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Decentralized Adaptive Approximation Based Control With Safety
Scheme Outside the Approximation Region

Panagiotis Panagi and Marios M. Polycarpou

Abstract— This paper presents a decentralized adaptive ap-
proximation based control scheme for a class of interconnected
nonlinear systems. The feedback control law consists of two
schemes, an adaptive approximation controller operating inside
a chosen approximation region and a decentralized safety
scheme for outside the approximation region. Within the
approximation region, linearly parameterized neural networks
with a dead-zone modification are used to adaptively approxi-
mate the unknown dynamics of each subsystem, as well as the
unknown interconnections. Outside the approximation region,
the decentralized safety control scheme is designed to steer
back the trajectory by using an adaptive bounding approach. A
rigorous stability analysis is presented and a simple simulation
example is used to illustrate the decentralized adaptive control
methodology.

I. INTRODUCTION

Decentralized control of large-scale interconnected sys-
tems has attracted significant attention during the last two
decades. The problem of decentralized adaptive linear control
was introduced by Ioannou [5], where weakly interconnected
subsystems with relative degree one or two were studied. In
[4] and [9] it was shown that stability of the decentralized
system is ensured if there exists a positive definite M-matrix,
which is related to the bound of the interconnections. Most
of these approaches were focused on linear subsystems with
possibly nonlinear interconnections. An alternative decentral-
ized adaptive control method using the high gain approach
was developed in [2], where a standard strict matching
condition is assumed on the disturbances. A methodology
for handling higher-order interconnections in a decentralized
adaptive control framework was developed in [11].

One of the key challenges in decentralized control is the
issue of dealing with uncertainty, both in the nonlinearities
of the local subsystems as well as in the interconnections. A
recent approach for dealing with uncertainty is based on the
use of neural networks to approximate the unknown intercon-
nections. In [13], [12], the authors developed a decentralized
control design scheme for systems with interconnections that
are bounded by first-order polynomials. In [3], the authors
employ a composite Lyapunov function for handling both
unknown nonlinear model dynamics and interconnections.
The interconnections are assumed to be bounded by unknown
smooth functions, which are indirectly approximated by
neural networks. In [8], [7] and [6] it is assumed that the
decentralized controllers share prior information about their
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reference models. Based on this assumption, it is then shown
that the subsystems are able to asymptotically track their
desired outputs.

In this paper, we consider a system composed of nonlinear
subsystems coupled by unknown nonlinear interconnections.
We develop a decentralized adaptive approximation based
control system [1] and derive stability results for the closed-
loop system under certain assumptions. We consider both the
case where the trajectory is inside the approximation region
as well as the case where the trajectory leaves the approxi-
mation region. In the latter case, we develop a decentralized
safety control scheme based on the sliding mode control
approach with adaptive bounding. The presented adaptive
approximation based control scheme follows the general
approach for decentralized systems developed in [12], [3] and
[10]. The main contribution of this work is the synthesis and
analysis of the dead-zone modification and the design of a
stable decentralized safety control scheme for addressing the
problem of the trajectory exiting the approximation region
during the transient stage.

The paper is organized as follows. In Section II, we
design a decentralized feedback control law with a dead-zone
modification in the adaptive laws to account for the residual
approximation errors. Section III presents a decentralized
safety control scheme for the case where the trajectories
go outside the approximation region, while in Section IV
a simulation example is used to illustrate the overall control
methodology. Finally, Section V contains some concluding
remarks.

II. DECENTRALIZED ADAPTIVE CONTROL

We consider a system comprised of n interconnected
subsystems. The i-th subsystem, where ¢ = 1,2,...,n, is
described by

By = T, J=1,2,...,p —1
Tip, fil@i) + gi(@i)ui + Ai(z1, T2, .. 20)
Yi = T4,
where x; = [T41,Ti2, ..., Tip,]| € NP is the state vector

of the i-th subsystem, f; : %% — R and g; : ®” — RN
are unknown smooth functions, A; NP +— R (where
p = Y_i_, p;) represents the interconnection effect between
subsystems, u; € R is the input and y; € R is the output of
the i-th subsystem. Our objective is to synthesize decentral-
ized adaptive approximation based control laws u; such that
each y; tracks a smooth bounded reference trajectory y,4, in
the presence of the unknown interconnections A;, using only
local measurements.
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It is assumed that each input gain function, g;(x;), is
bounded from below by 0 < g0 < gi(x;), where g0 is
a known constant. This assumption is required in order to
guarantee the controllability of the feedback control scheme
[1]. In general, each g;(x;) is required to be either positive
or negative for all x; in a domain of interest D; C R*:.
For notational simplicity and without any loss of generality,
here we assume that all g;(x;) are positive. Furthermore, the
desired trajectory vector Yu, = [Yd,, Udss - - - » y(p 1)] of the
i-th subsystem is assumed to be available and bounded.

Following the universal approximation results of neural
networks [1], given any continuous function f(z) where
f : R?Y — R is defined on a compact set D C R, and
an arbitrary €* > 0, there exists a set of bounded constant
weights 6y € RP and a set of basis functions ¢ (z), where
¢r : N9 — NP is such that Vz € D:

flz) = ¢f(z)T0f + e(z), (1)

In the above representation, e(x) denotes the Minimum
Functional Approximation Error (MFAE) which is the mini-
mum possible deviation between the unknown function f(x)
and its approximation, ¢ f(x)TQ ¢, in the co-norm sense over
the compact set D.

To design the decentralized controller we consider the
tracking error dynamics, Z;; = ¥;; — yc(l] Y, of the i-th
subsystem, which satisfy: '

le(@)lp <.

jij ji(j+1)7 j:1727~-->[)i_1
fz(asz) + gi(xi)ui + Az’(xh To,. .. ,xn) —
The tracking error dynamics can be written in matrix state-
space form as

y,

Lip;

(n)

xTr; = Ajl+B(fz($1)+g1($Z)U1+AZ(Il,JS‘Q, e, X ) yd ),
(2)
where

0 1 0 0 0

0 0 1 0 0

A=11 e B= |

0 0 O 1 0

0 0 O 0 1

In this section, we consider the design and analysis of
a decentralized control scheme which is valid within a
certain compact approximation region Ap C R*. In
other words, it is assumed that the state vector z(t) =
[z1(t), z2(t), ...,z (t)] remains within Ap for all ¢ > 0
(ie., z(t) € Ap). In the next section, we will consider
the design of a control scheme which goes into effect if
z(t) leaves the approximation region Ap. For notational
purposes, we denote by u; the adaptive approximation based
control law valid for z(¢t) € Ap. The control law outside
the approximation region will be referred to as safety control
scheme and will be denoted by us, .

The decentralized approximation based control law can be
broken up as u; = u; + w;,, where the term u; represents
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the nominal control that depends on the local nonlinear
functions, while the term u;, represents an augmented control
component related to the interconnections, A; between the
subsystems. According to (1), the unknown functions f; and
gi can be represented as follows:

¢fi (xi)Tefi + K, (-Tz)
¢gi (xi)—regi + Hg; (xl)a

where 1y, and g, are the MFAEs of the approximations
of fi(xz;) and g;(x;) respectively. Let éf and é be the
estimated weights of the approximators of f; and g; re-
spectively, and define 0, = 0, — 0;,, 0, = 0, — 0, as
the corresponding parameter estimation errors. The feedback
linearizing approximation based control law component u;
of the i-th subsystem is defined as

KT 4y — g ()Tl 3)
’ (bgi (xi)—regi ’
where the vector K; = [ki1, ki, - -+ , kip;,] | € R is chosen

such that A — BK,' is a Hurwitz matrix. Since A — BK,"

is Hurwitz, for any (); > 0 there exists a positive definite

matrix P; satisfying the Lyapunov equation
Py(A=BE]")+ (A= BE;") P = -Qi.

Define the scalar training error e; = BTP,%;. We impose
the following assumption on the interconnection terms A;.

Assumption 1: The interconnections A; are bounded by
<> i)
j=1

: R — RT are unknown analytic functions.

|Ai(z1,xa, ..., Ty,

where ~;;

According to Assumption 1, the magnitude of the inter-
connections is allowed to be significantly large and also
unknown. As we will see later on, a surrogate (denoted
by d;(e;)) of the unknown bounding functions ;; will be
adaptively approximated for use in the feedback control
law. The above assumption is similar to the corresponding
assumption used in [3]. According to (1), d;(e;) can be
represented as

dz(ez)

where (4, is the MFAE of the approximation of d;. The
augmented control law w;, of the i-th subsystem is defined
as:

= (bdi (ei)TQdi + L, (ei)’ “4)

__%a (ei) ", _
qbgi (xi)Tegi

Due to the presence of the MFAE iy, pi4, and g, of the
approximation of the functions f;, g; and d; respectively, we
introduce a dead-zone modification in the adaptation laws of
the parameters of @, ,, and f,4, to enchance the robustness
of the adaptive scheme and to avoid instabilities that may

(&)
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occur due to parameter drift. The parameter estimates are
updated according to the following adaptive laws

Hf'i = Ffiqsfi(xi)qi(eiajﬁiaei) (6)
0y = PA{Ty by (x:)qi(ei, T, €:)ui} @)
0a, = Tabae))aile, 7€), (8)

where I'y,, I'y,, I'q, are positive definite matrices character-
izing the adaptive gain of the parameter estimates and P is
a pI'O]eCtIOIl operator [1] that is used to ensure that the term
by, (2:)T0,, stays away from zero. The dead-zone function
qi(ei, T, €;) is defined as

(es. 1.6 0 & Pi; < \pe?

(e, di6) = i =

@i &s, & e; .’L'ZTPQL’Z‘>)\‘D612
¢ = 2||PBl|do, + pi

where §; = jif, +f1g,u; +[1q, and Jp, is an upper bound on J;
(i.e., |6;] < &0,), i is a positive constant and A\p and ), are
the maximum and minimum eigenvalues of P, respectively.
The overall decentralized control law for the ¢-th subsystem
is given by

K T + ydz — 95, (*TZ)TQJ%

Gg:(2:) 0y,

It is important to note that the feedback control law described
by (9) is decentralized, since each local control law u; does
not use the states x;, j = 1,2,...,n, j # 1, of the other
subsystems.

¢di (ei)Tédi ) (9)

U; =

Theorem 1: Given the tracking error dynamics (2), the
decentralized control law (9) with adaptation laws (6), (7)
and (8) guarantees that the following hold:

1) Z;(t) is small-in-the-mean-square sense, satisfying
t+T Ap
[ 1@l < 2v
t

2

+ /\Pe T;

2) ||#(t)| is uniformly ultlmately bounded by ¢; i.e., the
total time such that %, TPz, > )\pe is finite;

3) In the special case that the approximation errors are
all zero (i.e., py, = pg, = pg, = 0,2 =1,2,...,n)
and the dead-zone size is set to zero (¢; = 0, i =
1,2,...,n), the tracking errors Z;; converge asymp-
totically to zero.

The proof of Theorem 1, which follows along the same

lines as Lemmas 2 and 3 in [10], is omitted due to space
limitations.

III. DECENTRALIZED SAFETY CONTROL SCHEME

In the previous analysis, we assumed that the states of each
subsystem are restricted within a certain compact approxi-
mation region. Within this region, the approximation error
d; can be arbitrarily reduced by increasing the size of the
approximation network. However, outside the approximation
region, the size of ¢; is typically significantly large, such
that the states of the subsystems may become unbounded.
Even in the case that the initial state conditions are inside
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the approximation region, due to large parameter errors, the
states may still leave the approximation region. Therefore, in
order to address this problem, in this section we consider the
design of a decentralized safety control scheme based on the
sliding mode control methodology with adaptive bounding.
The state space x; of each subsystem i is divided into the
following subsets,

Ap, = {i | i = 20,5, <1}
Ag, = il wi = ol <1+ 0}

where U; is a small positive constant representing the width
of the transition region, zo, is a fixed vector in the state
space of subsystem ¢ and |[z||, 5 is the weighted p-norm,

k

el = |3 )

Through the use of the weighted p-norm, for different values
of p and 3, we are able to specify subsets with arbitrary di-
mensions in different dimensions (e.g., ellipse, rectangle) and
not necessarily of equal dimensions in different coordinates
(e.g., circle, square). Fig. 1 illustrates the defined subsets for
a second order system, where the weighted 2-norm is used,
with 31 > (3. Without the use of a transition region, the
switching between the approximation based control law, u;
and the sliding mode control, us,, may lead to a discontinuity
in the control law which in turn may excite unmodelled high-
frequency dynamics. We therefore design a transition region,
in which the two control schemes (adaptive approximation
and sliding mode control) are combined, in a way that we
will see later, such that the overall control law is continuous
at all times. The sliding manifold of the i-th subsystem is
chosen to be the scalar training error e; = BTP,#; =0. Let
Q; D Ap, and Q = Q; x Qe ... Q, D Ap. We impose
the following assumptions on the bounds of the unknown
functions.

lz;l

B;

Assumption 2: In the region ; — Ap,, the following
bounds hold,

il < TMfz( ) a0
W, Mgr, (2:) < lgs(zi)] < wgy, Mg, (z;) (1)
In the region Q — Ap, x Ap, X ... x Ap, = Q— Ap,

A Z o1 /WA Ma,, (75) +was,, (12)
where My, : 29 — 3% My, : R0 — R, My, : R° — R,
Mp,; : ®P7 +— R are known functions, and wy,, wgi,, Wyu,

WA;; WA, are unknown positive parameters.

It is noted that, in general, we do not need to know the
functions My, (x;), My, (x;), Mgy, (x;) and Ma,, () since
theoretically they can be set to one. However, 1t is best to
incorporate as much prior knowledge as possible into the
design to avoid unneccessary large feedback gains. Define
the vector wa, [wa,, wa,, .. wa,,]' and let Wy,,
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B, |
e—— (1+Y)p, ——!

Fig. 1. Illustration of the sets in the state space of a second order system.

Wg1,, Wgu;>» WA,, Wa,, be the estimates of wy,, wgi,, Wgu,,
wa, and wp,, respectively. The corresponing parameter
estimation errors are defined as wy, = Wy, — wy,, Wq;, =
Wy, — Wyl;> Wgu, = Wgu; — Wgu,> WA,
and wa,, = Wa,, — WA,,- The decentralized control law
is defined as

ﬁ)Ai — WA;

a; = (1 — my)u; + mius,,

13)

where m;(t) is a modulation function defined by,

0 T; € Adi
m;(t) = xﬁxo\;ip.wf x; € Ay, — Aq,
1 xT; € A\CIIU
and the sliding mode control component is defined by,
w, = - (14)
Ug;
U, = —K; &+ 9517) + sgn(e;)1I; (15)
Uy, = w;lngli(xi) eitg, <0 (16)
1 nguzMgut (xz) €illg, >0
TL A~
I = —glel - wy, My, (a;) (17)
€; ~ . )
- %ZwAﬁMiji(xi) — WA+ (18)

=1
The parameter estimates Wy, , Wy, , Wyy, and wa,; are up-
dated according to the following adaptive laws,

wg, = F.fiMfi (xl)|el‘m1 (19)
Fgllei“angli(xi) . . <

Tj]gli = wé-/rliﬂfgli(mi) ! eluai - 0 (20)
0 €ilg, >0

. {0 eitg, <0 o

Wgu; = Pgu,;€ita; Mgu; (Ti) ]
oL, Myw (5) m;  €jug, >0

wa, = Ta,ME (x)edm; (22)

’II}Aio = YA eil mg, (23)
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where T'y,, T'g;;, I'gu;, I'a, are positive definite matri-
ces and <ya,, 1S a positive constant corresponding to the
adaptive rates of the parameter estimates and M[Az] =

[Mi“(f{z) ]\{izi (@) - M3 (xl)}T The parameter es-

timates 6y,, 0,4, O, are also processed by the modulation
function m;(t), and are updated according to:

O, = Tpop(wi)gilei, Ti,e)(1 —my) (24)
P{ly, g, (z:i)qi(ei, Tiy €i)ui (1 —mi)} (25)
. = Ta,b4,(ei)qi(ei, Ti, ) (1 —my). (26)

Theorem 2: Given the tracking error dynamics (2), the
decentralized control law defined by equations (13), (9)
and (14) with adaptation laws (19)-(26) ensures that the
trajectories of each subsystem will eventually enter the
approximation region. Moreover if {2 = $7, this holds for
all .i'ij e R

Proof: Let the Lyapunov function of the ¢-th subsystem
be given by V; = V;; + Vi, where V;; = & PZ; and

Vie = (1—=m)0;T; 0p, + (1—mi)0, T, 0,
+ (1= mi)0g, T 0a, + mabf T} g,
+ miw;—lil—‘;l}wgli + miw;—uirg_uli
1 ~2
— WA .. -
VAo Ao

d}gui
~ 1 ~
+ miwLFAlwAi +m;

By substituting the control law (13) in the tracking error
dynamics, (2), we obtain,

T

= (1-mi) Az,
+ B (fiw) + giledun, + A~ o)) |

+ m; [Aiz + B (fz(xz) + gi(xi)usi + A

— oy

—yi

)l

Assume that all m; = 1; i.e., the states x; are in Afpi and
that e;u,, < 0. Under these conditions using (11), (14) and
(16), the time derivative of V;; satisfies
Dg1, Mg, 7 n
_ /Li}gll gl (w ) + A[L _ yé)):|
wglngli(xi) ‘

— & Qi + 2lei| (| filmi)| + 1L + | Al)
ﬁ}glngli(xi)

Wgr, M1, ()

Substituting IT; from (17) and using the bounds of f; and A;
defined in equations (10) and (12) respectively, we obtain

Vii < 2% Pi[Ai; + B (fi(z;) + ua,

<

— 2e4Uq,

. ~ - - n
Vi < *»T;rQimi + 2|e4] {*w}er(sz) - §|€i|

n
+ Z |ej| VWA;; MAU (l‘7) - ’J}Aio

j=1

e

n ~
i R w liM l; xX;
21| S ia, M2, ()| — Qeiuaiw
j=1

Wgl; Mgli (xb) .
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Therefore, using the inequality 2a3 < o + 32 for a, 3 € R,

<

Vi < _‘%:Qljl - 2|6i|ﬁ’}:Mfi(xi)

n n
+ Z e?wAij Miij (x5) — ef Z wAjiMiji (z3)

i=1 i=1
. Wy1, My, (x;)
— 2le; —%cu,, L9 .
el a0~ 2eiti, Wgr, M1, (x:)

After some reordering of terms,
n . n
Vi < > [-E] Qi — 2eslig, My, (x;)
i=1 i=1

n
- 6? Z d}Ajz‘MZ]i (‘rl)

j=1
wglngli (xl)

—2|ei| WA, — 2€iUq; =
el P = 2ex “ gt Mg, ()

The time derivative of the Lyapunov function of the overall
system is given by

Z Vi1 + Vio
i=1

> [—# Qi — 2lei|df, My, (x:) — 2es| @i

v

IN

wglngli(mi)

() — 2€5Uqi—
( ) Wy, Mg, (%)

By grouping terms we obtain

Vv <

|37 Qi + 20 T3 (ihy, — Tpleal My, ()

,_ <wl - )

+ 20k T3 (wA — T, M2 (@)e

By substituting the adaptive laws (19)-(23), the Lyapunov
function derivative satisfies

n

1_‘gh, €ilaq; Mgli (1’7)
'UAngnglz‘ (ml)

)

2

)

1 - *
+ QIVAiOwAm (wAiO — YA

n
i=1

which shows that the state vector x; of each subsystem enter
Ay, in finite time. Within the transition region, Ay, — Ap,,
the modulation function satisfies 0 < m;(t) < 1. Using the
previous results and that of the proof of Theorem 1, the time
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derivative of the Lyapunov function in Ay, — Ap, satisfies

Vo< Z [_ (1 —mi) (@TQifi + 2€i(5¢) - mia?iTQigEi}
=1
< = S [E Qiai+ 201 —mi)eid] .
=1

Thus, using Theorem 1, it is simple to deduce that the state
vector z; of each subsystem enters Ay, in finite time. It is
also straightforward to obtain the same result when e;u,, >
0. |

IV. SIMULATION EXAMPLE

In this section, we use a simple simulation example
to illustrate the previous theoretical results. Consider the
following interconnected uncertain system:

Yp 0 i = 212
Z12 = 0.7cos (%]ﬁ) + Aq(x1,x2)
+ (24 (z11 + 712)* + 27 )y
Yo i To1 = Ta
T99 = 0.5cos (%Rg) + Ag(z1,x2)

+ (2 + (wo1 + .%‘22)2 + 2€_R2) U,

where R1 (.Til,(Eiz) 517121 + CL’IZQ, Al(xl,xg)
(Igl +O.6l‘22)2 and AQ(Il,JEQ) = (zll —|—O.5.§C12)2. The

matrix P satisfying the Lyapunov equation is given by

1.5 05
Pi_{o.5 1}’

where K1 = Ky = [1 I]T. The desired trajectory vector
Ya, = [Ya,Va,]" and the signal iy, are generated using a
third-order filter with a bandwidth of 5 (rad/sec) and unity
gain below this frequency. Therefore, yq4, is close to the input
of the filter, for any input that has bandwidth below 5 rad/sec.
The filter input of the first subsystem is chosen as a square
wave of zero mean, 1.1 amplitude and a frequency of 0.5
Hz, while that of the second subsystem is chosen as a square
wave of zero mean, 1.3 amplitude and frequency 0.4 Hz. The
approximation regions A4, i =1, 2 are chosen as

o { }

Within this region (i.e., (zi1,22) [-2,2] x [-7,7]) a
lattice of equally spaced radial basis functions are designed
for the approximation of the unknown functions f;, g; and
d;. The width of the transition region, Ay, — Ap,, is chosen
as ¥; = 0.05 7 =1, 2, such that the region Ay, is defined

by,

The dead-zone parameters €; are set to e = €2 = 0.4. The
initial conditions are assumed to be: z11(0) = 4.5, z12(0) =
5.5, x21(0) = —4 and x92(0) = —6. We assume that

1=1,2

)

|42]
7

|1

AD;, 2 Y

i=1, 2.

|zi1| |72l

A‘I/ 27

1, 2.

i

} <1.05, i
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Subsystem 1

desired trajectory
without adaptive approximation
with adaptive approximation

20
time(sec)

Fig. 2. Tracking performance with and without adaptive approximation.

outside the approximation region A, , the unknown functions
are bounded by,

\filz)| < wy, [2—cos (i +ai2)] i=1, 2

Bwgr, <lgi(zi)| < wgu, [3 + (@i + 331‘2)2} i=1, 2
|Ar(z1,22)] < way, le2|[w21 + 22| + wa,,
[Ag(@1,m)] < way, ler] [T11 + 212] + was,

In Fig. 2 we plot the tracking performance of each
subsystem with and without adaptive approximation of the
function d;. In the case that no adaptive approximation is
used, the radial basis function neural networks are turned off
even when the trajectory is inside the approximation regions.
As illustrated by the plot, although the use of sliding mode
control guarantees boundedness of all tracking errors, the use
of adaptive approximation results in a significantly better
tracking performance. In fact, in the case of adaptive ap-
proximation, the tracking performance continues to improve
after the time period shown in the plot. However, the rate of
improvement is reduced as the subsystems spend more time
in the dead-zone, until approximately the time ¢ = 60 sec,
when the scalar errors e; stay within the dead-zone thereafter.

Fig. 3 shows the phase plane plot of the states of subsys-
tem 1. The desired trajectory is shown as a thick dotted line
inside the approximation region. The use of decentralized
sliding mode control with adaptive bounds is able to steer the
states of the subsystems back to the approximation region.
Due to large approximation errors at the initial stages of
the simulation, the trajectories of the subsystems leave the
approximation region several times, but the decentralized
safety control scheme succeeds in steering the trajectories
back to the approximation region, in most cases before they
cross the sets Ay, .

V. CONCLUDING REMARKS

In this paper, we have presented a decentralized, adaptive
approximation based controller with a safety control scheme
outside the approximation region. Inside the approximation
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Fig. 3.

Phase plane plot of 11 versus x12.

region, we use a dead-zone modification to the adaptive laws
for enhanced robustness in the presence of approximation
errors. A decentralized sliding mode control scheme is used
outside the approximation region to steer the trajectories back
to the desired region, which increases the region of attraction
for the closed-loop system. In the case that the assumed
bounding inequalities hold for all x € R — Ap, then the
stability results become global.
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