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Global uniform asymptotic Lyapunov stabilization of a vectorial
chained-form system with a smooth time-varying control law

Christian Holden and Kiristin Y. Pettersen

Abstract— This work presents two continuous time-varying
control laws that globally uniformly asymptotically stabilize
the origin of a vectorial generalization of the basic chained-
form system. A strict Lyapunov function for the controlled
system is developed, and the results verified through numerical
simulation.

I. INTRODUCTION

Chained-form systems are classical nonholonomic sys-
tems, and several control laws have been made for them.

For the general chained-form system, an algorithmic ap-
proach using sinusoids was developed in [1] that gave global
uniform asymptotic stability of the origin.

In [2], a globally uniformly asymptotically stabilizing
time-varying control law was developed, in addition to dis-
continuous time-varying control laws. This, however, was for
a subsystem and not the most general chained-form system.

Discontinuous control laws have been developed in [3],
[4], [5] and [6], among others.

While not explicitly stating so, [7] developed a contin-
uous time-varying control law that globally asymptotically
stabilized the lowest-order chained form system.

In this paper we present two continuous time-varying con-
trol laws that globally uniformly asymptotically stabilize the
origin of a vectorial generalization of the basic chained-form
system. To the authors’ best knowledge, no previous control
laws have been presented for this specific generalization of
the chained form system.

The paper is organized as follows: In Section II, the model
is presented. In Sections III and IV, the control laws are
presented. Section V presents simulation results. Conclusions
are given in Section VI. The Appendix provides some further
details into the proof in Section III.

II. THE MODEL

We look at a system on the form

i‘l =uj € RrR™ (1)
To =us € R (2)
T3 = ToUy € R™ 3)

for any m € N, which is a vectorial generalization of the
basic chained-form system (where m = 1). The control
objective is to asymptotically stabilize the origin of (1)-(3).

According to [8] and [9], this is impossible to do with any
time-invariant control law. This paper presents two smooth,
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time-varying globally uniformly asymptotically stabilizing
control laws.

The control laws are developed using vectorial back-
stepping, the method of finding strict Lyapunov functions
developed in [10] and the cascade theorems from [11].

ITII. STABILIZING THE REDUCED SYSTEM
We first look at the subsystem
i’l = U1 (4)
&3 = Prur &)
where ¢, € R and u; € R™ are considered control inputs.
We define x; = z; + c3cos(wt)zs € R™, whose time
derivative is given by
X1 = @1 + c3 cos(wt)ds — csw sin(wt)zs
= (1 + ¢3 cos(wt)dz)us — caw sin(wt)xs. (6)
We note that x; = 0 iff z; = z3 = 0. Thus we need to
stabilize the origin of the (x1,z3) system.

Lemma 1: The origin of the system (4)—(5) is globally
uniformly asymptotically stabilized by the control law

sin(wt) s

9ot 73) = — 5 T 2al?)
—c1x1 + cawsin(wt)zs
t = i
u1( ,Xla‘r?)) 1 +c3 COS(wt)¢x ( )
where
X1 = 71 + c3 cos(wt)rz € R™ 9

for some € € (0,1), ¢3 € (0,1), csw > ¢ > 0 and w > 0.
Furthermore,

c1U? sin(2wt)

w0y 1O

Us(t,x1,25) = (1= +2) U -
with Uy (x1,23) = 2[|x1||? + ||z3]|?, is a strict Lyapunov
function for the controlled system.

Proof: We start by noting that |¢,| < 1/2, so that
the denominator in (8) is always strictly positive. The time
derivative of y; with the control law (8) is given by

(1)

The rest of the proof is a generalization of the proof of
Theorem 3 in [7].
Using the Lyapunov function candidate

X1 = —C1X1-

Ur(x1,23) = 2all® + [los]? (12)
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we see that its time derivative along the trajectories of the
system (5)—(6) with the control input (7)—(8) is given by

2¢a
1+ c3 cos(wt) Py
—derxa|?

c1 sin(wt)||x3]|2x3 x1 — csw sin® (wt)||z3|*

x 2
(1 - & Sln(2wt)%) (e + [J23]1?)

U, = x5 (—e1x1 + cawsin(wt)x3)

—der|xall® (13)
< 26x sinwt) a2 (14)
€+ |||
.2 4
c3w sin”(wt) ||z
- c ,3 E‘m?‘y s 5 der|[xa |
(1 — & sin(2wt) e+\|xs\|2) (e + |lzsl|?)
. [EA
< 2¢q|sin(wi)|||x1|| ——5
sinenl ol 50
2c3w sin? (wt) || z3]|* 9
— — 4c 15
et sl ol >
. 2 4
csw sin® (wt)||zs]| 9
< - —c1fx1 (16)
et aap)

where it has been used that c3 < 1 for the step (14) to (15).
See Appendices A and B for further details into the other
steps of this part of the proof.

We define the positive definite functions

4
W- 2 _awlzst 2 17
1(x1,23) 3le + [23]2) + 5 x| (17)
ClU12

U & —L 18
U= 5510y (18)

Wy and A satisfy
Wi(x1,23) = AMUt) (19)

if e € (0,1), ¢3 € (0,1), cs3w > ¢; > 0 and w > 0 (see
Appendix C for proof).
This gives

U, < —sin ( H2

Wi (xs, x1) — *||X1
tA(U)

if e € (0,1), c3 € (0,1), caw > ¢1 >0 and w > 0.
It is worth noting that

< —sin?(w

(20)

AU < 2,

8
0N _ a0 +UF 0.%]
oU; 8 (1+1U;)2 "8

Using the technique of constructing strict Lyapunov func-
tions for a class of time-varying systems developed in [10,
Theorem 1] and used in [7], we choose the function

1
A _ Qi
Us(t, x1,23) = (16 + 2) Uy o sin(2wt)A(Ur) (21)
which satisfies

2U1§U2§2(7+1)U

6w (22)
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The time derivative of U; is given by

sin(2wt) OA

i b AR § 2wt)A(U-
2% OU; cos(2wt)A(U1)

1AW
c oA
§1 sin(2wt) 8U1) U,
U)+(2sm (wt) —

oX N\
2wt Ul) U1

U2 = (g5 +2) U1 -
=2U,; + (2sin®(wt) —
L2

2w

1) A(T)

< -2 s1n<
23

a
8

1 . OX -
—\(U1) + o (C s1n(2wt)aU1> Uy
—A(U1) (23)
since
a sln(th)2 >0 and U; <0.
8 o,

According to [12, Theorem 4.9], the origin of the (x1, z3)
system, and thus the origin of the system (4)—(5), is then
globally uniformly asymptotically stable. [ ]

IV. STABILIZING THE ENTIRE SYSTEM

We define

X2 £ T2 — Og (24)

as per the techniques of backstepping in [13] and [12].
The time derivative of o is given by

X2 =2 — G = U — (25)
where ¢, can be found analytically to be

: weos(wt)||xs]|?  esin(wt)roriu

gy = weonletlmll  csintetimartu
2(e + [ls]1?) (e + [lzs[[?)
Choosing vy £ uy — bgy We get the new system

X1 = —cix1 + ¢z cos(wt)xaur € R™ (27
X2 =v2 €R (28)
T3 = (X2 + ¢z )ur €R™ (29)

where ¢, and u; are as in (7) and (8), respectively.

The goal then becomes to find a v, such that the origin
of the system (27)—(29) is globally uniformly asymptotically
stable.

A. Control Law A

Theorem 1: The origin of the system (1)—(3) is globally
uniformly asymptotically stabilized by the control law

—c1X1 + cawsin(wt)xs

un(t X1, 75) = 1+ c3 cos(wt)¢ (30)
uz(t, X1, Xz,l’?,) = % — C2X2 — 'Y(Ul)mgul
— 2¢3y(Uy) cos(wt) X1 ur 31

where

c c . 2U, + U?
~(Uy) 22 <161w +2— ﬁ Sln(2wt)11> (32)

(1 + U1)2
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for some € € (0,1), c3 € (0,1), caw > ¢1 > 0 and co,w >
0, where Uy, ¢, and ¢, are given by (12), (7) and (26),
respectively.

Furthermore,

Us(t,x1.23) +x3/2,  (33)

where Us is given by (10), is a strict Lyapunov function for
the controlled system.

Proof: We concentrate our efforts on the system (27)—
(29). We define the Lyapunov function candidate Us as

Us(t, x1, x2,%3) =

1
=X3 (34)

= UQ(t,Xhl'B) + )

Us(t, x1, X2, *3)

which satisfies

1 2 C1 1 2
NE<U;<2(— —y2.
2U1+2><2_U3_2(16w+1>U1+2xg
The time derivative of Us is given by
. oU, 90U, . oUs
U3 = —= —
3 8t+81 1+63$3+X2X2
oU: oU:
= 87752 + 87)(3 (—c1x1 + e3 cos(wt)xaur)
oU:
+ 875( 2 + dz)ur + X202
W,
— ot aXl 1X S

U,
o1 %qul + X2v2.
Based on the proof of Lemma 1, we know that the first
three terms on the right-hand side of the above expression
are collectively less than or equal to —A(Up). We thus get
that

U,
+ ——c3 cos(wt)xaur +

. oU. oU-
Us < =A\(U1) + O—XQCg cos(wt)xour + —ngul + X2v2
1
= —A(Uh)

81‘3
+ X2 (2¢37(U1) co
= —\(U1) — c2x3 & —Ws(x1, X2, 3)

with the feedback vy = —caxa — 2¢37(Uy) cos(wt)xTuy —
4(Uy)23u;. Thus, according to [12, Theorem 4.9], the origin
of the system (27)—(29) is globally uniformly asymptotically
stable.

Knowing that x; = 0 iff z; = 23 = 0 and that us = ¢I +
v9, we see that the control law (30)—(31) globally uniformly
asymptotically stabilizes the origin of the system (1)—(3). &

s(wt)xt u1 + y(Ur)zs uy + v2)
(35)

B. Control Law B

Theorem 2: The origin of the system (1)—(3) is globally
uniformly asymptotically stabilized by the control law

—c1X1 + cawsin(wt)xs
1+ ¢3 cos(wt)dy
= ¢w — C2X2

uy(t, x1,23) = (36)

U/Q(taXlaXanS) (37)

for some € € (02 1), 3 €(0,1), csaw > ¢1 > 0and c2,w > 0,
where ¢, and ¢, are given by (7) and (26), respectively. .
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Proof: According to [11, Theorem 2], the origin of the
non-linear time-varying cascade system

Z1 = fi(t,z1) + g(t,2)22
Zp = fa(t, 22)
is globally uniformly asymptotically stable if
1) The origin of the system 2; = fi(t,21) is globally
uniformly asymptotically stable.
2) The function g(t, z) satisfies

lg(t, 2)II < O1(ll22]1) + O2(ll 22| 1]

for some continuous functions 61,62 : R>¢ — Rx>g.

3) The origin of the system Zo = fy(¢,x2) is globally

exponentially stable.

These points are satisfied for the system (1)—(3) with 2z £
XT, 23T € R?™ and 25 £ yo € R using the control (36)—
37

1) Proven in Lemma 1.

2) In this case, the function g can be found to be

cawsin(wt)rz —c1x1 | c3cos(wt)
1+ c3 cos(wt) 1 '

Using the 2-norm gives

(38)
(39)

(40)

g(tv Z) -

|[—c1x1 + csw sin(wt )a:3||

2
= czcos”(wt) +1
lol (I1+cs cos(wt)d)m)2 ( i cos” () )
32 .
<3 (3 +1) (leaxall? + [esw sin(wt)as]|?)
32
< 5 (3 + 1) max(er, c50%) (Ihall® + llzs])
2
32
=79 (5+1)c3 [ i; ] = k|| z1f?
since ¢; < csw by design.
—Cz(t—to)‘

3) X2 = —cax2 = x2(t) = xa(to)e
Thus the origin of the system (1)—(3), with the control input
(36)—(37) is globally uniformly asymptotically stable. [ ]

V. SIMULATIONS

To verify the results in the previous section, numerical
simulations were carried out on the system (1)—(3) with the
control laws of Theorems 1 and 2. The following (arbitrary)
simulation parameters were used:

m=2 c1 = 0.8

to =0 Cy = 1
zi(to) = [3, ~1T ¢ = 09
:L‘Q(to) 1 e = 0.01
.’173(t0) [ 0. 5 2] w=1

All simulations were in accordance with the theoretical
results.

Three metrics were used for the comparison of the con-
trol laws: The smallest value of T such that |x;(¢)| <
0.05||z;(to)|], ¥V t > T,i € {1,2,3}, was used as
convergence time. The simulations were halted at ¢t =
T. As a measure of actuator use, the RMS value
725 Joy @) dt of wy and wf pyg =
2

2
Uy RMS

= ftf lua(t)]? dt of uy were used.

642



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

A. Control Law A

Simulation results with Control Law A can be seen in
Figs. 1-6. The origin is, as expected, attractive.

According to Theorem 1, the time derivative of the Lya-
punov function Us along the trajectories of the system (27)—
(29) should satisfy the property Ug + Ws(x1,x2,23) <0
for all ¢t > ty, where W3 is given by (35). As can be seen
from Fig. 4, this is the case.

With the parameters used in this simulation, the conver-
gence time was 1" =~ 29.3. The actuator use was u; rms ~
0.209 and U2 RMS ~ 1.84.

B. Control Law B

Simulation results with Control Law B can be seen in
Figs 7-11. The origin is, as expected, attractive.

With the parameters used in this simulation, the conver-
gence time was T' =~ 41.8. The actuator use was u; rms ~
0.522 and us rpms ~ 0.263.

C. Analysis

From the figures it is seen that, in this case, the use of
control input us is significantly less with Control Law B
than with Control Law A. However, the convergence time is
longer for Control Law B than A, and the use of u; higher.

While only the results of one simulation is included in this
paper, simulations with different parameters and different
initial conditions indicates that the above is the case in
general.

11
- = T2

Ty

0 5 10 15 20 25
t

Fig. 1. Control Law A: z1(¢).

VI. CONCLUSIONS

Two control laws that globally asymptotically stabilize
the origin of the nonholonomic chained-form system (1)—(3)
were presented, and a strict Lyapunov function developed.

The control laws were tested in simulation. As can be seen
in Figs. 1-11, the simulation results are in accordance with
the theoretical results.

Simulation results show some differences between Control
Laws A and B. Control Law A is faster than Control Law
B. Control Law A uses less control input u; but more us
than Control Law B. Control Law B is the simpler of the

TuB01.5

T2

t

Fig. 2. Control Law A: z2 ().

RUEST
2.5 - T

0 5 10 15 20 25
t

Fig. 3. Control Law A: z3(%).

pair, but only for Control Law A is there a strict Lyapunov
function.

APPENDIX
A. From (13) to (14)
To get from (13) to (14), we need to prove that

c1 sin(wt)||z3]|223 x4

llzs]l®

(1 — S sin(2wt) 6+H13H2) (e + ||z3]?)
BRI
€+ [lzs]?

< 2cy|sin(wt)[|xall (41)
We start by noting that

. : 3 .
sin(wt)zy x1 < [sin(wt)|[[xa sl < 5[sin(@t)llIxallllzs]

< 2| sin(wt)|||x1 |||zl <1 -G sin(2wt)”x3|2>
€+ ||lzsl?

4
since ” ”2
C3 . T3
1— —sin(2wt)———— € (3/4,3/1) .
1 st e € G )
Multiplying with
ez

>0

l[z3|?

(1 omCen 2 ) (e + o)
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on both sides of the inequality gives (41). This concludes
this part of the proof.

B. From (15) to (16)
To get from (15) to (16), we need to prove that

. ||9c5\|3 203wsin2(wt)||m3\|4 2
2c1| sin(wi)|[Ixa || - —der|xa |l
€+ [lzs]? 3(e+ llzsll?)
. 2 4
caw sin® (wt)||zs|| 9
_Gwsih WUNITsl] . 4
ST e mpy) “

We start by noting that
1

osmmw(ﬁ

C1 .

= sin® (@)l |* + 3e [xa |* |l
= 2c1|sin(wt)|[[xa[lllzs]?

C3w .

S sin?(wt) s |* = 261 sin(w) [xa s

+3crlball®(e + lzs)?)

2
wmwwmwNmmo

IN

since csw > ¢ by design.

Dividing by (e + ||z3]|?) > 0 on both sides of the above
inequality and rearranging the terms gives the inequality (42).
This concludes this part of the proof.

C. Equation (19)
We need to prove (19), which reads

Wi(x1,z3) > AUy)

or
cawl|zs|*

e+ [lzs]?)

We start by noting that

C1 2 61U12
— >_——-1
T el = gy

(8caw — 3cl)||x3||6 + (8csw — 3661)||x3||4
+(16c3w + 24c1) ||las][*Ix1]|® + (24ect + 12¢1) ||| (x|
+12¢1[Jzs|[Ixa )|t 4 12eca [[xall* + 12ec[[x1]|* > 0

since caw > c; and € € (0,1).

Uy + Wy

Fig. 4. Control Law A: Us 4+ Wi,

TuB01.5

Dividing by 24(e + [|23]|?)(1 + [|=3]|* + 2|x1]/?) > 0 on
both sides of the inequality and rearranging the terms gives
Besw (L + [lzsl|* + 2xall*) s ] *

24(e + [l]*) (1 + [lzs]1* + 2[[xa 1)
_ Balllwsl® + 2all®)?(e + lls)?)
24(e + [l ]*) (1 + [lzs]* + 2[Ixa 1)
der[lxal* (e + flas[*) (A + llzs]” + 2lball®) o
24(e + llzall?) (X + llzsll® + 2xall®)  —
Using U; = 2||x1]|? + ||«3]|* and rearranging the terms
gives (19). This concludes this part of the proof.
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Fig. 5. Control Law A: uq(t).
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Fig. 6. Control Law A: ua(¢).
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Fig. 7. Control Law B: z1 (¢).
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Fig. 8. Control Law B: z2(¢).
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Fig. 9. Control Law B: z3(¢).
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Fig. 10. Control Law B: w1 (¢).
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Fig. 11. Control Law B: ua(t).



