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Abstract— This paper deals with the robust stabilization of
the spatial distribution of tokamak plasmas current profile
using a sliding mode feedback control approach. The control
design is based on the 1D resistive diffusion equation of the
magnetic flux that governs the plasma current profile evolution.
The feedback control law is derived in the infinite dimensional
setting without spatial discretisation. Numerical simulations are
provided and the tuning of the controller parameters that would
reject uncertain perturbations is discussed.

I. INTRODUCTION

Fossil fuels (oil, gas, coal) account for approximately 85%
of the worldwide sources of primary energy today. But they
should run out with in some tens of years and they are
responsible for a climate change via the contribution in the
greenhouse effect of the CO2 generated by their combustion.

The controlled thermonuclear fusion is one of the options
being studied in order to eventually provide an answer. Its
main assets are to be a potential inexhaustible and safe
source of energy because the reserves in nuclear fuel are
plenty (Deuterium can be extracted from sea water, and
Lithium, that has to be used to breed Tritium, can be found
in continental crust) and because there is no risk of runaway
reaction nor long lasting radioactive waste. The key world
project in the domain, ITER [1], is led by seven partners
(Europe, United States of America, Japan, China, India,
South Korea, Russia) accounting for one half of the world
population. The main objective of the ITER project is to
demonstrate the scientific feasibility of thermonuclear fusion.

Several conditions have to be met to produce fusion
reactions [2]: the fuels have to be heated up to very high
temperature (around 100 millions degrees) in order to over-
come the electrostatic potential barrier between positively
charged nucleus. To reach such a temperature, the ionized
gas or plasma must be confined, for example by magnetic
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Fig. 1. Tokamak magnetic configuration

confinement which seems to be the most promising way. This
magnetic confinement is obtained in a tokamak (Cf. Fig. 1)
by superimposing different electric currents in a torus-like
configuration device, including a high current, of the order
of the MegaAmpere, within the plasma itself.

This plasma current can be produced by inductive means,
in particular at the beginning of the plasma pulses, and by
non-inductive means through the injection of fast particles
and /or waves. The 1D radial profile of this plasma current,
via the so-called safety factor profile, is known to be a key
parameter for tokamak plasma performance. It indeed plays a
crucial role in the global magnetohydrodynamic (MHD) sta-
bility of plasma experiments. Moreover, it has been observed
that some specific profiles may generate some enhanced
confinement of the plasma energy. It is obvious that such
profiles are very attractive and may at the end reduce the size
and cost of future fusion reactors. Several approaches have
been developed regarding the control of tokamak plasma
current profile. The control of one single shape parameter,
based on Single Input - Single Output (SISO) semi-empirical
approaches, has been performed experimentally (e.g plasma
internal inductance [3] or non-inductive current drive profile
width [4]). But this is clearly not enough to match the
main requirements of MHD stability and/or internal transport
barrier issues in advanced tokamak scenarios.

The control of the safety factor profile in a few number of
points is basically an unresolved issue. Some recent work can
be found in [5], [6], [7] and [8]. The feedback control design
approach that was studied the more up to now is based on
finite dimensional Multi Input Multi Output linear models
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identified from experimental data [9]. This approach was
experimentally tested but showed severe limitations in terms
of robustness, that is to say that a controller designed for
a particular plasma configuration can hardly be used for an
other one. One of the drawback of doing spatial discretization
and black box model identification at the process modeling
stage is that the physical meaning of the model parameters
is lost very soon. This prevents to make the best use of the
physics understanding available. In particular, the mixing up
of physics parameters in this type of model makes the plasma
response uncertainties modeling far more difficult, whereas
one of the main issue of current profile control is robustness.

The aim of this paper is to report about an alternative
feedback control design approach where the physics relevant
parameters are kept in the control design process. The control
problem is formulated in the infinite dimensional setting. As
it is a very first attempt of a quite new approach in tokamak
plasma current profile control, this paper is mainly devoted
to the mathematical handling of the Partial Differential
Equation based system modeling so that a feedback control
in the infinite dimensional can be designed, namely sliding
mode control that yield interesting robustness properties. At
this stage, we consider as system inputs the relevant inputs in
the infinite dimensional setting and not the real engineering
actuator inputs.

The approach proposed in this paper is developed in the
infinite dimensional setting without spatial discretisation.
This will keep as long as possible the physical meaning of
terms manipulated, and thus to better integrate the knowledge
of model uncertainties and disturbances in the synthesis of
control (whereas when discretizing immediately, by lineariz-
ing for exemple, resulting matrices coefficients lost physical
meanings, and physical uncertainties become quite difficult
to take into account). The spatial discretization is required
only at the controller implementation stage.

The paper is organized as follows. In the section II we
introduce the distributed control model, based on the 1D
resistive diffusion Partial Differential Equation (PDE) of
the magnetic flux that governs the plasma current profile
evolution. Details are given on the transformation of the
PDE that are required in order to prepare the control design.
Section III is devoted to the construction of a control law.
Finally, simulation results are provided in section IV and
conclusion remarks in section V.

II. CONTROL MODEL MATHEMATICAL
ANALYSIS

Provided usual assumptions (axisymmetry, MHD equi-
librium, averaging over the magnetic surfaces, cylindrical
approximation, etc. see [10] and [11]), evolution of the
plasma safety factor q (current profile) can be obtained by
solving the following 1D PDE:

∂ψ

∂ t =
η||

µ0a2
1
x

∂

∂x

(
x ∂ψ

∂x

)
+η||R0 jni;

∂ψ

∂x

∣∣∣
x=0

= 0, ∂ψ

∂ t (t,1) =−V0(t).
(1)

 

Fig. 2. 1D geometry of the simplified formulation of the problem
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where x ∈ (0,1) is the 1D (radial) profile coordinate, ψ(t,x)
the magnetic flux, R0 and a are respectively the major and
minor radius of the plasma boundary (assumed to be fixed),
µ0 the permeability of vacuum, η||(t,x) the parallel resistivity
of the plasma, jni(t,x) the non-inductive current density and
V0(t) the plasma loop voltage, B0 the toroidal magnetic
field at R0 and jT is the total current density. q is the
safety factor to be controlled. In the present investigation, the
resistivity η||(t,x) is assumed to be lower and upper bounded
by some positive constants η1 and η2. Moreover, we consider
that η||(t,x) is available at real-time for feedback purposes
through some on-line estimation (basically from electronic
temperature measurements).

Our control objective is to track a desired safety factor
profile which does not depend directly on ψ but which
depends on its spatial derivative ∂ψ

∂x .
In order to deal with homogeneous boundary conditions,

let us introduce the following state transformation:

ψr(t,x) = ψ(t,x)−ψ(t,1). (2)

The state equation (1), rewritten in terms of ψr, reduces to
∂ψr
∂ t =

η||
µ0a2

1
x

∂

∂x

(
x ∂ψr

∂x

)
+η||R0 jni +V0(t)

∂ψr
∂x

∣∣∣
x=0

= 0, ψr(t,1) = 0

Then, let us introduce the error variable

φ(t,x) = ψr(t,x)−ψ
∞
r (x) (3)

with respect to the target ψ∞
r (x) which we intend to reach

in the Sobolev space

W 1,2(0,1) =
{

ψ ∈ L2(0,1) :
∂ψ

∂x
∈ L2(0,1)

}
of differentiable functions, whose spatial derivative is square
integrable on the interval (0,1). Then the error variable is
governed by:

∂φ
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η||

µ0a2
1
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x ∂φ
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)
+

η||
µ0a2

1
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∂
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(
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)
+η||R0 jni +V0(t);
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x=0

=− ∂ψ∞
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x=0

, φ(t,1) =−ψ∞(1).
(4)
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In order to deal with the regular term 1
x

∂

∂x

(
x ∂ψ∞

r
∂x

)
in (4) and

homogeneous boundary conditions we assume that

lim
x→0

∣∣∣∣1x ∂ψ∞
r

∂x

∣∣∣∣< +∞;

∂ψ∞
r

∂x

∣∣∣∣
x=0

= 0; ψ
∞
r (1) = 0.

These assumptions lead to the system with homogeneous
boundary conditions:

∂φ

∂ t =
η||

µ0a2
1
x

∂
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)
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η||
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1
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(
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r
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)
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(5)

Since
η||
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∂x

(
x

∂φ

∂x

)
=

∂

∂x

(
η||
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η||
x
−
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)
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∂x

the equation (5) with the singular term 1
x can be brought

into the regular form without singularities by applying the
following feedback transformation

η||R0 jni = η||u+ v (6)

with a virtual control input u and

v =−V0(t)+
1
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(7)

is deduced from the state transformations (2) and (3). Then
substituting (6) subject to (7) into (5) yields

∂φ

∂ t = ∂

∂x

(
η||

µ0a2
∂φ

∂x

)
+η||u;

∂φ

∂x

∣∣∣
x=0

= φ(t,1) = 0.
(8)

The resulting equation is a standard parabolic equation in the
Sobolev space:

φ ∈ H =
{

ϕ ∈W 1,2 (0,1) :
∂ϕ

∂x

∣∣∣∣
x=0

= ϕ|x=1 = 0
}

of the square integrable functions subject to the boundary
conditions corresponding to the boundary value problem (8)
and equipped with the norm

‖ϕ‖=

√∫ 1

0

(
∂ϕ

∂x

)2

dx.

The operator

Aφ =
∂

∂x

(
η||

µ0a2
∂φ

∂x

)
, (9)

that appears in the right-hand side of the PDE (8), is
defined on the domain D(A) =

{
φ ∈ H : ∂ 2ϕ

∂x2 ∈ L2(0,1)
}

.

This operator is recognized as a Sturm-Liouville operator
[12] and its spectrum consists of the discrete values

λk =− 1
µ0a2

(k− 1
2

)
π∫ 1

0
ds

η||(s)

2
1

η||(x)
, k = 1,2, . . .

that correspond to the following eigenfunctions

φ
0
k (x) = cos

(k− 1
2

)
π

∫ x
0

ds
η||(s)∫ 1

0
ds

η||(s)

 (10)

The Sturm-Liouville operator A generates an exponentially
stable semigroup. Moreover the system (8) admits continuous
solution and is null controllable if u belongs to L2 (see
[13] and [14] for details). It implies that the system (8)
is exponentially stabilizable (see [15, Theorem 4.12, p.
407]). Consequently, we can apply the sliding mode strategy
developed in [16].

III. SLIDING MODE CONTROLLER

The problem of the control of partial differential equations
(PDEs) is an active area of research (see [17], [18], [19],
[20], [21] and [22]), but very few constructive method are
available. For robust stabilization, a sliding mode strategy
has nevertheless recently been developed in [16].

The sliding mode control approach, developed in [16]
for infinite dimensional systems, is further adapted to be
applied to our control problem . The virtual control input
u is designed as follows:

u(φ) =−

N +L

√√√√k=N

∑
k=0

(Pk(φ))2

sign

(
k=N

∑
k=0

ckPk(φ)

)
(11)

where C = (ck)
N
k=0 is the sliding surface, N is determined

to reject the disturbances, L is determined to ensure the
Lyapunov stability and N is the number of projections Pk

on the eigenfunction of the operator A defined by

Pk(φ) =
1

‖ φ 0
k ‖2

∫ 1

0
φ(t,x)φ 0

k (x)dx, k = 1,2, . . .

C satisfies the following relation (see [16])

ẋ1 = [A1−B1 (CB1)
−1 CA1]x1 (12)

where x1 =
(
P0φ(t, .), ...,PNφ(t, .)

)T is the projection of φ

on the first N +1 eigenfunctions of operator A and where

A1 = diag{λk}N
k=0 ∈ RN+1×N+1,

B1 =
(
P0η||,P1η||, ...,PNη||

)T
.

We set
Ac = A1−B1 (CB1)

−1 CA1

and we have

CAc = CA1−CB1 (CB1)
−1 CA1 = 0⇔ AT

c CT = 0.

Consequently CT is a eigenvector of AT
c associated to the

eigenvalue λ = 0. Now we set

K = (CB1)
−1 CA1.

From (12), we obtain

ẋ1 = [A1−B1K]x1, (13)

Choosing K such that Ac = A1−B1K has a first eigenvalue
equal to zero while other eigenvalues are strictly negative
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in order to ensure the stability of the system (13). In
order to determine L, we consider the system in x1 without
disturbance (N = 0)

ẋ1 = A1x1 +B1u

and the Lyapunov function

V =
1
2

S2 > 0, with S = Cx1.

It follows that

dV
dt = SṠ = Cx1C (A1x1 +B1u)

= Cx1CA1x1−Cx1CB1L ‖ x1 ‖ sign(S).

We have V̇ < 0 if and only if.

Cx1CA1x1 < CB1L ‖ x1 ‖ |Cx1| .

We know that

Cx1CA1x1 ≤ |Cx1| ‖CA1 ‖‖ x1 ‖ (14)

and

CB1L ‖ x1 ‖ |Cx1| ≤ |Cx1| ‖CB1 ‖ L ‖ x1 ‖ . (15)

In order to have V̇ < 0 it is sufficient to have

|Cx1| ‖CA1 ‖‖ x1 ‖< CB1L ‖ x1 ‖ |Cx1| .

Then from (14) and (15), we obtain

L >
‖CA1 ‖
‖CB1 ‖

.

We see that the constant L is lower bounded. Moreover, the
proposed control law (11), specified with (8), rejects any
additive external disturbances

α(t,x) = η||h(t,x) (16)


∂φ

∂ t = ∂

∂x

(
η||

µ0a2
∂φ

∂x

)
+η||u+α(t,x);

∂φ

∂x

∣∣∣
x=0

= φ(t,1) = 0.
(17)

with a priori known upper bounds H > 0 provided that

‖ h ‖≤H < N . (18)

Summarizing the following result is obtained.
Theorem 1: Consider the error system (8) with the as-

sumptions above. Let it be driven by the sliding mode
controller (11). Then the closed-loop system is finite time
stable in the state space H. The finite time stability remains in
force even if system (17) is additively affected by an external
disturbance (16) satisfying (18).
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IV. NUMERICAL SIMULATION

A. Test Cases Definition

We consider the relevant test case where we want to
reach a target safety factor profile presented in Fig. 3 :
at x = 0, the initial minimum value is q(t,0) = 4/3 and
we would like to obtain a minimum value: q(∞,0) = 2. At
the plasma boundary x = 1, the safety factor is fixed (this
situation corresponds to a fixed total plasma current). The
detailed target, initial safety factor profiles and corresponding
magnetic flux profiles (with magnetic flux equal to zero at
the plasma boundary x = 1) are given in Figs. 3 and 4. The
closed loop control simulations were performed with and
without a disturbance (see (16)). The disturbance was scaled
to 20% of the non inductive current profile j∞(x) = jni(∞,x)
corresponding to the desired steady state, in order to take into
account effects of model uncertainties and disturbances. For
the purpose of the simulation, the plasma resistivity η||(t,x)
is assumed to depend only on the space variable (in fact small
variations around an operating point are considered). Plasma
resistivity is assumed to be a second order polynomial with
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Fig. 5. Evolution of the flux profile error variable φ and the control jni:
N = 0, L = 10 and N = 10

Fig. 6. Evolution of the flux profile error variable φ and the control jni:
N = 7.105, L = 10 and N = 10 with a disturbance 20% of j∞

typical Tore Supra values (10−8 Ω.m at the plasma center
x = 0 with two order of magnitude greater value at the plasma
boundary x = 1) (see [23]).

B. Simulation Results

Simulation results are presented in Figs. 5, 6, 7 and 8.
In Fig. 5, time evolution of the flux profile error variable
and of the non inductive current density (determine thanks
to the sliding mode controller) are presented for the nominal
case without perturbation. It is shown that the desired profile
is accurately obtained with a proper time delay without
overshooting. A numerical scan on the L tuning parameter
is performed in order to confirm that a minimum value of L
is required in order to guarantee closed loop stability.

In Fig. 6, the evolution of the flux profile error variable
and that of the non inductive current density are shown while
a constant disturbance is added to jni(t,x). Considering the
previous value of L tuning parameter, a numerical scan on
the N tuning parameter is performed and it is shown that
a minimum value of N is required in order to reject the
disturbance.

In Fig. 7, the evolution of the flux profile error variable
and that of the non inductive current density are shown for
a random (uniform) disturbance added to jni(t,x) according

Fig. 7. Evolution of the flux profile error variable φ and the control jni:
N = 7.105, L = 10 and N = 10 with a disturbance 20% of j∞ ∗ rand(1)

Fig. 8. Evolution of the flux profile error variable φ and the control jni:
N = 7.105, L = 10 and N = 10 with a disturbance 20% of j∞ ∗ rand(1)
with saturation

to (16). As expected for sliding mode control, the system
oscillates around the equilibrium.

In Fig. 8, simulation are performed in the same configura-
tion except for the control law which is bounded by a realistic
value: | jni(t,x)| ≤ 2.106 A.m−2. N is the number of projection
on the eigenvectors to positive eigenvalues and because our
system tends to be stable we can choose N ∈ {4,6, ...10}. We
chose several N without noticing its influence on the system.
It is shown that the proposed control strategy results in a
proper convergence towards the desired spatial distribution
of the magnetic flux.

V. CONCLUSION AND FUTURE WORK

In this paper, a sliding mode control in the infinite
dimensional setting has been designed for the control of
tokamak plasmas current profile using 1D resistive diffusion
equation of the magnetic flux. The investigated PDE system
was reformulated so as to exhibit a Sturm-Liouville operator.
Then recent results on sliding mode control in infinite
dimension were applied. First numerical simulations showed
consistent results with efficient rejection of disturbances and
some ”chattering” as expected for sliding mode control.
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Several outlooks can be considered. Firstly, numerical
simulation have to be performed in order to test situations
where plasma resistivity depends on time. Then future works
will consist in developing control strategies based on sliding
mode considering real engineering control variables, i. e.
depending on the tokamak current drive systems : power,
phases, or angles that determine the current drive profil
deposit.
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