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A Characterization of the Critical Value for Kalman Filtering with Intermittent Observations

Yilin Mo and Bruno Sinopoli

Abstract—1In [1], Sinopoli et al. analyzed the problem of
optimal estimation for linear Gaussian systems where packets
containing observations are dropped according to an i.i.d.
Bernoulli process, modeling a memoryless erasure channel. In
this case the authors showed that the Kalman Filter is still the
optimal estimator, although boundedness of the error depends
directly upon the channel arrival probability, p. In particular
they also proved the existence of a critical value, p., for such
probability, below which the Kalman filter will diverge. The
authors were not able to compute the actual value of this critical
probability for general linear systems, but provided upper and
lower bounds. They were able to show that for special cases, i.e.
C invertible, such critical value coincides with the lower bound.
This paper computes the value of the critical arrival probability,
under minimally restrictive conditions on the matrices A and
C. This paper also gives an example to illustrate that the lower
bound is not always tight.

I. INTRODUCTION

A large wealth of applications demand wireless communi-
cation among small embedded devices. Wireless Sensor Net-
work (WSN) technology provides the architectural paradigm
to implement systems with a high degree of temporal and
spatial granularity. Applications of sensor networks are be-
coming ubiquitous, ranging from environmental monitoring
and control to building automation, surveillance and many
others. Given their low power nature and the requirement
of long lasting deployment, communication between devices
is power constrained and therefore limited in range and
reliability. Changes in the environment, such as the simple
relocation of a large metal object in a room or the presence
of people, will inevitably affect the propagation properties
of the wireless medium. Channels will be time-varying
and unreliable. Spurred by this consideration, our effort
concentrates on the design and analysis of estimation and
control algorithms over unreliable networks. A substantial
body of literature has been devoted to such issues in the
past few years. In this paper we want to revisit the paper of
Sinopoli et al. [1]. In that paper, the authors analyzed the
problem of optimal state estimation for discrete-time linear
Gaussian systems, under the assumption that observations
are sent to the estimator via a memoryless erasure channel.
This implies the existence of a non-unitary arrival probability
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associated with each packet. Consequently some observations
will inevitably be lost. In this case although the Kalman
Filter is still the optimal estimator, the boundedness of its
error depends on the arrival probabilities of the observation
packets. In particular the authors proved the existence of a
critical arrival value p., below which the Kalman filter will
diverge. The authors were not able to compute the actual
value of this critical probability for general linear systems,
but provided upper and lower bounds. They were able to
show that for special cases such critical value coincides with
the lower bound.

A fair amount of research effort has been made toward
finding the critical value. In [1], the author proved that the
critical value coincides with the lower bound in a special
case when the system observation matrix C'is invertible. The
condition was further weakened by Plarre and Bullo [2] to
C only invertible on the observable subspace. Other schemes
were also considered. In [3], the authors introduced smart
sensors, which send the local Kalman estimation instead of
raw observation. In [4], a similar scenario was discussed
where the sensor sends a linear combination of the current
and previous measurement. A Markovian packet dropping
model was introduced in [5] and a stability criterion was
given.

However, in all the above work, the critical value was
derived under the condition that C' is either invertible or
invertible on the observable subspace and the critical value
always coincides with the lower bound. In this paper, we
characterize the critical value under more general conditions
showing that it meets the lower bound in most cases. We
also provide an example where the lower bound is not tight.

The paper is organized in the following manner. Section II
states the problem; Section III derives the critical value under
restrictive assumptions on the system structure; Section IV
relaxes these assumptions to take into account a larger class
of systems. Section V gives an example to show that in
general the critical value is not the lower bound. Finally
Section VI concludes the paper.

II. PROBLEM FORMULATION

Consider the following linear system

Tpy1 = Arg + wy, n

yr = Cap + vy,
where x; € R™ is the state vector, y, € R™ is the output
vector, wi € R™ and v € R™ are Gaussian random vectors
with zero mean and covariance matrices () > 0 and R >
0, respectively. Assume that the initial state, xg is also a
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Gaussian vector of mean Fxq and covariance matrix g > 0.
Let w;, v;, o be mutually independent. Note that we assume
the covariance matrices of w;,v;, o to be strictly positive
definite. Define [A;| > |A2| > -+ > |A,| as the eigenvalues
of A.

Consider the case where observations are sent to the esti-
mator via a memoryless erasure channel, i.e. where the arrival
of the observations is modeled by a Bernoulli independent
process ;. According to this model, the measurement y
sent at time k reaches its destination if v, = 1; it is
lost otherwise. Let ~;, be independent of wy, vk, g, i.e. the
communication channel is independent of both process and
measurement noises and let P(y, = 1) = p.

The Kalman Filter equations for this system were derived
in [1] and take the following form:

Tk = Thip—1 + B (yp — Cogp—1),
Prjk = Prjp—1 — " KxC Pyjg—1,
where
Tk = Ay, Popae = AP AT + Q,
K, = Py 1CT (CPyjo1CT + R) ™,
Zoj—1 = Exo, Pyj—1 = o-

In the hope to improve the legibility of the paper we will
slightly abuse the notation, by substituting Pjr—; with
Py. The equation for the error covariance of the one-step
predictor is the following:

Py = AP AT +Q - APCT(CP.CT + R)“'CP AT,
2
If yxs are i.i.d. Bernoulli random variables, the following
theorem holds [1]:
Theorem 1: If (A,Q2) is controllable, (A,C) is de-
tectable, and A is unstable, then there exists a p. € [0,1)
such that ! 2

tlim EP. =40 for0<p<p.and dPy,>0 ((3)
EP, <Mp, Vt forp.<p<1and VF >0, 4

where Mp, > 0 depends on the initial condition Py > 0.

For simplicity, we will say that EPj is unbounded if
limy_,oo P, = 400 or EP; is bounded if there exists a
uniform bound independent of k.

It is also quite simple to prove the following theorem.

Theorem 2: If R, Yy, Q > 0, then the critical value of a
system is a function of just A, C, which is independent of
R, Q,>.

Proof: Since R, ¥, > 0, we can find uniform upper

and lower bounds «, 3 > 0, such that al,, < R < (I,
aIn < EO < ﬂIn and aIn < Q < 6-[77. Let Pk;Bka?kv-P]:
be the error covariance matrices of systems (4, C, R, ¥, Q),

'We use the notation lim¢—,oc Ay = +0o when the sequence Ay > 0
is not bounded; i.e., there is no matrix M > 0 such that A, < M, Vt.

2Note that all the comparisons between matrices in this paper are in the
sense of positive definite if without further notice
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(A,C, aImvaInvaIn)v (A7Ca /BImaﬁInaﬁIn) and
(A,C, I, I,,I,) at time Kk respectively’. Since
Py = AP AT + Q- ’YkAPkCT(CPkCT + R)_ICPkAT
is monotonically increasing with respect to R,Q, Py, we
know that

P, < Py, <Py, 5

Since the initial condition satisfies P, = al,, = aFy, and if
P, = aP}, then
AP AT + oI, — 1, AP, CT(CP,CT + oI,,)~'CP, AT
=a[AP;AT + 1, — wAPLCT(CP:CT + I,)tOP; AT
= Bk+1 = O‘PI:-&-l'
Ihus, by induction we can conclude that P, = «P; and
Py, = 8P}, Vk. By inequality (5), aP; < P, < 8P, which
shows that /P, is bounded if and only if FFP; is bounded.
Thus, we have proved that the critical value is independent
of R,Q,Y if they are all positive definite. |
Since we have already assumed that R, @, X are strictly
positive definite, by Theorem 2, we can let R = [,,,,Q =
I,y = I, for convenience.

III. CRITICAL VALUE UNDER RESTRICTIVE CONDITIONS

In this section we will show that

1
TR
if the system of equations (1) satisfies the following condi-
tions:

1) (C,A) is detectable,

2) |)\1| > ‘)\gl > > ‘)‘nl > 1.

In Section IV we will be able to relax these conditions to
include a wider class of systems. Since all the eigenvalues
of A are different, without loss of generality, we will restrict
our analysis to systems with diagonal A. Also by Theorem 2,
we will assume that R = [,,,,Q = X = I,,.

De = (6)

A. Equivalent Conditions for Boundedness

This subsection is devoted to the derivation of equivalent
conditions for boundedness of the Kalman Estimation. We
will use the fact that the Kalman filter is the optimal unbiased
filter for (1).

First consider the case where no packets are lost. We can
write the estimation problem in the following form:

Yk CA~! Vi

2 N T D

Y1 CA~F o vy
Fxg AF-1 FEzxo — xo

1 )

CA e 0 0 W

| can cAl 0 w;

A~k A2 At wWo

3Pk,ﬁk,£k,Pg are random matrices which depend on the random
variables o, ..., Vk—1
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Let us define the following quantities:

A1 . 0 0
. L : : :
A~k AL 0 €))
Afkfl A72 Afl

c Rn(k+1) xn(k+1)

Gy 2 diag(C,C,...,C,I) € RImtmh)xnlk+l) = (q)
N——’

k
W Vk
et —GuFy | |+ e R (10)
w1 U1
Wo Exy—x9
CA™!
CA~F
A—Fk-1
Yk
o2 | o | errtmk (12)
n
EJ?O

Equation (7) can be written in a more compact form as
Yi = Tiwpi1 + e (13)

When the observation packets travel through a lossy net-
work, equation (7) will be modified in the following way:

Ve Yk 1 CA™ VRV
: = : Tyl +
Y1Y1 nCA=*F U1
FExg A~k FEzxg— xg (14)
vCA™L ... 0 0 Wy
’YlOAik ’YlCAil 0 w1
Ak A2 A1 W

The rows where ;s are zero can be deleted, since they do
not contribute any information to improve the estimate of
Th41-

Define I';, as the matrix of all non iero rows of
diag(Yelm, .., V1lm, In). Thus T'y is (m>_,_; vi +n) by
(n + mk) matrix. Also define

Vi £ T1.Ye, G 2 TGy, Ti 2 GFy, € 2 Thep.

Yk, Tk, €x are now stochastic matrices as they are functions

of Vs Vie—15-++571-
We can rewrite (13) as

Vi = Tips1 + S (15)
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We are now ready to prove the following theorem to bound
the error covariance of the Kalman filter.

Theorem 3: The error covariance matrix of the Kalman
Filter is bounded by

a(T{Ti) ™" < Por <a(T{Tx) ™, (16)

where o, @ € R are constant and independent of both ~; and
k.

Before we can prove this theorem, we need the following
lemmas.

Lemma 1: If A is invertible, then the Kalman filter satis-
fies the following equation:

Piy1 = (T Cov(&|Tx) ' Th) . 17)
Due to space constraints, we refer the interested readers
to [6].
Lemma 2: If A = diag(A1, A2, -+, \n), wWhere |A;| >
[A2| > -+ > |A\u| > 1, then FyFL is bounded by

1 . 1
an(kﬂ) < FF, < mln(kJrl)v

where F}, is defined in (8).
Proof: Notice that

(18)

A
i | T
=
A
-1 A
Therefore,
AAT + T —-A
AT
(BFH =] 4
AAT 4+ T —A
—AT AAT

By Gershgorin’s Circle Theorem [7], we know that all the
eigenvalues of (FjF{')~! are located inside one of the
following circles:[¢ — | N2 — 1] = |\, [¢ — |Ni]? = 1] =
2|\i],|¢ = |Nil?] = |A\i], where (s are the eigenvalues of
(FpF0) 1
Since |A1] > [Ao| > -+ > |\, > 1, we know that for

each eigenvalue of (F,Fil')~! the following holds:

C Z min{|/\i\2+1—|/\i|, |)\i|2+1_2|/\i|7 |)\i|2_|/\i‘}7 (19)
and

¢ < maz{IN2H 14+, NP 14H200 ] N2+ ]} 20)

Thus, (|A,| —1)2 < ¢ < (JA1] + 1)2, which in turn gives

1 T 1
Ty e = B = g e

We are now ready to prove Theorem 3.
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Proof: Since w;, v, xo are mutually independent,
Cov(er) =
Cov(GyFy[wy, . .., wo]") + Cov([vg, . .., v1,z0]")
= G Frdiag(Q,Q,...,Q)FLGT + diag(R,R, . ..,
Since we assume that Q = I,,, R = [,,,X¢ = I, it is
easy to show that:
GLFFEGT + I yur < Covl(ey)
= G Fidiag(Q,Q,...,Q)FF G + diag(R, R, .
< GyFyFIGT + In+mk.

Ra EO)

Using Lemma 2,
1

GuFiFy Gi + Ingmi =1

IA

Gng + Inerk:a

and

1
GvEnFIGT + Ly > ——s
VIR S Bk = T 12
Since G1,G¥ = diag(CCT,...,CCT 1I,), we define n, =
min(Apin (CCT), 1) and ng 4 max( maz(CCT),1). We
know that ng Ly 4mi < GkGE < ngly+mk, which gives

al' IT < Cov(€|Tk) = TxCov(ex)TE <@l TE,

V

GrGFE + Ly

where o = m + 1«
['.I'T = I. Therefore,

al < Cov(eg|Ty) <al.

= Micil)z + 1. Notice that

The above bound is independent of k£ and ~;, which proves
(T Ti) ™ < Pia = (T Cov(@[T) 1) !
<a(TiT)™"

B. Derivation of the Critical Value

In this subsection we will derive the actual critical value
for systems satisfying the assumptions mentioned before
on A,C. We will first find a uniform upper bound for
E(TET,)™ !

Theorem 4: If E(Y oo, i, A= TCTC A=) =1 exists, then
the following inequality holds:

E(T{T) ™ < BEQ) A~ TCTCA™) ™,

i=1

3y

where p;s are i.i.d. Bernoulli random variables with the same
distribution as ;s, and ﬁ~is a constant.
Proof: Rewrite T T}, as
k
s
T, Ty = Z’Yk-i—l—i

i=1

A—iTc«TCA—i +A_(k+1)TA_(k+1).

We know that TTT;C will have the same distribution
as Y8 ATITCTCA 4+ A-(R+DT g=(k+1) | pecause
W1, - - ., g have the same distribution as v, ..., 7.

R, %0).
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Since all the eigenvalues of A are unstable,
S g ATTCTCA™ < al , where @ > 0 is a constant.
Thus
A~ (k1T g—(k+1)

1y ATTCeTcA

—i —i) A (k+1)
i=0

=a ! i ATTCTCA™ > ot i Wi A~

i=k+1 i=k+1

> A—(k+1)T (a
iTCTCA_i.
Also,

k
ZMA_
i=1

k 0
2 ZMiA—iTcTCA—i 4 Oé_l Z MiA—iTcTCA—i
=1 i=k+1

ichTCA—i +A—(k+1)TA—(k:+1)

> min(l,a”

Z/‘LA zTCTCA z
=1

and

E(T{Ty)™" < maz(1,0)E ZM —ToToA=H 1
for all k, which proves the inequality (21). |

The upper bound for E(TT))~' we derived is an ex-
pectation of an infinite sum. In the following part we will
use only n terms of the infinite summ. We will show that
by careful choice of these n terms, we can derive an upper
bound of EP; whose critical arrival possibility meets the
lower bound in [1].

Lemma 3: Define Aiy = 41 and Ai; = ij — i;_1,j =
2,3,...,n. If ‘)\1| > |/\2| > e > |)\n‘ and li,i =1,1 =

1,...,n, then the determinant
AT higAy™ AL
pa lag g™ oA ™ lon Ay "™
ln,l /\;il ln,Q/\;i2 ln,n/\;in
is asymptotic to [[_, A\, *, i.e.
. D
lim — =1 (22)
Aiq,Adg,..., A, —00 )\_““

Proof: The determinant is tﬁe summatlon of n! terms.
It is easy to compute the limit for each term and find that
(22) holds. For a more rigorous proof please refer to [6]. B
We are now ready to establish the main result.
Theorem 5: The critical value of the arrival probability for
system (1) is
1
pe=1- s,
| A1[?
if the system satisfies the following properties:
1) (C,A) is detectable.
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2) Al > A > > A > 1.
If the arrival probability p > p,, then for all initial conditions,
FE P, will be bounded for all k. Else if p < p.., for some initial
conditions, F P, is unbounded.

Proof: Since A is a diagonal matrix with all unstable
eigenvalues and (C, A) is detectable, we know that for each
column of C, there exists at least one element which is not
zero. Thus, there exist row vectors L1, Lo, - - - , Ly, such that

L;C = [li1,...,l;n] is a row vector with I;; = 1. For
example, if
2 0 1
¢= [ 111 }

we could then choose L; = [0.5,0], Ly = [0, 1], Ls = [1,0].
Also define matrix

AT liaAg™ I Ay

LA Iy lan %2

val| T ’ . (23)
ln,l)\;in ln,2A;in lﬂ,’ﬂ/\'r_Lin

By Lemma 3, we know that
det(U)
im — =
Aiq,Adg,...,Aip—00 HZ:1 ,\;lk
Thus, there exists & > 0, such that if Ai; > &;,7 =
1,2,...,n, then |det(U)| > 0.5]T]p_, \;**| > 0. Define
the stopping time 4; = inf{i > &;|p; = 1} and i; = inf{i >
& +ij-|ps =1}, =2,3,...,n. Basically i, is the index
of the first occurrence of y; = 1 after i, + &;.
From the definition of i;, it is easy to show that:

i wATTCTCAT > i ATuToToA™.

24
i=1 j=1
Define 7; 2 max(Mmae(LTL1), ..., Anae(LTLy)).
Thus, LTLi <ml,,, and
> ATETCTCAT >Z SATTCTLTL,CAT
j=1 Jj= 1
1 Lchiil
== [ AWTCTLT A=TCTLT ] :
n . .
: L,C A~
1
=—Utu.
n

Define O £ U~. We know that

(i w AT TcTCcA-

i=1

-1
) <007, (25)

which implies that if E(OOT) is bounded, then EP; is
bounded. We also know that
=20

trace(O0OT) = ZO” o7,
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Since the boundedness of a positive semidefinite matrix is
equivalent to the boundedness of the trace, we only need to
check whether E(3-, ; O7 ;) is bounded.

Now by using Lemma 3, we can compute the cofactor
matrix of U and hence O = U™, Define the minor M, ; of
U as the (n — 1) x (n — 1) matrix that results from deleting
row ¢ and column j. Thus

(—1)i+j det(Mj’i)
det(U)

From the definition of the random variable ¢;, we know that
Ai; > &, which shows that |det(U)| > 0.5 ,_; [A; "]
And since M; ; has the same structure as U, it is easy to
show that [M; ;| is always bounded by |p; ;| [Tr—s [Nz * "I
where p; ; is a constant.

Thus,

0i,; =

_Zk 1
0i51° < 120 ‘M|

5]
Hk:l k=1

Therefore, E[Y", ; O2,] is bounded if ET[,_, [A;2"] is
bounded. From the definition of random variable 7;, we know
that Ai;s are independent of each other. Also

4p? || H AR (26)

=0, i, y+e+k = 1)
k>¢&.

P(/’[/ij—1+§j =0,... y iy _1+&+k—1
— P(Ai; = k) = (1-p)*5p,

Now we can compute the expectation

n

EH \/\QA’J\ = HE|/\ P2 =] i NP P(Ai; = k)

= J=1 j=1k=¢;
n oo
=TT 5 Wi
which is bounded if and only if
NP1 -p) <1, j=12...,n

Since the boundedness of E [];_, |)\im" | implies the bound-
edness of E(T, ' Ti) ™!, we immediately know that the upper
bound for the critical value is 1 — |\;|~2. Combining such
bound with the lower bound given in [1], we complete the
proof. |

IV. BOUNDEDNESS UNDER WEAKER CONDITIONS

In this section we give a theorem to show that the result
in Section IV holds even if A has stable eigenvalues. Due to
space constrains, we have to omit the proof. Please refer to
[6] for the proof.

Theorem 6: For systems satisfying:

1) (C,A) detectable,

2) |)\1| > ‘)\2| > > ‘)\z| >1> |)\i+1| >

3) A can be diagonalized,

> [Anl

the critical value of the system is 1 — |A\;| 2.
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V. EXAMPLE
In this section we want to give an example to show that,
if some unstable eigenvalues of A have the same absolute
value, then in general the critical value is not 1 — [\;]| 2.
Consider the following system:

$k+1{2 0 ]$k+wk

0 -2 27
yk:[l 1]33k+71k-

By Theorem 3, we know that the Kalman Estimation Error

will be bounded if and only if E(T;/T})"" is bounded. We

can rewrite T,? T} as

k .
T . 1 —1)¢ B
Tng = g fyk+17i4 7 |: (71)1 ( 1 ) :| + 4 (k+1)12

i=1

| a+B8+6 00—«
| B-a a+B+6 |
where & = 4+ o 42][];/12W ’Yk+272j167j75 =

Z]L]i/fj YVet1-2;1677, with [z] = inf{z € Z|z > z} and
|z] =sup{z € Z|z < z}.
It is easy to see that
tr(TETy) = 2(o + B+ 6)
det(TETy) = 4af + 2(a + )3 + 62,
Since the boundedness of a positive definite matrix is

equivalent to the boundedness of its trace, we can just study
the trace.

~m~ _ _ o1+ o tr(TT T,
(I Te) =0 oyt = == = (ETJE)
102 det(T} Ty,)
B 20+ B+9) _ 1 1
4afB+2(a+B)5+62  2a+6  2B+0]

where 01,09 are eigenvalues of TkT Tk.

Since «, 3 have the same structure, we just need to study
the expectation of the first term. Define o* £ 43" 11,1677,
where p; are i.i.d. Bernoulli random variables with the same
distribution as ;. Thus *

[k/2]
sup E(2a+6) ! = sup E(2 Z pil6™ 4 8)7
k k i=1

> sup B(2a* +6)"t = lim E(2a* +6)7*
k k—oo
= E(klim (2a* +6)71) = E(2a*) L.
The above inequality indicates that F(2a*)~! is a lower

bound for E(2a + §)~L. Define stopping time ¢, = inf{i >
0lp; = 1}. We know that

- 1 - 16
—ts . -t _ % - _ — —ts
16 gzulw =0 ngG = ;167"
=0 i=ts
4By Monotone Convergence Theorem, we can exchange the limit and

expectation since (2a* + &)~ ! is monotonically increasing with respect to
k.
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Thus, E(2a*)~! will be bounded if and only if
E(167%)~1 = E(16%) is bounded. From the definition of
ts, it is easy to show that the arrival probability p needs to
be greater than 15/16 in order to make E(16%) bounded.
Thus, 15/16 will be a lower bound for critical value because
E(2a*)7! is a lower bound for E(2a + §)~!. Since we
already know from [1] that 1 — |2 x (—2)|72 = 15/16 is
an upper bound, we can conclude that 15/16 is the critical
value, which is different from the lower bound 1—272 = 3 /4
given in [1].

VI. CONCLUSIONS AND FUTURE WORK

In this paper we address the problem of state estimation
for a discrete-time linear Gaussian system where observations
are sent to the estimator via a memoryless erasure channel.
Following the work of Sinopoli et al. [1], we were able to
compute the critical arrival value for a very general class
of linear systems. The boundedness analysis in this paper
can be easily generalized to general Markovian packet loss
models and to the boundedness of higher moments of the
error covariance. Future work will attempt at determining
the complete statistics of the error covariance matrix of the
Kalman Filter under Bernoulli losses.
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