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Soft-Constrained Stochastic Nash Games for
Weakly Coupled Large-Scale Discrete-time Systems

Hiroaki Mukaidani, Hua Xu and Vasile Dragan

Abstract—In this paper, we discuss infinite-horizon soft-
constrained stochastic Nash games involving state-dependent
noise and deterministic uncertainties in weakly coupled large-
scale discrete-time systems. First, we formulate linear quadratic
soft-constrained Nash games in which robustness is attained
against external disturbance. Then, the conditions for the
existence of robust equilibrium are derived based on the
solutions of sets of the discrete version of cross-coupled stochas-
tic algebraic Riccati equations (CSAREs). Moreover, various
reliable features such as mean square stability are analyzed.
After establishing an asymptotic structure along with positive
definiteness for CSAREs solutions, we derive the recursive
algorithm for solving CSAREs. Finally, we provide a numerical
example to verify the efficiency of the proposed method.

I. INTRODUCTION

Control of weakly coupled large-scale discrete-time sys-
tems has been investigated intensively over the past three
decades [1], [2], [3]. If the coupling parameters are suffi-
ciently small, each controller of a subsystem would work
independently without considering cooperation with other
subsystems. However, if the coupling parameters cannot be
ignored, the existence of multiple controllers in weakly cou-
pled large-scale systems become one of the most important
issues in control design. Recently, a multiple LQ control
problem and Nash games for a class of stochastic discrete-
time systems with a stochastic noise has been studied [13],
[14]. However, deterministic uncertainty such as modeling
errors has not been considered.

It is well known that a single criterion may not be
sufficient to accomplish several control purposes. Therefore,
various multiobjective linear quadratic (LQ) control schemes
have been investigated [4], [5], [6]. Although these results
are very elegant in theory, the noncooperative LQ control
problem with multiple decision makers for a class of deter-
ministic and stochastic disturbance is an issue that remains
to be considered.

The robust equilibrium in indefinite linear quadratic dif-
ferential games under a deterministic disturbance input for
deterministic and stochastic systems have been studied [7],
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[8], [9], [15]. This concept is well known as the soft-
constrained Nash games and these results are based on the
steady-state feedback saddle-point solution. Much effort has
been concentrated on continuous-time systems, while a good
survey of the development in soft-constrained Nash games
can be found.

In this paper, we address the soft-constrained stochastic
Nash games for a class of stochastic discrete-time systems
governed by Itd difference equations with state-dependent
noise. As compared with the existing results [15], the
discrete-time stochastic case is investigated for the first time.
It should be noted that the corresponding cross-coupled Ric-
cati equation is more complicated than the continuous case.
The main contributions of this paper are as follows. First,
a stochastic soft-constrained Nash strategy is formulated
with respect to an infinite horizon case. Then, the results
are applied to infinite horizon soft-constrained stochastic
Nash games for a class of discrete-time systems. In order
to guarantee the existence of strategy sets, the cross-coupled
stochastic algebraic Riccati equations (CSAREs) are intro-
duced for the first time. After establishing the asymptotic
structure of CSAREs via the Newton-Kantorovich theorem
(see [12] for details), a new parameter independent Nash
strategy based on the reduced-order solution of SAREs is
established. Finally, in order to demonstrate the efficiency of
the proposed strategy, a numerical example is provided.

We denote F; the o-algebra generated by w(k), k € N.
Let L?(Q, R™) represent the space of R"-valued, square
integrable random vectors and /2 (N, R") the set of non-
anticipative square summable stochastic processes y =
{y(k) : y(k) € R"}1en. The [2-norm of y(k) € I2 (N, R")
is defined by

ly(0)I7 (o, ey = > Elly(k))-

k=0
II. PRELIMINARY RESULTS

Consider the following discrete-time stochastic system.

z(k + 1) = Az(k)+Bu(k)+[Apz(k)+Bpu(k)|w(k), (la)
y(k) = Ca(k), (1b)

where z(k) € R™ represents the state vector. u(k) € R™
represents the control input. y(k) € R! represents the system
output. w(k) € RN is a one-dimensional sequence of real
random process defined in the filtered probability space,
which is a wide sense stationary, second-order process with
Elw(k)] = 0 and Flw(s)w(k)] = ds [10], [11]. The
following definitions and result are well known.
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Definition 1: [10], [11] Consider the stochastic system (1)
with u(k) = 0. The stochastic system is said to be mean
square stable if for any 2(0), the corresponding state satisfies
limy 00 E[|2(k)[?] = 0. In this case, (4, A,) is stable.

Definition 2: [10], [11] Stochastic system (1) is said to be
stabilizable in the mean square sense if there exists a state
feedback control u(k) = Kxz(k) such that for any x(0), the
closed-loop system is mean square stable. In this situation,
(A, B | A,, B,) is stabilizable.

Definition 3: [10], [11] Consider the autonomous stochas-
tic system (1) with u(k) = 0. (4, A, | C) is exactly
observable if y(k) = 0 for all £ = 2(0) = 0.

Lemma 1: [10] Consider the stochastic system (1) with
B, = 0. Assume that (A, B | A, 0) is stabilizable and
(A, A4, | C) is exactly observable. If the following SARE
admits a positive definite solution X, (I + BBTX)"'A4 is
Hurwitz, that is it has all its eigenvalues inside the unit circle.

~X+CTC+ AL XA, + ATX(I+BB"X)"'A=0
It should be noted that the above-mentioned SARE is
identical as (11) in [10].

IIT. PROBLEM FORMULATION

Consider the stochastic linear discrete-time systems with
deterministic uncertainty and state-dependent noises, which
involve N players

x(k+1) = A.x(k) + Eev(k) + ZBjEuj
+Apez(k)w(k), :r(O) :x(% )
where
I A €Ais eAin 1
€Aor  Ago Aoy
AE = . . 9
L EANl EANQ ANN ]
[ E11 5E12 €E1N
ely  Ea eFan
EE = . . 9
| eEn1 €En2 Enn |
i Apll EAp12 5Ap1N
EAp21 Ap22 EApQN
Aps = . . . P
| eApn1 eApne ApnN
gl— 61731 1‘1(}6)
1 62132 l‘g(k)
Bj. := , z(k) = :
6175NjBNj JjN(k‘)

zi(k) € R, 4 =1, ..
ui(k) € ™, 4 =1, ..
of the i¢-th player.

, N represents the state vector.
, N represents the control input
v(k) € W™ represents the external

disturbance. Here, € denotes a relatively small positive cou-
pling parameter that relates the linear system with the other
subsystems !.

It is noteworthy that in this study, the strategies w}(k)
are restricted as linear feedback strategies such as u;(k) :=
Gz (k). We consider the formulation of the objective func-
tions of the players in order to express a desire for robustness.

ji(ul, ,uN)
= sup Ji(u1, ... ,un, v), 3)
v(k)€l2, (N, Rro)
where
J-(ul, e S UN, V)

k)CicCica(k) + uj (k)ui(k) — v (k)v(k)],

_ZE

Cis = [e!T00y e TC0y el mNiCN; |
Definition 4: [8], [9], [15] The strategy set (u], ... ,ul),
uf(k) := GLxz(k) is a soft-constrained stochastic Nash
equilibrium strategy set if for each ¢ = 1, , N, the
following inequality holds:
Ji(u, ... uy)
S Ti(ul, e uig, Wiy U g, e, UN). “4)

In the next section, we address the one-player case as a
preliminary result.

IV. MAIN RESULTS
A. ONE-PLAYER CASE

First, a one-player case is discussed. The result obtained
for that particular case will be used as the basis for the
derivation of the results for the general N-player case.

Consider a linear time-invariant stochastic stabilizable
system

x(k+1) = Acx(k) + Ecv(k) + Bieu(k)
+Apez(k)w(k), x(0) = 2°,

— Csx(k) T _ T _
Z(k)_ |:DE’U;(I€):| 9 De DE_Im17 Cg Ca—Qsc (Sb)

(5a)

The cost function is given below.

ZE l=(k)I* —

Definition 5: [7] A strategy pair (uv*, v*) € T, x T, is
in saddle-point equilibrium if

Ju*, v)<J(w*, v*) < J(u, v*) (7)

for all (u*, v) € T, x I', and (u, v*) € T, x T, where
T', x T', means a product vector space.

The following theorem generalizes the existing results of
[8], [9], [15], which is a very important result in deterministic
soft-constrained Nash games, to a discrete version.

lu(k)]?). (6)

'In general, € is an arbitrary sign for weakly coupled systems. In this
paper, since the sign of the coefficient matrix can be changed without loss
of generality, it is assumed that € has a positive sign [15].
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Theorem 1: Suppose that the stochastic algebraic Riccati
equation (SARE)

P.=Q.+ AL P.Ay + ATP.ATV A, ®)

has the solution P > 0, where A, := Iz + S1.P. and
I —E.P.ET >0, S1. = B1.Bl. - E.ET, i = Y0 n;.
For any u(k) and v(k) which make the closed-loop system

asymptotically mean-square stable, the strategy pair

(9a)

u*(k) = —BLP.AZ A x(),
v* (9b)

(k) = EFP.AZT Acx (k)

is in saddle-point equilibrium if the closed-loop sys-
tem is asymptotically mean-square stable. J(u*, v*) =
2T (0)P*x(0).
Proof: Since this can be proved as an extension of the
existing results [7], it is omitted. |
It should be noted that the saddle point solution that is
derived may not be a unique saddle point.

B. SOFT-CONSTRAINED STOCHASTIC NASH GAMES

Consider the infinite-horizon  discrete-time  soft-
constrained stochastic Nash games, we have the following.
Theorem 2: Assume that (A., A,. | C.) is exactly ob-
servable. Then, we have the following.
(i) The game has equal upper and lower value if, and only if,
the SARE (8) admits a positive definite solution satisfying
I — E.P.ET > 0.
(ii) If the SARE (8) admits a positive definite solution satis-
fying I, — E.P.ET > 0, then it admits a minimal solution.
Then, the finite value of the game is E[zT(0)P.z(0)].
(iii) The upper value of the game is finite if, and only if, the
upper and lower values are equal.
(iv) If P. > 0 exists with the conditions (ii), the closed-loop
stochastic system with strategies (9) is mean square stable.
In other words, the matrix defined below is Hurwitz.

A, = (I — Bi..BEL.P.AZY) A,

= (I, — E.ETP.)AZ'A.. (10)
This implies that the linear stochastic system
z(k+1) = Aqez(k) + Ecv(k) + Apex(k)w(k)  (11)

is bounded-input-bounded state stable.
(v) If P. > 0 exists with the conditions (ii), the following
feedback matrix is Hurwitz:
Ap. = (In — S1: PAAZH A =AM AL (12)
Proof: Parts (i)—(iii) follow from the existing results in
[7] by extending to stochastic case.

To prove part (iv), we use a similar argument in [7] that
is based on LQ theory. Toward this end, we first note that

boundedness of the upper value implies, with v(k) = 0, that

2T (B)Q.x (k) + u*T (k)u*(k) — 0 as k — oo
& /Q.x(k) — 0 and BI.P.AZ'A.x(k) — 0,
x/Z§Ex(k:+—1) =0 & VQ.Asx(k) =0
= \/aaAsx(k‘) =0, ..., \/égAex(k +n—-1)—=0
& e QA a(k) — 0.

However, vQ_Alz(k) — 0,4 =0, ... ,n — 1 implies by
detectability that 2(k) — 0 and hence A,. is Hurwitz.

Finally, we prove the part (v). The closed-loop system is
given as z(k + 1) = Ag.x(k) + Apcx(k)w(k). On the other
hand, let us consider the SARE —P. + Q. + AL P.A,. +
ATP.Ag. = 0. Hence by using Lemma 1 and the similar
technique in [7], [10], the stability of Ag. can be proved. ®

Theorem 3: Assume that for all u;(k), i =1, ... , N and
v(k), the closed-loop system is asymptotically mean-square
stable. Suppose that N real symmetric matrices P;. > 0 and
N real matrices G, exist such that

F;:=Fi(Pe, Gic, - ,Gi—1)e, Glig1)es - GnNe)
= —Pi. + Qi + AZ;EPiEApa
+A" PATA =0, (13a)
ui (k) = —BLP. A A x(k), (13b)
v*(k) = ETP.A A x(k), i=1, ... ,N, (13c)

where Q}E = C;‘I;Cisv Ais 1= Iﬁ + SiEPiE, Sis = stB;Z; -
EEEET, A_;. = A+ Z;‘V:L Joti BjEGjE.

Then, (G3,, ... ,G'y.), and this strategy set denotes the
soft-constrained stochastic Nash equilibrium. Furthermore,
Ji(Giex, ... ,Gy.w) = 2T (0)PLx(0).

Proof: Now, let us consider the following problem in
which the cost function (14) is minimal at u(k) = G.z(k) =

¢(Ge) = sup J(u, v),

v(k)€lZ, (N, Rnv)

(14)

k=0
and z(k) follows from

a(k+1) = A_;.x(k) + E-v(k) + Bou(k)

+Apcz(k)w(k), =(0) = 2°. (15)

Note that the function ¢ coincides with function J in The-
orem 3. Applying Theorem 3 to this minimization problem
as P = P., A_;,. = A., B= By and 27 (k)Q;.x(k) =
|z(k)| yields the fact that the function ¢ is minimal at

Gl = Gi.. (16)

Moreover, the minimal value is =7 (0) P z(0). |
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V. WEAKLY-COUPLED LARGE-SCALE
STOCHASTIC SYSTEMS

In order to obtain Nash strategies, the asymptotic struc-
ture of CSAREs (9) is established. The following analysis
requires a basic assumption [10].

Assumption 1: (A, By | Api), @ = 1, ... ,N are
stabilizable and (A;;, Api;i | Ci), i =1, ..., N are exactly
observable.

Since A., E¢, Bic, Ape and C. include ¢, the solutions
P;. of the CSAREs (13a) should contain €. On the basis of
this fact, the solution of CSAREs (9) is assumed to have the
following structure [13], [14], [15].

el TPy &Py €PN
EF)EQ 51—5¢2Pi2 ePon
P = ; (I7a)
ePfiy ePhy el Py
Gie = [81_6“ Gi . 81_6“G“‘ s 81_573NGZ‘N] .(17b)

By substituting matrices A., E., Bj., Ap., Cic and Pj.
into CSARESs (13a), setting ¢ = 0, and partitioning CSAREs
(13a), the following reduced-order stochastic algebraic Ric-
cati equations (SAREs) are obtained; here, P;;, i = 1, ... , N
are the limiting solutions of the CSAREs (9) as ¢ — +0.

Py =Qu+ A;‘,Fiipn‘Apii + AL P A A,y

i=1, ..,N, (18)

where A;; == I,, + SiiPyi, Sis = BiyBL — EEL, Qi =
CZC” and Ini — E”Egpn > 0.

It should be noted that under Assumption 1, there exists
a unique positive semi-definite stabilizing solution Pj;. The
limiting behavior of P;. when ¢ — 40 is described by the
following theorem.

Theorem 4: Under Assumption 1, suppose that the fol-
lowing matrix is nonsingular.

N
J:=1[7}; (19)
j=1
where
_ OF;
gL 2 = I, ® I+ AL, ® AT,
1% ast o 3 n yy P

. - T
+(A'Aio)" @ A,
1 AT
—(Ag'Aio)" @ [AZ g Pl (BioBjy — EoEy )],
PiO := block diag (O 0 PM 0 O) s
Aio := I + (BioBly — EoEJ) Py,

N

A_jo = Ao+ Z BjoGjo,

J=1, j#i
Gio =0 0 Gy 0 0],
Ap := block diag (A1 ANN)
Ey := block diag ( E1 Enn),
Ayo = block diag (A1 Apnn )
Bio:= [0 0 BY 0 --- 0]",i=1,..,N

Then, there exists a small constant o* such that for all € €
(0, 0*), CSARESs (9) admit the positive definite solution P;.
and feedback gain G, that can be expressed as
Pie = P+ O(e),
Gic = Gio +0(e),i=1, ... ,N.

(20a)
(20b)

In order to prove Theorem 4, the following lemmas will
be used. It may be noted that it is easy to prove this lemma
by using the formula given in [16].

Lemma 2: Let matrices X, A, B, C, D and @ with
appropriate dimension be given. If R := Q+CX D is square
and invertible, then

e vec[AR™'B] = —(DR'B)" ® (AR™'0).

By using Lemma 2, let us prove Theorem 4 corresponding
to the asymptotic structure of solutions.

Proof: The asymptotic structure of (20) can be obtained

by applying the Newton-Kantorovich theorem [12]. Now, by

using Lemma 1, let us define Newton’s method as follows:

2t — L) _ [Jgn)]*lf(x(n)), 1)
where
flx™) = [vechn) vech\?)
VeCng) vech\r,L)] )
z™ = {[vecPl(:)]T [VecP](\Z)]T
T
[Vechz)]T [Vech\Q}T} )
20 .= [[vecf_’m]T [vecPyo)T
[vecGio]T - [VGCGNO}T}T )

J =g (P, P, G, 6

JE(P187 71:)]\],3, GlE’ ,GNE)

[ Ji - 00 Jin T

_ 0 - Jhy Ja1 - 0
| T 0 Ji o Jiy |

L 0 TRy T T

1 OvecF; o OvecF;

iy dvecPj.’ i dvecGj.’
g8 . dvecG; 4 ovecG;

0 OvecPy. YT OvecGy.’

1 3 C 12
Ji; =0, J;;,=0,i#j, J;=0,
J? =0(e), Ji; =0(e), i # ],
Ji =1, &1, i, j=1, .. ,N,

F™
=F,(P, G, Gl LG G,
G =GP, 6. .G
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Gi = Gi(Pis; Glsa aGNs)
=Gy + BEPATA . =0

€

It is easy to verify that the following equation holds.

0 0 0 0
JOPY, PO G, .. 6
= J‘E:O)(Plo, ,PNo, Glo, 7GNO) =J + 0(6),(22)
where
[ Ji, - 0 0O --- 0
7o JUNEES Jhny 0 -0
gy - 0 Jy - 0 ’
L 0 - JXn 0 - Ty
- 0G; 1
ngi = E = (AiolAin)T ® B;{J
€ [e=0

—(Aig' Aio)” © B P! (BoBy — EoEj ).

By using the assumption that J is nonsingular, the matrix
J [E.O) in (11) is invertible for sufficiently small . Using the
Newton-Kantorovich theorem, the error estimate is given by

|z — ™| =0E*"), n=0, 1, ..., (23)

where ¢ := [[VecPlg]T [vecG ne]T T

Substituting n = 0 into (23), equation (20) holds. [ ]
A. AN APPROXIMATE STRATEGY

A new parameter independent Nash strategy can be ob-
tained by neglecting the term of O(e) of the full order
strategy (13b). Moreover, it can be constructed by solving
reduced-order SAREs (18). If ¢ is very small or unknown, it
is obvious that Nash strategy (13b) can be approximated as

It should be noted that the parameter-independent soft-
constrained Nash strategies (24) can be constructed without
information of the small parameter. The main result of this
paper is as follows.

Theorem 5: The parameter-independent soft-constrained
Nash strategies (24) results in the following relation.

Ji(ar(k), .. ,un (k)= Ji(ui(k), ... ,uy(k))
= 0(e), (25)
where
ji('L_Ll(k), . ,fLN(k)) = 'I‘I'[LZE], (263)
Ji(ui(k), ... ,uy(k)) := Tr[Py], (26b)
Lie = Qi+ ALLiAp + ALLLW P AL, (260)

with ;e == I — E.ETL;. A. = A. +Y}_,B;.Ga,
Q. = Qic + G ,Gio.

The following lemma that is based on Theorem 1 is needed
to prove the Theorem 5 and the result can be proved by
means of the saddle point equilibrium solution.

Lemma 3: Let us consider the following optimization
problem

z(k+1) = A.x(k) + Ecv(k) + Apez(k)w(k),
J(v),

(27a)
(27b)

max
v(k)€l2 (N, Rno)

where

J(v) =Y Bl"(k)Q.x(k) — " (k)u(k)], Q. = QL = 0.
k=0

If the stochastic system (27) is internally stable, then there

exists a stabilizing solution X, > 0 to the following SARE

Xe=Q-+ Al X Ap + ATX. VA, (28)

where U, := I, — E.ET X, and (A. + E.F., A,.) is stable
with

v*(k) = Fra(k) = ET X Ut Aa(k). (29)

Then we have max,)e2 (N, ®ro) Jw) = Jw*) =
2T (0)X.z(0).

As compared with the existing result of the stochastic
bounded real lemma [10], it is worth pointing out that the
SARE and the novel proof are given.

Proof: First, by using the result of Lemma 3, it is easy
to found that L;. satisfies the SARE (26c). Without loss of
generality, suppose that the SARE (26c) has the following
asymptotic structure.

1_5i
€ 'Lyt el eLin
T 1751
6Li12 3 2Li2 s ELigN
Lie = .
T T 1-8in T .
eLi N eLisn - e TN LN

By using the equality L;.Bj. = O(e), @ # j, and using
the result of (20), the parameter independent reduced-order
SARE of (26¢) can be obtained as follows.

Lii = Qi + GliGii + A;iiiiApii + (Aii + BiiGi)"

x Lii(In;, — By B L) (Aii + BuGis), (30)

where L;; is the limiting solution of the SARE (26c).
On the other hand, the CSARE (13a) can be changed as
follows.

*Pis + Qis + G?;st + AZ;;PZ'EA;DE
+ AL Pe(ln — B.ETP)Ai + 0() =0, (1)

where A;. == A, + Zjvzl B;.Gj-.
By comparing CSARE (31) with (30), it is important to
note that P;; satisfy the SARE (30) by the following equality.

(Aii + BiiGii)" Pyi(In, — E4EL Pyi) ' (Aii + BiiGii)
= AL PN Ay — GLGy;. (32)
Therefore, the limiting solution of the SAREs (13a) and (26c)

is identical. Consequently, L;. — P;. = O(e), which implies
(25). [ |
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Table 1. The rate of the cost degradation of exact strategies (13b) and (24).

€ Ji(ui(k), uj(K))|Jo(ui(k), us(k))|i(w1(k), wz(k))Jo(@r(k), ua(K)) m 2
1.0000e +2 1.6233 1.0537 1.6234 1.0537 1.2285 | 2.8687e+1
1.0000e+3 1.6227 1.0536 1.6227 1.0536 1.2274 | 2.8685e+1
1.0000e+4 1.6227 1.0536 1.6227 1.0536 1.2274 | 2.8685e+1
1.0000 +5 1.6227 1.0536 1.6227 1.0536 1.2274 | 2.8685e+1
1.0000+6 1.6227 1.0536 1.6227 1.0536 1.2274 | 2.8666e+1

VI. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of the soft-
constrained Nash strategy, we present results for a simple
example. The system matrices are given as follows.

1 e 0.01 0
Ae_[o.le 0.5}’%5_[ 0 0.02}’

01 ¢ 1 €
E:|: e 0.5:|’Bl€:|:€:|7B2€:|:2:|7
Clszl:l 25]7C25:[E 1}.

Small parameter € = 0.001 is chosen. The soft-constrained
stochastic Nash strategies strategies are given in (33a) and
(33b). On the other hand, the exact ones are given in (33c)
and (33d) by using the Newton’s method.

iy (k) = Grox(k) = [-6.2257e-1 0] z(k),  (33a)
tiz(k) = Gooz(k) = [0 2.1281e-1] x(k), (33b)
ui (k) = Giz(k)

= [—6.2257e-1 —6.7860e-4 | z(k),  (33c)
uz(k) = Ga.x(k)

= [6.7352e-5 2.1281e-1] x(k). (33d)

Consequently, solving the proposed parameter independent
approach allows us to determine the O(e) close to the soft-
constrained stochastic Nash strategies. Finally, the closed-
loop poles are at 3.7743e-1 and —7.4385e-2. Thus, it
means that the closed-loop stochastic systems are mean
square stable.

Finally, we evaluate the relation (25) by using
the exact strategies (13b) and the parameter indepen-
dent ones (24). The values of the cost functional
for various ¢ are given in Table 1, where 7, :=
|J; (ui(k), us(k))—Ji(uy(k), ua(k))|/e2 tis easy to verify
that |J; (uj(k), ub(k))—J;(u1(k), ua(k))| = O(?) because
of 7; < o0.

Although the right hand side of the relation of (25) is
O(e), it is observed that O(£?). It may be strictly shown that
| To(ui (k) (k) — Ji(an (k), (k)| = O(e2). However,
we note that the question of the complexity status of this
feature remains open.

VII. CONCLUSIONS

The soft-constrained for a class of discrete-time linear
systems with stochastic noise and deterministic uncertainty
has been solved. First, the soft-constrained Nash strategy set
has been formulated by using the CSARE:s for the first time.
It is worth pointing out that this strategy set is based on

the saddle point solution. Second, the weakly-coupled large-
scale systems are considered. After establishing the asymp-
totic structure the numerical algorithm has been discussed. In
particular, it has been shown that the exact Nash strategy set
can also be computed recursively. Furthermore, the parameter
independent strategy set has also been formulated.
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