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Introduction 

 
 The manufacturing of single wall carbon nanotubes (SWNTs) results in mixtures that are 
polydisperse with respect to both size and chiralityb, the latter of which strongly affects the tube 
electronic propertiesc. For nanotubes to achieve their full potential in applications, it is desirable to be 
able to separate them according to both of these physical characteristics. Field-flow fractionation (FFF) 
(1-3) is an liquid based technique used to separate various macromolecular, colloidal, and particulate 
materials ranging from 10-3 to 102 μm in size and has recently been applied in a number of studies (4-
9) to the separation of nanotubes. In FFF, a mixture to be separated is driven through a channel (the 
“flow”, in FFF) while a field is applied in a direction perpendicular to the streamwise direction. The 
perpendicular field may be either another flow field, an electric field, or a temperature gradient, 
amongst a number of possibilities. The perpendicular field is chosen so that the interaction between the 
field and the streamwise parabolic profile, promotes a separation of components based on their 
mobility in the field. 

In this work, we develop a Brownian dynamics simulation of prolate ellipsoidal particles to 
investigate the separation of rodlike particles in FFF. The particle motions are governed by stochastic 
forms of a linear momentum balance with orientation dependent drag and diffusion coefficients, and 
the Jeffery equation with rotational diffusion (10; 11). The simulation shows that nanotube scale 
particles would be expected to elute by a normal mode mechanism, based on a particle diameter of 1 
nm. Elution profiles and average velocity through the device as a function of particle size, and 
throughput and cross flow flowrates are examined.  
 

FFF Theory and Practice 
 
Normal Mode Separations in flow-FFF 
 
 Classical flow-FFF, shown in Figure 1, is a separation technique in which a perpendicular cross 
flow is imposed upon a parabolic channel flow of a dilute solution of macromolecular, colloidal or 
particulate material. The cross flow exits through a porous accumulation wall which is impermeable to 
the particulates. Separation is achieved due to the different residence times of the particles based upon 
their position in the parabolic velocity profile in the throughput direction. In practice, the length, L , of 

                                                 
a Official contribution of the National Institute of Standards and Technology; not subject to copyright in the United States. 
b A carbon nanotube is like a cylinder rolled up from a single sheet of graphite, whose atoms are arranged in hexagons. 
Rolling the lattice at different angles creates a visible twist or spiral in the nanotube's molecular structure. This twist is 
called chirality. 
 
c e.g., http://www.ncnr.nist.gov/staff/taner/nanotube/types.html. For a given (n,m) nanotube, if  2 3n m q+ =  (where q  is 
an integer), then the nanotube is metallic, otherwise the nanotube is a semiconductor.  
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the flow channel is much greater than the gap width, H . Gap widths on the order of 10  to 100 μm are 
typically used (1). 
 

 
Figure 1 – Classical field-flow fractionation. The velocity profile in the throughput direction is 
parabolic, and the cross flow velocity is uniform.  
 
 A number of different mechanisms can be exploited to achieve separation in FFF (1-3). What is 
termed normal mode separation applies to particles which are small enough to undergo significant 
Brownian motion. Because the solutions are dilute, the main forces acting on the particles are the drag 
force and the Brownian force, as shown in Figure 2.  
 

 
 

Figure 2 – Forces acting on particles in dilute solutions in FFF. 
 
Under these conditions, smaller particles which are more diffusive and experience less drag, travel 
with an average position closer to the centerline as pictured in Figure 3. 
 

Drag 
Force 

Brownian  
Force 

Throughput 
Flow 

Cross Flow (or Field) Accumulation wall 
(Porous) 

Particles 

L >> H 

H

L



 3

 
 
Figure 3 – In normal mode FFF, smaller particles which are more diffusive and experience less drag, 
have an average position closer to the centerline. 
 
 For an ensemble of particles, this competition between advection and diffusion in the cross 
flow direction drives particles of different sizes to discrete equilibrium layers. Smaller particles have 
average positions closer to the centerline, and thus elute faster than larger particles, as pictured in 
Figure 4. 
 

 
 
Figure 4 – Equilibrium bands for normal mode separation in FFF. Bands with an average position 
closer to the center elute more quickly. 
 
Normal Mode Retention 
 
 The competition between advection and diffusion in the cross flow direction leads particles to 
an equilibrium concentration profile in the gap direction given by (1-3) 

 
0

expc y
c

⎛ ⎞= −⎜ ⎟
⎝ ⎠l

 (1.1) 

where 0c  is the concentration of the particles at the accumulation wall, l  is a characteristic length 
given by 

 cv
D

=l  (1.2) 

cv  is the average cross flow velocity, and D  is the diffusion coefficient of the particle in the cross 
flow direction.  
 The total retention time, rt , of the particles can be computed by integrating the concentration 
profile over the length of the channel. Assuming a parabolic velocity profile, ( )u y , for flow in the 
throughput direction, the retention time is given by 

 
0

1rt
t R

=  (1.3) 

where 0t  is the average residence time of non-retained tracers  

Δy1 Δy2 
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 0
Lt
u

=  (1.4) 

R  is the called the Retention and is given by 

 16 coth 2
2

R λ λ
λ

⎡ ⎤⎛ ⎞= −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (1.5) 

where λ  is an inverse Peclet Number ( Pe ) given by 

 1

c

D
v H Pe

λ = =  (1.6) 

 The Retention is a dimensionless variable whose value is bounded in the range 0 1R< < . In the 
limit, 0R =  particles are trapped on the accumulation wall, and thus, this corresponds to the case of 
zero elution. As R  increases, the average speed at which particles elute also increases approaching the 
minimum 0t  at 1R = . Thus, the ability to separate particles depends on the relative Retention values of 
the different particles dispersed in the solution.  

For spherical particles, the Einstein diffusion coefficient is given by kTD
ζ

=  where 6 rζ π η=  

is the Stokes’ law drag coefficient, r  is the radius of the particle, η  is the viscosity of the fluid, k  is 
Boltzmann’s constant, and T  is the absolute Temperature. A plot of the Retention for spheres of 
various sizes is shown in Figure 5 using some typical operating conditions for FFF given in Table 1.  
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Figure 5 – A plot of the Retention variable for spherical particles under typical conditions in FFF. 
 
 

L (m) W (m) H (mm) Cross Flow 
Rate (m3/s) 

Viscosity 
(Pa-s) 

Temperature 
(K) 

0.2 0.1 1 1 x 10-9  0.001 293 
 

Table 1 – Typical operating conditions for separations in FFF. 
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Brownian Dynamics Simulation 

 
General Theory 
 

The motion of a particle immersed in a flowing liquid is governed by two equations, 
conservation of linear momentum (Newton’s second law) and conservation of angular momentum. In 
the context of the present work, the two most basic forces that act on the particle are drag forces which 
arise due to the action of the stress in the fluid on the particle, and the random Brownian force, which 
arises due to the molecular motion of the fluid on the particle. In terms of these forces, the respective 
conservation equations may be written without loss of generality as 

 { }( ) ( )D B j
j

dUm F t F t F
dt

= − + +∑  (2.1) 

 { }( ) ( )D B j
j

dM t t
dt
Ω⋅ = −Τ + Τ + Τ∑  (2.2) 

where m  is the mass of the particle, M  is the moment of inertia tensor, U  is the velocity of the 
particle, Ω  is the angular momentum of the particle, ( )DF t  is the fluid-particle drag force, ( )BF t  is a 
random force due to Brownian motion, ( )D tΤ is a drag induced torque, ( )B tΤ is a random torque due to 

Brownian motion, and { }j
j

F∑  and { }j
j

Τ∑  represent other forces and torques acting on the particle. 

The drag force and torque exerted by the particle on the ambient fluid may be evaluated in 
terms of the fluid stress, and are given by 
 ( )ˆ

p

D
S

F n dSτ= − ⋅∫  (2.3) 

 ( ) ( )ˆ
p

D c
S

r r n dSτΤ = − − × ⋅∫  (2.4) 

where τ  is the stress tensor of the fluid, n̂  is the unit normal vector directed outwardly from the 
surface, pS  denotes the surface of the particle, and cr  is the position vector of the particle at its center 
of mass. 

When the concentration of particles in a fluid is dilute, the forces and torques given by Eqs. 
(2.3)-(2.4) do not significantly alter the flow field, and the motion of the particles governed by Eqs. 
(2.1)-(2.2) may be calculated independently of the Navier-Stokes equations which govern the motion 
of the fluid. However, when the particles are of sufficient concentration, the forces and torques 
generated by the particle alter the flow field. This couples Eqs. (2.1)-(2.2) with the solution for the 
motion of the fluid. In this case, the stresses generated in the fluid must be incorporated into the 
momentum balance for the fluid in order to obtain a solution to the problem. This is done by 
calculating the stresslet, which is the stress generated by the particles in the fluid. The stresslet is given 
by the equation 

 ( )( ) ( )( ) ( ) ( )1 2ˆ ˆ ˆ
2 3

p

c c c
S

S r r n n r r n r r I dSτ τ τ⎧ ⎫= − − ⋅ + ⋅ − − ⋅ ⋅ −⎨ ⎬
⎩ ⎭∫  (2.5) 

Analytical relationships for drag force, torque and the stresslet for a number of particle types are given 
in a number of references (10; 11). 
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Modeling of Rodlike Particles 
 
 Separations in flow-FFF are usually conducted with very dilute, aqueous solutions. Thus, in 
developing a process model we make the assumptions of Newtonian solvent rheology and negligible 
excluded volume effects (12; 13). In addition, because the aspect ratio of the particles is large, 
hydrodynamic interactions may be neglected as well (14). To model the drag force generated by the 
particles in the flow, the nanotubes are modeled as prolate ellipsoids (10; 11), shown in Figure 6. A 
prolate ellipsoid  is formed by the rotation of an ellipse about its major axis. The object has a major 
axis of length, 2a , a minor axis of length, 2b , and is symmetric to the minor axis in the third 
direction. The orientation vector p  describes the direction of the major axis in 3-D space.  
 

 
 

Figure 6 – Model parameters and orientation vector for the prolate ellipsoid. 
 

Because the particles rotate in the flow, and the drag force is orientation dependant and 
described by the relation (10; 11) 
 ( )( ) ( )( ) ( )ii i

DF t U vζ= ⋅ −  (2.6) 

where for prolate ellipsoids the resistance matrix ( )iζ  is described in terms of the orientation vector by 

the relations 
 ( ){ }( ) ( ) ( ) ( ) ( ) ( )i i i i i i

A A AX Y p p Y Iζ η= − +  (2.7) 

 
3

2

8
6 3 2 (1 )

AX s
a s s Lπ

= ⋅
− + +

 (2.8) 

 
3

2

16
6 3 2 (3 1)

AY s
a s s Lπ

= ⋅
+ −

 (2.9) 

 ( )
( )
1

ln
1

s
L

s
+

=
−

 (2.10) 

In a similar manner, the drag-torque in the angular momentum balance is given by 
 ( ) ( )( ) ( )( ) ( ) :i ii i

D t Dξ ω χΤ = ⋅ Ω − +  (2.11) 

in which D  and ω  are the fluid stretching tensor and angular velocity vector (i.e., one half the 
vorticity), respectively, given by 

 ( )1
2

TD v v= ∇ + ∇  (2.12) 

a
b

p
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 1
2

vω = ∇×  (2.13) 

and the resistance matrices ( )iξ  and ( )iχ  are defined by the relations 

 ( ){ }( ) ( ) ( ) ( ) ( ) ( )i i i i i i
C C CX Y p p Y Iξ η= − +  (2.14) 

 ( )( ) ( ) ( ) ( )i i i i
HY p pχ η ε= ⋅  (2.15) 

 
( )3 2

3 2

14
6 3 2 (1 )

C
s sX

a s s Lπ
−

= ⋅
− −

 (2.16) 

 
( )3 2

3 2

24
6 3 2 (1 )

C
s sY

a s s Lπ
−

= ⋅
− + +

 (2.17) 

 
5

3 2

4
6 3 2 (1 )

HY s
a s s Lπ

= ⋅
− + +

 (2.18) 

whereε  is third-order Levi-Civita tensor. 

Under the assumptions of negligible translational and rotational inertia, i.e., 0dUm
dt

≈  and 

0dM
dt
Ω ≈ , the governing equations for an ensemble of prolate ellipsoids, individually denoted by the 

superscript ( )i , can be written as  

 
( ) 1

( )( ) ( ) ( )( ) ( )
i

ii i i
B j

j

dR v R F t F
dt

ζ
− ⎛ ⎞⎡ ⎤= + ⋅ +⎜ ⎟⎣ ⎦ ⎝ ⎠

∑  (2.19) 

 ( ) ( )
1

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ): ( )ii i i i i i i i i
p B j

j

d p W p D p D p p p p t
dt

λ ξ
− ⎛ ⎞⎡ ⎤= − ⋅ + ⋅ − + × ⋅ Τ + Τ⎜ ⎟⎣ ⎦ ⎝ ⎠

∑  (2.20) 

where W  is the vorticity tensor given by 

 ( )1
2

TW v v= ∇ − ∇  (2.21) 

and the quantity pλ  is a function of the particle aspect ratio, a
b

ℜ = , according to 

 
2

2

1
1pλ ℜ −=

ℜ −
 (2.22) 

The resistance matrices have the analytical inverses 

 
1

( ) ( ) ( )
( ) ( ) ( )

1 1 1 1i i i
i i i

A A A

p p I
X Y Y

ζ
η

− ⎧ ⎫⎛ ⎞⎪ ⎪⎡ ⎤ = − +⎨ ⎬⎜ ⎟⎣ ⎦ ⎪ ⎪⎝ ⎠⎩ ⎭
 (2.23) 

 
1

( ) ( ) ( )
( ) ( ) ( )

1 1 1 1i i i
i i i

C C C

p p I
X Y Y

ξ
η

− ⎧ ⎫⎛ ⎞⎪ ⎪⎡ ⎤ = − +⎨ ⎬⎜ ⎟⎣ ⎦ ⎪ ⎪⎝ ⎠⎩ ⎭
 (2.24) 

 These equations for the particle motions can be described as a stochastic form of the linear 
momentum balance with orientation dependent drag and diffusion coefficients, and a stochastic form 
of the Jeffery equation with rotational diffusion (10; 11). In order for the dynamics to satisfy the 
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fluctuation-dissipation theorem, the values for the Brownian forces and torques must satisfy the 
relationships 
 ( ) ( ) 0i

BF t =  (2.25) 

 ( ) ( ) 0i
B tΤ =  (2.26) 

 ( )( )( ) ( )( ) ( ) 2 ii i
B BF t F t kT t tζ δ′ ′= −  (2.27) 

 ( )( )( ) ( )( ) ( ) 2 ii i
B Bt t kT t tξ δ′ ′Τ Τ = −  (2.28) 

The Brownian force term can be decomposed as (10) 

 
( ) ( ) ( )1

( ) , , 1 , 2( ) ( ) ( ) ( )
1 2( ) ( ) ( )

1 2

i i i
i B B Bi i i i

B i i i

F F F
F p p pζ

ζ ζ ζ
−

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎡ ⎤ ⋅ = + +⎣ ⎦




 (2.29) 

where the forces ( )
,
i

BF  , ( )
, 1
i

BF ⊥  and ( )
, 2
i

BF ⊥  are the Brownian forces and drag coefficients parallel and 
perpendicular to the orientation of the ellipsoids with magnitude 

 
( )

,( ) ( )
,

2 i
Ti i

B

d D
F

t
ζ

⋅ ⋅
=

Δ


   (2.30) 

 
( )

, 1( ) ( )
, 1 1

2 i
Ti i

B

d D
F

t
ζ ⊥

⊥ ⊥

⋅ ⋅
=

Δ
 (2.31) 

 
( )

, 2( ) ( )
, 2 2

2 i
Ti i

B

d D
F

t
ζ ⊥

⊥ ⊥

⋅ ⋅
=

Δ
 (2.32) 

and the translational drag and diffusion coefficients are given by 
 ( ) ( )i i

AXζ η=  (2.33) 

 ( ) ( ) ( ) ( )
1 2
i i i i

AYζ ζ ζ η⊥ ⊥ ⊥= = =  (2.34) 

 ( )
, ( )

i
T i

kTD
ζ

=



 (2.35) 

 ( ) ( )
, 1 , 2 ( )

i i
T T i

kTD D
ζ⊥ ⊥

⊥

= =  (2.36) 

The orientation vectors ( )
1

ip⊥  and ( )
2

ip⊥  are given in Appendix A. 
In a similar manner, the Brownian term for the torque can be decomposed as 

 
( ) ( ) ( )1

( ) , , 1 , 2( ) ( ) ( ) ( )
1 2( ) ( ) ( )

1 2

( )
i i i

i B B Bi i i i
B i i it p p pξ

ξ ξ ξ
−

⊥ ⊥
⊥ ⊥

⊥ ⊥

Τ Τ Τ⎡ ⎤ ⋅Τ = + +⎣ ⎦




 (2.37) 

where the torques ( )
,

i
BΤ  , ( )

, 1
i
B ⊥Τ  and ( )

, 2
i

B ⊥Τ  are the Brownian torques parallel and perpendicular to the 
orientation of the ellipsoids with magnitude 

 
( )

,( ) ( )
,

2 i
Ri i

B

d D
t

ξ
⋅ ⋅

Τ =
Δ


   (2.38) 

 
( )

, 1( ) ( )
, 1 1

2 i
Ri i

B

d D
t

ξ ⊥
⊥ ⊥

⋅ ⋅
Τ =

Δ
 (2.39) 
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( )

, 2( ) ( )
, 2 2

2 i
Ri i

B

d D
t

ξ ⊥
⊥ ⊥

⋅ ⋅
Τ =

Δ
 (2.40) 

and the rotational drag and diffusion coefficients are given by 
 ( ) ( )i i

CXξ η=  (2.41) 

 ( ) ( ) ( ) ( )
1 2
i i i i

CYξ ξ ξ η⊥ ⊥ ⊥= = =  (2.42) 

 ( )
, ( )
i

R i

kTD
ξ

=



 (2.43) 

 ( ) ( )
, 1 , 2 ( )

i i
R R i

kTD D
ξ⊥ ⊥

⊥

= =  (2.44) 

Model for flow-FFF 
 

In flow-FFF, the fluid velocity vector has two non-zero components, , ,0x yv v v⎡ ⎤= ⎣ ⎦ . The x-
velocity is given by 

 
2 2

21
2x
h P yv

x hη
⎡ ⎤∂⎛ ⎞= − −⎜ ⎟ ⎢ ⎥∂⎝ ⎠ ⎣ ⎦

 (2.45) 

where h  is the half gap width, and ( )yv f t= , where ( )f t  is a function that is uniform in the spatial 
dimensions, but which can be a function of time. Under these conditions, and after some simplifying 
assumptions, the governing equations for the fiber motion are given by  

 
( ) ( ) ( )( )

, , 1 , 2( ) ( ) ( )
1, 2,( ) ( ) ( )

1 2

i i ii
B B Bi i ix

x x x xi i i

F F FdR v p p p
dt ζ ζ ζ

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎛ ⎞
= + + +⎜ ⎟⎜ ⎟

⎝ ⎠





 (2.46) 

 
( ) ( ) ( )( )

, , 1 , 2( ) ( ) ( )
1, 2,( ) ( ) ( )

1 2

i i ii
B B By i i i

y y y yi i i

F F FdR
v p p p

dt ζ ζ ζ
⊥ ⊥

⊥ ⊥
⊥ ⊥

⎛ ⎞
= + + +⎜ ⎟⎜ ⎟

⎝ ⎠





 (2.47) 

 
( ) ( ) ( )( )

, , 1 , 2( ) ( ) ( )
1, 2,( ) ( ) ( )

1 2

i i ii
B B Bi i iz

z z z zi i i

F F FdR v p p p
dt ζ ζ ζ

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎛ ⎞
= + + +⎜ ⎟⎜ ⎟

⎝ ⎠





 (2.48) 

 ( ) ( )
( ) ( )

, 2 , 1( ) ( ) ( ) ( ) ( ) ( )
1, 2,( ) ( )

2 1

1 1 1 2
2

i i
B Bi i i i i ix

x y x x x xi i

vd p p p p p p
dt y

λ
ξ ξ

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎛ ⎞Τ Τ∂ ⎡ ⎤= + − + −⎜ ⎟⎣ ⎦ ⎜ ⎟∂ ⎝ ⎠
 (2.49) 

 ( ) ( )
( ) ( )

, 2 , 1( ) ( ) ( ) ( ) ( ) ( )
1, 2,( ) ( )

2 1

1 1 1 2
2

i i
B Bi i i i i ix

y x y y y yi i

vd p p p p p p
dt y

λ
ξ ξ

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎛ ⎞Τ Τ∂ ⎡ ⎤= − + − + −⎜ ⎟⎣ ⎦ ⎜ ⎟∂ ⎝ ⎠
 (2.50) 

 ( )
( ) ( )

, 2 , 1( ) ( ) ( ) ( ) ( ) ( )
1, 2,( ) ( )

2 1

i i
B Bi i i i i ix

z x y z z zi i

vd p p p p p p
dt y

λ
ξ ξ

⊥ ⊥
⊥ ⊥

⊥ ⊥

⎛ ⎞Τ Τ∂= − + −⎜ ⎟⎜ ⎟∂ ⎝ ⎠
 (2.51) 

where the velocity gradient is given by 

 xv y P
y xη

∂ ∂⎛ ⎞= − −⎜ ⎟∂ ∂⎝ ⎠
 (2.52) 

Equations (2.46)-(2.51) constitute the model equations used to solve for the particle dynamics 
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in flow-FFF. These are integrated forward in time for each particle in the ensemble based on initial 
conditions for particle position and orientation.  
 

Results 
 
Diffusion Calculations 
 
 In order to test the algorithm, Brownian Dynamics simulations were carried out for ellipsoidal 
particles in the absence of flow for two cases. In the first case, the particles were allowed to freely 
translate and rotate. Although the particles are anisotropic, in the absence of flow they experience all 
orientations equally, and thus, the effective diffusion coefficient is isotropic. An approximate 
analytical solution for the effective diffusion coefficient in this case has been derived by Perrin (15), 
and is given by 

 

2

2

1 1
6 ln

1

kT b
a aD

bb
aa

πη

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥+ − ⎜ ⎟⎜ ⎟ ⎝ ⎠⎢ ⎥⎝ ⎠= ⎢ ⎥⎛ ⎞⎛ ⎞ ⎢ ⎥⎜ ⎟− ⎜ ⎟ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎣ ⎦

 (3.1) 

 
Comparison of simulation values with the approximate analytical solution (15) for the effective 
diffusion coefficient are shown in Table 2, and the values for the two cases fall within 3-10% of each 
other. 
 

a (m) b(m) ℜ  Deff (m2/s), 
Perrin 

Deff (m2/s), 
Simulation % Difference 

2 x 10-7 1 x 10-7 2 1.63 x 10-12 1.69 x 10-12 3.77 
2 x 10-6 1 x 10-7 20 3.96 x 10-13 4.28 x 10-13 7.95 
2 x 10-5 1 x 10-7 200 6.43 x 10-14 7.06 x 10-14 9.85 

 
Table 2 – Comparison of effective diffusion coefficients computed by the simulation with the 
approximate analytical solution of Perrin (15) for an ensemble of 1000N =  particles. 
 
 Diffusion at fixed particle orientations was also examined, and it was determined that the 
particles diffuse in the correct anisotropic manner with the correct magnitude along the coordinate 
axes. Simulation results for particles diffusing at a fixed angle of 45º with the model values are 
compared in Table 3. 
 

a (m) b(m) Dxx (m2/s), 
Model 

Dyy (m2/s), 
Model 

Dxx (m2/s), 
Simulation 

Dyy (m2/s), 
Simulation 

Max 
Difference 

2 x 10-5 1 x 10-7 7.03 x 10-14 7.03 x 10-14 7.02 x 10-14 6.99 x 10-14 5% 
 
Table 3 – Comparison between the model and simulation values for the diffusion coefficients along the 
coordinate axes for the diffusion of prolate ellipsoids at a fixed orientation of 45º for an ensemble of 

1000N =  particles. 
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 Together, the two diffusion cases examined show that the Brownian motion of the particles is 
being computed in the correct manner. 
 
Solution of Jeffery’s Equation  
 
 The solution algorithm for Jeffery’s equation was also tested. For a particle in 2-D, steady 
shear flow in the absence of Brownian motion, there is an analytical solution describing for the 
orientation and period for the in-plane rotation of the particles (16). The solution for the period is given 
as  

 2 1T π
γ
⎛ ⎞= ℜ +⎜ ⎟ℜ⎝ ⎠&

 (3.2) 

Simulation results were compared with the analytical solution for a variety of parameter conditions and 
the results were found to be virtually indistinguishable at all particle aspect ratios above 10. Results for 
the orientation with 20ℜ =  and 110 sγ −=& , and no rotational diffusion are shown in Figure 7. The 
value of the period calculated from the simulation of 12.6T s=  compares very well with the analytical 
value of 4.01 12.598T s sπ= = .  
 

 
 

Figure 7 – Simulation of Jeffery’s equation for the orientation at 20ℜ =  and 110 sγ −=& . 
 
 The results for the solution of Jeffery’s equation in non-Brownian systems shows that at high 
aspect ratios the particles are mostly aligned in the flow direction and quickly flip every half period. A 
solution to Jeffery’s equation for stochastic systems is shown in Figure 8. The average period and in-
plane orientation is similar to that for non-Brownian systems, with the main difference being that 
particles tend to “kayak” out of plane when the they flip. In terms of application to FFF, this shows 
that the diffusion which governs the particle retention should be described in terms of the transverse 
diffusion coefficient of the model, as the particles spend the majority of the time oriented in the flow 
direction. 
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Figure 8 – Simulation of Jeffery’s equation with Brownian motion for the orientation at 20ℜ =  and 

110 sγ −=& . 
 
Modeling of Flow-FFF 
 

An example a simulation of ellipsoids in flow-FFF is shown in Figure 9, for the parameters 
shown in Table 4. The solution is assumed to be aqueous at 293 K. The particles are all started from 
the same initial point at the channel entrance just above the lower wall to mimic the experimental 
practice of focusingd. The dispersion of the particles due to the random Brownian motion is evident. 
 

 
 
Figure 9 – Startup flow showing dispersion (spreading) of ellipsoids in flow-FFF for a uniform mixture 
with 100ℜ =  and 1000N =  particles. All particles start from identical initial positions. Dispersion 
occurs due to the interplay between the transverse diffusion and the parabolic velocity field. 
 

a (m) b (m) L (m) W (m) H (m) Qx (m3/s) Qy (m3/s) 
1 x 10-7 1 x 10-9 0.2 0.1 0.001 2 x 10-9 2 x 10-9 

 
Table 4 – Parameters used for simulation in Figures 9-10. 

 
 The elution profile for the simulation is shown in Figure 10. The distribution has a slight 
negative skewness about the mean. The statistics of the distribution are shown in Table 5 and 
compared with the values for the theoretical minimum residence and retention times. The transverse 
diffusion coefficient of the ellipsoids was used to calculate the Retention. The minimum simulated 
transit time is quite close to the theoretical minimum, but the maximum is much larger than the 

                                                 
d In practice, the sample to be separated in FFF is injected into the channel and the flow is initially run in reverse so that 
the initially circular injection spot is compressed into a band at the entrance gate. Focusing narrows the elution peaks.  
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theoretical retention time. Thus, the simulated distribution is quite a bit broader than that based on 
theory. 
 

 
 
Figure 10 – Elution histogram for the flow-FFF simulation of a uniform mixture of ellipsoids with 

100ℜ =  and 1000N =  particles. 
 

Theory Simulation 
Retentio

n mint  (s) 0t  (s) rt  (s) Mean (s) Standard 
Deviation (s) Min (s) Max (s) 

0.527 6667 13333 25285 21163 5638 6870 36302 
 
Table 5 – Comparison of theoretical and simulated residence times for the simulation in Figures 9-10. 
 

Summary and Conclusion 
 
 A Brownian dynamics simulation for the flow of dilute ellipsoids has been developed to model 
the separation of nanotubes in flow-FFF. The particle motions are governed by stochastic forms of a 
linear momentum balance with orientation dependent drag and diffusion coefficients, and the Jeffery 
equation with rotational diffusion. The simulation was tested by comparing results for Brownian 
diffusion of prolate ellipsoids with theoretical results, and with analytical results for Jeffery’s equation 
in shear flow. The simulation of Jeffery’s equation showed that high aspect ratio particles stay oriented 
in shear for long periods of time even with Brownian diffusion, and thus, the Retention for spheres 
should be described in terms of the transverse diffusion coefficient of the particle. The simulation of 
flow-FFF for nanotube scale particles shows that they elute by a normal mode mechanism, based on a 
particle diameter of 1 nm. Further exploration of the parameter space (ongoing) is needed in order to 
draw broader conclusions. 
 
 The results shown here do allow one to draw the conclusion that conventional flow-FFF can be 
expected to drive length based separation of nanotubes. However, it is also desirable to separate them 
according to their electronic properties or chirality. In normal mode operation, the ability to separate 
particles depends on the relative Retention values of the different particles. In future work, we will use 
the simulation to investigate whether a modification of conventional flow-FFF with either electric or 
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magnetic fields can be used as a basis for separating tubes according to their electronic properties. For 
example, selective orientation of metallic tubes, or differences in electrophoretic mobility between 
metallic and semi-conducting tubes could be a basis for creating retention differences between these 
different species, and thus promoting separation. 
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Appendix A – Orientation Vectors 
 
If the orientation vector , ,x y zp p p p⎡ ⎤= ⎣ ⎦  is renormalized such that 

 1 , ,x y zp p p p
α
⎡ ⎤= ⎣ ⎦  (4.1) 

where 2 2 2
x y zp p pα = + + , then the components of the orientation vectors 1p⊥  and 2p⊥  are given by 

 1 2 2 2 2
, ,0y x

x y x y

p pp
p p p p

⊥

⎡ ⎤−
⎢ ⎥=
⎢ ⎥+ +⎣ ⎦

 (4.2) 
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