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Abstract— Some results are given for a continuous time
long run growth optimal portfolio that has proportional costs
consisting of the sum of a fixed proportional cost and a cost that
is proportional to the volume of each transaction. An obligatory
portfolio diversification is given that requires at least a small
portion of the wealth be invested in each asset. It is assumed
that the price of each asset is obtained from a Lévy noise
stochastic equation whose coefficients depend on an unknown
parameter from a compact set. It is shown that the optimal
cost is a continuous function of the unknown parameter.

I. INTRODUCTION

To investigate the continuity of the optimal cost, it is first
necessary to formulate the portfolio optimization problem and
to verify some properties of the solution. Assume that on a
given complete probability space (Q2,.7,.%?), there are given
three independent processes: a d-dimensional standard Brow-
nian motion (B(t)), a d-dimensional compensated Poisson
random measure N(dt,du) and a time homogeneous Markov
process (z(z)) with values in a finite space D and transition
matrix P, at time 7. There are also d assets with the ith asset
price S;(¢) at time ¢. It is assumed that the evolution of S;(¢)
is of the form o

§(1) = 8:(0)e* (1) (L)
where X;(0) =0 and x° (t) = (Xi1(z),...,X4(t)) is a solution
to the following Lévy stochastic differential equation:

dx? (1) = a(z(r),8°) dt + o (z(1), 0°) dB(r)
+ /]R Y(z(t), 6°,u) N(dt,du) . (12)

6° is a parameter that belongs to a compact space . We
assume that «, ¢, and Y are continuous bounded functions
of 6, and

Sup/ V2 (2, 0,u) vi(du) < oo
o R

for i,k =1,2,...,d with v; being the Lévy measure corre-
sponding to N(dt,du). While the solution of (I.2) depends
on 0°, sometimes for notational simplicity this dependence
is suppressed.

In what follows, let m;(¢) be the portion of our wealth

process invested in the ith asset. Let eX() = (exl @, e (’)>
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and for 7, € [0,00),

nol=(méi,mb,...,wal4)
and
(& & Ca
8= <zci’>:é;,~""’zc:i> '

If the portfolio strategy is not changed in the time interval
[0,T], the portions of the wealth invested in the assets at time
T are of the form

a(T) =g (n(O)oeXm) .

By the form of (I.2), it is clear that the pair (7(¢),z(¢)) is a
Markov process with transition operator IT;.
It is assumed that
(A1) The solution to (I.2) with the initial condition X (0) = x
has a continuous density for each fixed z(¢) = z with
respect to the Lebesgue measure [ at time £ > 0 — i.e.,
for a Borel set A C R,

Py {X%(1) € A} = /A P(x,x') 14(dx)

where X*(r) is a solution to (I.2) with z(r) =z, and
P*(x,x’) is a continuous function of x and x'.
Sufficient conditions for (A1) can be found in [1], [8], [10],
[13].
Since (z(¢)) is a finite state continuous time, time homo-
geneous Markov process, its evolution can be described in
the following form:

7 =inf{s > 0: z(s) # z(0)}
Tnrl = inf{s >0: Z(S+ Tn) 7é Z(Tn}

(1.3)

(1.4)

for z(0) =z
!
Pt <t} z/ n(z,s)ds
0

PAP 10, <1} —Ez{ / ’n<z<rn>,s>ds}

P{z(n) =2} =P(z,7).
€5
The following continuity property will be crucial in further
investigations:
Proposition 1: Under (Al), the operator IT; is continuous
in variation norm for (7,z) € S5 x D — i.e., for (7,),2) —
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(m,z) € Ss X D, and (7,,y,n > 1) is a sequence in S, it follows
that
A) —II(m,2,A)| — 0

sup  |TL ()2, (L6)

AEB(SxD)
as n — oo, with
S={v=1,...,v4
and
Ss={vesSv;>6,i=12,....d}

for0<d<1/d.
This result is verified in [7].

)vi>0,) vi=1}

Using the same arguments as in the proof of Proposition
1, there is

Corollary 1: If the transition density p?(x,x’,z,7/) for
(X9(1)),(z(¢)) depends in a continuous way on 6, x, and
x/, then for (6, 7)) — (6,7) €O x S5 and z € D,

sup ’1‘[9” ( ) z,A)fH,e(n,z,A))’ 0.
AeB(SxD)
Having shown the properties of the uncontrolled process
7(t), consider the control problem. Assume that proportional
transaction costs are a sum of a fixed proportional managing

1.7)

cost and a cost proportional to the volume of transactions.

Let {7, i=1,2,...,d denote the amount of wealth process
invested in the ith asset. Clearly, W~ =Y¢ | {~ is the wealth
before a possible transaction. To change the portfolio to
(&1,8,...,8,) requires paying immediately transaction costs
of the form

d

W=+ Y (G-E) +e(G-6T)T a8

i=1
with k > 0 corresponding to a fixed managing cost. Short
selling or short borrowing are not allowed and assume that
the portfolio is self-financing. Therefore, the wealth W after
the transaction is equal to

Zc

Let 7,7 = ¢~ /W~ and m; = {;/W be respectively the portion

kW G-, 19)

of wealth invested in the ith asset before and after transaction.

From (1.9), it follows that

+
w _ w
1—k— ZC (71:1_7[ ) +C12<7th_7[l):W

or

with
k+Z c v —|—c v,

In what follows, assume that 0 < ¢}, c? < 1 —k.
It appears that starting from portfolio (7, , 7, ,..., 7, ) the
portfolio (7;, 7, ..., my) is available. Naturally it follows that

(see Lemma 1 of [14], or [15])
Lemma 1: There is a unique continuous function e: § x

ThTA15.2

S — (0,1 —k] such that for 7=, 7w € S,

c(me(n”,m)—m" )+e(n ,m)=1. (L.10)

The function e is bounded away from zero and
e(n,nYe(n',7") < e(m,7"),

which means that it is not profitable to make two instantaneous
portfolio changes. The wealth process W™ after the change
of portfolio from 7~ to 7 is diminished to e(n~, 1)W~ =W.

Denote by W (t), W(z), n~(¢), m(¢), the wealth process
before and after transaction or the portfolio before and after
transaction at time ¢ respectively. The purpose is to maximize
the following long run wealth growth rate:

1
Y (m(1)) = liminf —Ez {InW(7)} . (L1D)
Since k > 0, the strategy is of impulsive form — i.e. it
is a sequence V = (1,,7") consisting of transaction times
(stopping times T, for n =1,2,...) and portfolios " which
are chosen at time 7,. Thus

W) =W (s, il B(E)AOKE (112)
w(t) =g (ﬂ(‘rn) oeX X(W) (L13)

for 7, <t < Ty4+1, and
W(t) =e(n(z, ), 7" )W () . (L14)

Additionally the portfolio 7(¢) is not allowed to be too close
to the boundary of the simplex S. An obligatory diversification
of the portfolio is introduced. Let 0 < § < 8’ < 1/d, and

SS={veS:vi>8fori=1,2,....d}.

As soon as the portfolio (7(t)) enters the set S\ SY, it is
changed by choosing a new portfolio from the set Sg/. Both
parameters 6 and 8’ are assumed to be fixed in the paper.
The following remark justifies the use of obligatory portfolio
diversification:

Remark 1: Assume that there is a unique invariant measure
ueo for Markov process (z(f)). Under the assumptions, the
law of large numbers for the martingale

it ' B
/ o(2(s), 0)dB(s) + / / Y(z(s), 0, 1) N (ds, du)
Jo 0 JR4
is applicable and therefore
.1 . Lot 0
thm ;Xi(t) = thm A a;(z(s),0%)ds
= Z o;(7 Go)ueo(z/) = rl-eo P ae.
ZeD
Consequently, X;(¢) is of order trl-eo. If rl-90 > reo, for j #1i,
then provided that 7;(0) > 0 and the portfolio is not changed,
(0)eXi(1)
m(t) = _m(0)er —1 Pae.
¥, m;i(0)eM")

as t — oo, while 7j(r) — 0 for j#iast— o P ae.
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. 0
In other words, assuming that the rl-6 are not the same for
i=1,2,...,d, the process m(¢) in the limit converges to the
boundary of S, provided that (0) > 0. As a consequence,

liminfiE [nW(f)] = max rl_e" .

T—o T i=12,..,d
This is the value of the wealth process that can be guaranteed
over the long run. It may happen however that it is more
profitable to change the portfolio regularly than just wait for
the guaranteed value.

The portfolios from the boundary of § are unacceptable
from a risk sensitivity point of view. To eliminate risk, a
portfolio is diversified. Therefore, in the paper an obligatory
diversification is considered.

A model with fixed proportional transaction costs (k >
0,c = 0) was studied by Morton and Pliska in [12]. A
simple one asset Black Scholes model with fixed proportional
plus proportional transaction costs was considered in [9],
and the control was restricted to a diversification boundary
and the choice of a new portfolio when this boundary was
reached. In the paper [14], general discrete and continuous
time models with an obligatory diversification were studied.
For a continuous time model, a certain transaction delay was
introduced, which played an important role in the proofs.
This paper generalizes [14] in various directions. A more
specific asset growth model based on Lévy noise is considered.
As in [14], the vanishing discount approach is used. To
obtain continuity results time discretization is used. The
main result, existence of the smooth solutions to the ergodic
Bellman equation is obtained by the continuity properties of
the transaction operator and finiteness of the space D. This
result is complemented by continuity properties of the optimal
value, which allows to use adaptive control algorithms.

II. DISCOUNTED GROWTH OPTIMAL PORTFOLIO

The transition operator II, of the Markov process
(m(t),z(¢)) has a nice continuity property (see Proposition
1). To use this property for a continuous time model, time
discretization is considered. Let

o =inf{s > 0: n(s) € S\ 5%}
and
o, =inf{27"s,5s =0,1,2,...,m(27"s) € S\ Y},

i.e. 0 and o, are first exit times of Sg for a continuous time
or discrete time 27"s Markov processes (7(t)),(m(27"s))
respectively. Clearly, o, > o. Assume furthermore that

(A2) sup,cp SUP e Ep{c} <eo
(A3) sup,cpsup, . Er,{0,—0} — 0 as n— oo,
(A4) there is T >0 and A < 1 such that
sup sup |Pr(z,A) —Pr(Z,A)|=A<1.
72,7/ €DACD
Remark 2: Itis clear in view of Remark 1 that if rl-60 are not

the same for all 7, then o < o IP a.e. The fact that Er, {0} < oo
follows mainly from non-degeneracy of the diffusion term

ThTA15.2

in the equation for (7(¢)). The assumption (A3) is typical in
diffusion approximations (see the assumption A22 in [11]) and
as was justified in [11] it holds for uniformly elliptic diffusion
terms. Applying Ito’s formula to the function fi(xy,...,x;) =
(meXi) /(L mje*i), a stochastic differential equation for m;(z)
is obtained. The Brownian motion coefficient (row) is in the

form
ri(t) = (ri(t) — (m(1))*) 0i(2(1), 6°)
d

_ . ; . 0
jZ#ﬂz(t)ﬂJ(t)GJ(Z(t), 6°) (LD

}(1)0;(2(1), °)

ISR

Zﬂi(t)

j=1

with /(1) = 1 — m(r) and #(t) = —m;(r) for i # j. The
matrix 7(¢)r’ (r) is not uniformly elliptic. It is, however,
uniformly elliptic on the subspace orthogonal to the vector
1=(1,1,...,1).

Consider now the so-called discounted cost functional

.]7[3260 (V) = Eﬂz {i e*ﬁfi {11’1 (”(Tifl )eX<Ti>*X(Ti—1))
i=1

+Ine(n™ (), 7(%))]} . (AL2)

Let

WP (11,2) = supsB8 (v) . (IL.3)
1%

Theorem 1: Under (A1)-(A3), wh®” is a bounded function
continuous on Sg and S \S% and is the unique solution to the
following Bellman equation:

wﬁeo(ﬂ:,z) =supEy; {e‘ﬁmc {ln(nex(m"))
T

+ Mwﬁeo(ﬂ?(f/\O'),z(T/\O'))}} , (IL4)
with
Mw(r,z)= sup [lne(m,z')+w(x'.2)] .

7['655/
This result is verified in [7].

(IL5)

We now rewrite the Bellman equation (I1.4) igl terms of a
bounded (by Proposition 3 of [7]) function hP9 . Thus

hﬁQO(ﬂ7Z) =supEy, {e*ﬁf/\G |:lr1 (neX(r/\G))
T
+Mhﬁ90(n(r/\ o),z(TA G))}

— inf w2, 2)(1 —eﬁ“")} . (IL6)
n'es7eD

An important property for the growth optimal portfolio is the

following result whose proof is given in [7].

Theorem 2: Under (A1)—(A4) thereoexist a constant /'Leo
and a continuous bounded function w? such that

w(7,2) = sup Ex, {ln (neXW\G)) — ),90(1/\ o)
T

MW (T(TAG),Z(T A c))} )
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Moreover,

A% = sups® (V) (IL.8)
\%4

i.e., 2% is the optimal value of the cost functional (I.11) and
the strategy V = (%,,#") such that

t= inf{s > 0: wh((s),2(s)) = Mw® (m(s),2(s)) } .
(IL9)
(I1.10)

QP

T =
%nJr] =1, +1%o e‘rn

and
A =a(n (%,,2(%))

where #: S x D — Sg is a Borel function such that
Mw (1,2) = Ine(m, #(7,2)) + w(#(x,2),2)

is optimal.
Proof: Note that
. 0
inf  pwP (n' )
K'esZ'eD

. . 0
is bounded so that there is a constant 1% and a sequence
B 1 0 such that

inf ﬁnwﬁeo(n/,z’) 29

n'eseD

as n — oo. Furthermore, by (A2),

Eqx, {[;n (1 - e‘ﬁ"”\"> } — Eg {tAO}

as n — oo, and the limit is uniform in 7, 7, and z. By
Proposition 3 of [7], the functions 1B are bounded. There-
fore, MhP®° (1,z) is uniformly continuous in 7 € D (use the
continuity of e). One can therefore choose a subsequence of
By, for simplicity again denoted by f3,, such that

MEP® (z,2) — 1’ (m,2) (IL11)
uniformly, where heo(ﬂ,z) is a continuous function of 7.

Therefore, by (I1.6), there is a continuous function we0 such

that . .
supsup |hP® (m,2) —w®
neS zeD

(m,2)| —0

as n — oo, From (II.11), it follows that
MiP® (z,2) — Mw® (r,2)

uniformly in 7 € S, z € D.
Finally, w is a solution to (IL.7). Equality (II.8) and the
form of optimal strategy V follows from standard arguments.
|

III. CONTINUITY OF THE OPTIMAL COST

In this section the dependence of optimal values of the
cost functional (I.11) on the parameter 6 € © is studied. The
solution to the equation (I.2) with the parameter 6 will be
now denoted by X®. By continuity of the parameters with
respect to 6 and Doob’s inequality (see 1.42 of [16]), it

ThTA15.2

follows that for each T > 0, whenever 6, — 0,

E {sup

s<T

as n — oo, Denote by 7%(t) the process 7(t) corresponding
to the growth rate (X9(¢)). Let

(IIL1)

Xe”(s)—Xe(s)‘}HO

o0 = inf{s >0: 7%(s) € S\Sg} .
Assume that

(A5) 0% — o P ae. whenever 6, — 0.

In view of Remark 2 and Lemma 3 of [7] the above
convergence is natural for the uniformly elliptic diffusion
term in (I.2). By Corollary 1, there is the convergence (in
variation norm) of the transition operators IT% to IT? for
6, — 0. Therefore, repeating the arguments of section 2, it
follows that the value function wP® corresponding to the
discounted cost functional (II.2) is a continuous function of
0. Define the function

WP (m,z) =wP(m,2)— inf wh(n' 7).

n'es?eD
As was already pointed out in Proposition 3 of [7], hB¢
is a function uniformly bounded in B and 6. There is the
following continuity result:

Theorem 3: Given (A1)—(AS5), the optimal values A9 of the
cost functional J® are continuous functions of the parameter
6, namely A% — A® whenever 6, — 6.

Proof: For each 8, by Theorem 2, there is a constant
A9 (optimal value of J9) and a continuous function w® such
that

w(m,2) = sup Ex, {ln (ﬂex9<TA69)) —2%(tnc?)
T

+Mw (m(tA6%),2(t A 6%), 2(TA o"))} . (IL2)

Since hP? was bounded, the function w? is also bounded
in 6 € ©. By the assumption, ¢ is also bounded. Let
6, — 6. Choosing a suitable subsequence /y, A% — 2 and
Mw (m,z) — h®(m,z) uniformly. Therefore, using (IIL.1),
(AS), and (A2), it follows that

W (7,2) = w® (x,2) = sup Ex, { In (X" ("))
T
_)*(T/\Ge)+h9(7t(r/\c79),z(17/\09))} _
Therefore, also Mw?%u (m,2) — Mwe(ﬂ,z), and
We(n,z) = SupEﬂ:z {ln (nexf’(r/\o-e))
T
7)1’(7/\69)JFMWG(?T(T/\GB)’Z(f/\GG))} . IL3)

By the uniqueness of A, since from (II1.3) it is clear that A =
A9, from any sequence A% there is a subsequence converging
to A9. This means that A% — A9 which is the claim of
Theorem 3. u

Remark 3: The continuity property shown in Theorem 3
is fundamental to use an adaptive control approach to the
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model — i.e., consider that 6° is unknown and using either a
Bayesian (see [5] or [4]) or parametric approach (see [6] or

(2],

[3]). In both approaches, either a finite class of nearly

optimal controls (see [6] and [S]) or occupation measures
techniques were used.
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