it does at low frequencies.

Another important factor affecting the flame speed re-

sponse is the diffusion in the combustion process. As the

mixture travels from the fuel injection point to the flame

fronts, its ingredient ratio will change as well, which leads to

the variation of diffusion velocity along transportation. Based

on some fundamental combustion knowledge, the rest of this

section will try to present the impact of the equivalence ratio

variation frequency on the flame speed response.

A. Problem formulation

It is known that strained premixed laminar can be viewed

as being composed of a number of laminar flamelets. Struc-

ture and extinction of strained premixed flame have been

extensively studied in order to apply the laminar flamelet

concept to turbulent flame propagation (see, e.g., [8]). The

traditional analysis of strained flame is to reduce the govern-

ing equations to a boundary-value problem by invoking the

boundary-layer assumptions together with stagnation point

potential flow. In order to keep mathematical simplification,

the setup in Figure 2 has been widely used ([9], [10]).

From an experimental viewpoint, these flames can be

generated when a single reactant stream impinges on an

adiabatic wall or when two counter-flowing reactant streams

emerge from two counterflowing coaxial jets. When there is

a single reactant jet, only one reaction zone is generated (see

Figure 2(a)). However, if there are two reactant streams and

each has the same exit velocity and equivalence ratio, then

two flames symmetrical to the plane through the stagnation

point are produced (see Figure 2(b)). The configuration

has been extensively used in a number of theoretical and

numerical studies (see, e.g., [9], [10], [11]) of the premixed

flames in a stagnation point flow. Here we choose methane

(CH4) as gas due to its simple chemical reaction mechanism

and popular application in lab-scale combustion experiments.

The system is modeled by employing a boundary layer

approximation, and the governing equations derived from

continuity of mass, momentum, chemical species and energy

can be written in the following forms [10],

∂ρuxα

∂x
+

∂ρvxα

∂y
= 0 (6a)

ρu
∂u

∂x
+ ρv

∂u

∂y
+

∂p

∂x
=

∂

∂y
(µ

∂u

∂y
) (6b)

ρu
∂Yk

∂x
+ ρv

∂Yk

∂y
+

∂

∂y
(ρYkVky)− ẇkWk = 0,

k = 1, 2, . . . ,K.

(6c)
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Fig. 2. Schematic of the stagnation point flow (a) single reactant stream
configuration (b) counterflow configuration ([10])

ρucp
∂T

∂x
+ ρvcp

∂T

∂y
−

∂

∂y
(λ

∂T

∂y
) +

K
∑

k=1

ρYkVkycpk
∂T

∂y

+
K
∑

k=1

ẇkWkhk = 0

(6d)

where α represents a geometric factor (α = 0 for Cartesian

coordinates and α = 1 for cylindrical coordinates). In our

case we set α = 0 and suppose the gas satisfies the ideal gas

law,

ρ =
pW̄

RT
(7)

Besides the common flow variables defined in the list of

symbols, in these equations x and y denote the independent

spatial coordinates (see Figure 2(a)), Yk, the mass fraction

of the kth species, u and v the velocity components of the

incoming flow in the direction of x and y, respectively;

Wk, the molecular weight of the mixture; λ, the thermal

conductivity of the mixture; cpk, the constant pressure heat

capacity of the kth species; ẇk, the molar rate of production

of the kth species per unit volume; hk, the specific enthalpy

of the kth species; µ, the viscosity of the mixture and Vky ,

the diffusion velocity of the kth species in the y direction.

Numerous computational methods have been developed to

find a solution for equations (6), which is not the major con-

cern in our case. Here an advanced software tool COSILAB

will be used to handle the complex numerical and chemical

kinetics problems.

B. COSILAB

As a software tool for solving complex chemical ki-

netics problems, COSILAB1 is widely used in industry

and academia, particularly in automotive, combustion and

chemical processing applications. It aims to solve problems

involving thousands of reactions among hundreds of species

for any mixture composition, pressure and temperature, and

its computational capabilities enable a complex chemical

reaction to be studied in detail, which includes intermediate

compounds, trace compounds and pollutants.

Whilst complex chemistry is accounted for, chemical

reactor or combustion geometries that can be handled by

COSILAB are relatively simple, and this serves another

reason for the application of the simple setup in Figure 2.

To investigate the effects of equivalence ratio variation on

the methane-air laminar flames, an equivalence ratio oscilla-

tion is imposed at the boundary, and it follows a sine wave

of frequency f and amplitude Aφ: φ = φ0 + Aφ sin(2πft).
The burner separation is taken as L = 20mm, the reactant

composition are specified as mixture of methane and air

(76.7% mass fraction of N2 and 23.3% mass fraction of O2).

Steady solutions were obtained with the inlet velocity on the

reactant side |ū| = 1 m/s and φ0 = 0.75.
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Fig. 3. Mass fraction of CH4

To isolate the effect of frequency f in equivalence ratio

fluctuations, the flow conditions for the flames studies herein

have the same mean values and the imposed fluctuations of

equivalence ratio have the same amplitude. In our case, Aφ =
0.5 and φ0 = 0.75 in order to simulate the lean premixed

flames, and three different frequencies f = 100, 300, 600
Hz with approximately five cycles simulation time are cal-

culated. At the final time point, the mass fraction of CH4 at

the grid points on y-axis from 0 to L are shown in Fig. 3,

the results show that the amplitude of the equivalence ratio

oscillation will decay as the fluctuation convects towards the

flame, thereby the amplitude “felt” by the flame is much less

1http://en.wikipedia.org/wiki/COSILAB
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than the amplitude Aφ at the boundary point. Further com-

parison of the results with different frequencies reveals that

the amplitude of equivalence ratio oscillation decays towards

the stagnation plane at a rate which increases with frequency.

With perturbations in equivalence ratio convected towards

the flame, its amplitude decreases because of diffusion. This

results are consistent the conclusions in a number of studies,

such as ([12], [13], [11]).

For the lean conditions studied here, the flame speed can

be calculated by ([14], [11]),

Su(x, t) =
wc

ρu|∇c|
+

∇ · (ρD∇c)

ρu|∇c|
+ 2

ρD∇Z · ∇c

ρu|∇c|Z
(8)

where the progress variables are defined as follows([14]),

c(x, t) =
YCH40Z(x, t)− YCH4

YCH40Z(x, t)− Y Eq
CH4

[Z(x, t)]
(9)

with Z(x, t) is the Bilger mixture fraction; YCH40 is the

fuel mass fraction in the fuel supply stream and Y Eq
CH4

is

the equilibrium fuel mass fraction; ρu is the unburnt mixture

density; D(x, t) is the molecular diffusion coefficient.

By using the equations given in (8,9), the effects of the

equivalence ratio variation on the flame speed response can

be investigated numerically. Since that the amplitudes of

equivalence ratio perturbations seen by the flame front are

attenuated due to diffusion, the amplitudes of the resulting

flame speed fluctuations will be attenuated as well. This has

been confirmed in [11] which has computationally studied

the effects of equivalence ratio variation on the flame struc-

ture and propagation. With different geometries and gases,

the similar results have been obtained in a number of studies

(see, e.g., [12], [13], [11]).

C. Flame speed dynamics assumption

The simple numerical study in section IV-B, as well as a

number of previous studies ([12], [13], [11]) have demon-

strated that the amplitude of the flame speed response due to

the equivalence ratio perturbation will decay at a rate which

increase with frequency. One good physical description can

be found in [12], which says that the flame’s response is

quasi-steady at low frequencies, while at higher frequencies

the amplitudes of the induced oscillations are reduced and

phase shifted with respect to the imposed signal. At still

higher frequencies, the flame no longer responds to the

oscillations in the external field.

Even though the conclusion is not novel in the field of

combustion and flame, it has not be investigated in the

reduced-order modeling for the lean premixed combustions.

In the previous works ([1], [2], [3], [4]) attempting to

incorporate the effects of equivalence ratio fluctuation in the

G-equation flame model, such fluctuation is assumed to be

transported unchanged towards the flame fronts, i.e.










φ(r, t) = φ0(t− τ)

φ0 =
¯|u|φ̄

|u|

(10)

Then the flame speed Su is calculated with (5).

Although it is extremely challenging to quantify the mix-

ing and diffusion in the turbulent combustion process, based

on the above numerical calculation for the simple setup in

Fig. 2 and the above physical explanation, we make the

following speculative assumption about the dynamics of Ŝu,

Ŝu =
K

1 + Tss

dSu

dφ

∣

∣

∣

∣

φ̄

φ̂ (11)

where K and Ts are the DC gain and time constant respec-

tively, and (11) will be used to represent the decreased high

frequency gain caused by diffusion. The performance of the

G-equation flame model with these two assumptions in (10)

and (11) will be compared in the following section.

V. COMPARISON WITH EXPERIMENTAL RESULTS

In this section, we will test the developed models by

using the experimental data in [15]. A schematic of the

experimental rig is shown in Fig. 4, the rig is composed of a

long circular duct of internal diameter 35 mm with a conical

bluff body of diameter 25 mm. The flame is enclosed in a

quartz cylinder with internal diameter 70 mm. The details

of the experiments are omitted here for brevity and can be

found in [15], [16].
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AirAir
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Fig. 4. Schematic of the burner used for the experiment in [15], [16]

To produce an enforced oscillation at the incoming flow,

two loudspeakers are mounted diametrically opposite each

other at about 1m upstream of the bluff body. The frequencies

at which the velocity forcing was greatest was at 40 Hz

and 160 Hz, and experimental measurements for imperfectly

premixed combustion are available at these two frequencies.

The heat release response are measured using OH∗ and CH∗

chemiluminescence.
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The enforced incoming flow follows a sine wave of

frequency f and amplitude A: |u| = ¯|u|(1 + A sin 2πf).
We now proceed to calculate the simulation results using the

model in [1] and make a comparison with the experimental

results, the details of the reduced-order flame model can be

found in [1], [2]. By referring to the results in [2], three

cases are calculated with the parameters listed as follows,

(1) Flame model with assumption in (10)

(2) G-equation flame model with assumption in (11)

(K = 1, Ts = 1/300)

(3) G-equation flame model with assumption in (11)

(K = 0.5, Ts = 1/300)

Comparing with the experimental results at 40 Hz and

at 160 Hz, the plots in Fig. 5 show the amplitude of the

perturbation in Q(t) changes as function of forcing amplitude

A. For Case (1), we see that there is a reasonable good

agreement for 160 Hz, however, at 40 Hz there is a big

gap between the simulation results and experimental data.

With the flame dynamics assumption merged in the flame

model, we can see obvious improvements in the model

performance at both 40 and 160 Hz. In the experimental

observations, at low forcing amplitudes, the flame response

is linearly dependent on A. When the acoustic forcing

amplitude increases, the flame surface will be increasingly

curved and at some point the top part of the flame sheds from

the main part. The abrupt change in the flame shape cause

a sudden decrease in the flame fronts area, which in turn

provide a “cap” on the amount of the overall heat release.

Therefore, Fig. 5 implies that the simulation results from

the flame model including assumption (11) provides better

agreement with the experimental data.

The time series of the OH∗ CH∗ measurements for various

forcing amplitudes (used to obtain Fig. 5(a)) are presented

in Fig. 6. The comparison in Fig. 6 suggests an evident

improvement in the model performance after the flame

dynamics has been included in the original flame model. It

can be clearly seen that with increase in forcing amplitudes,

the heat release measurements fluctuates nonlinearly and

the increase in the heat release cycle is much steeper than

its decay phase, at the bottom region of the heat release

cycle will reach values very close to zero. Apart from a

slight difference in phase and peak values, the model with

flame dynamics assumption has successfully represented the

features of the experimental results.

VI. CONCLUSION

For flame modeling in thermoacoustic instability control,

the G-equation modeling approach is considered under the

assumption that the flame is a thin surface separating the

products from the unburnt mixture and moving at a constant

velocity towards incoming flow. Without considering the

dynamics between Su and φ, the approach can somehow

be extended for lean premixed combustion systems using

the static equation between Su of φ. We therefore provide

evidence of issues inherent in using such empirical equation

for lean premixed combustion modeling, moreover we make

a proposition for the dynamics between Su of φ based on

the some fundamental combustion knowledge as well as

one basic numerical calculation about the flame speed. The

model with such flame dynamics is tested with one set of

experimental data and proved to be much more adequate in

representing the experimental results.

To sum up, the proposed flame dynamics assumption

significantly improves the performance of the lean premixed

flame model. The resulting reduced-order flame model can

be used not only for understanding the behavior of the

combustion system, but also for construction of active control

laws that would try to stabilize the unstable combustion

oscillations.
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APPENDIX
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Fig. 5. The normalized global heat release fluctuation
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Fig. 6. Time series of heat release response from imperfectly premixed
flame with different levels of forcing.
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