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Introduction 
Transport phenomena at the boundary between a porous medium and a fluid layer 

are the subject of intense research activity since they are involved in many industrial 
applications (catalytic reactors, dendritic solidifaction, drying processes, thermal insulation, 
etc.) or environmental situations (ground water pollution, benthic boundary layers, etc.). To 
study this kind of problems, two modeling approaches can be identified. In one hand, the 
one-domain approach considers the whole domain as a continuum where the transition 
between both fluid and porous regions is obtained through continuous spatial variations of 
properties1,2,3,…. On the other hand, in the two-domain approach the problem lies on coupling 
the conservation equations in both regions through the use of appropriate jump-boundary 
conditions at the fluid-porous inter-region4,5,6,7,8,9. However, these jump conditions often 
contain coefficients whose dependence on the local geometry of the interfacial region is 
missing. To include these effects, it is required to derive and solve the associated closure 
problems10,11.  

The problem of momentum transport (see Figure 1) was first studied by Beavers 
and Joseph4, who proposed a semi-empirical slip boundary condition in order to couple the 
Stokes and Darcy equations. Later, using the method of volume averaging Ochoa-Tapia 
and Whitaker7 (OT-W from here on) derived a jump boundary condition  
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to couple the Darcy-Brinkman and Stokes equations obtaining good agreement with the 
experimental results of Beavers and Joseph12. This condition was expressed in terms of an 
adjustable jump coefficient (β) which was determined to be of the order of the unity. Many 
attempts have been made to estimate the jump coefficient13,14,15,16, however few of them have 
studied the physical meaning of this coefficient, furthermore an expression for β depending 
on the microstructure of the inter-region has yet to be obtained. 

The objective of this work is to derive a stress jump boundary condition at the inter-
region which does not involve adjustable coefficients. To this end, we closely follow the 
methodology described elsewhere (see ref. 11). Associated local closure problems, 
including the microstructure of the inter-region, are posed for the determination of a mixed 
stress tensor which is found to be the responsible of the jump. Since many of the steps 
involved in the derivation of the jump conditions are reported in Ochoa-Tapia and Whitaker7, 
in the next section we will only show some of the main steps towards the derivation of the 
closed jump condition. 
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Methodology 
The physical configuration considered here is the parallel fluid flow (η-region) over 

a homogeneous porous layer (ω-region) saturated by the same fluid1 (see Figure 1). The 
flow is assumed to be stationary, incompressible and inertial effects in both regions are 
neglected. In Figure 1, the β-phase refers to the fluid phase while the solid phase refers to 
as the σ-phase. The local continuity and momentum conservation equations for the β-phase 
are the following 
  0, in the phaseβ β= −vi∇  (2) 

  20 , in the phasepβ β β βρ μ β= − + + ∇ −g v∇  (3) 

with a no-slip boundary condition at the fluid-solid interface 
  0, at the interfaceβ β σ= −v  (4)  

Averaging the above equations over a volume V   yields after some manipulations 
(see Section 2 in ref. [7]) 
  0β =vi∇  (5) 
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where ( )βε x  is the fluid volume fraction (porosity) which depends on the location x  of the 

centroid of the averaging volume. Since ( ) ( ) /Vβ βε =x x V , the volume fraction in both 

homogeneous regions reduces to 
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 Figure 1: Averaging volume in both homogeneous regions and at the inter-region 
 

 In addition, in Eq. (6) we have introduced a position-dependent stress tensor,
 ( )1

β
− xK , defined by 
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and, in the homogeneous regions, it becomes 
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In Eq. (8) pβ  and βv  are the pressure and velocity spatial deviations respectively, resulting 

from the spatial decompositions 
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Since the derivation of Eqs. (5) and (6) does not involve the use of length-scale constraints, 
they are thus valid everywhere in the system7.  

In addition, when appropriate length scale constraints are satisfied ( 0l r Lβ ), 

Eqs. (5) and (6) reduce to the following 

 0, in the regionβ η
η= −vi∇  (12) 

 20 , in the regionp
β

β β β βη η
ρ μ η= − + + ∇ −g v∇  (13) 

 0, in the regionβ ω
ω= −vi∇  (14) 

 1 2 10 , in the  regionp
β

β β βω β β β βω βω ω ω
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In order to complete the statement of the problem to determine the velocity profile, 
coupling boundary conditions at the inter-region are required. However, due to spatial 
variations of the micro-structure, the effective medium equations for the homogeneous 
regions are not valid at the inter-region. This difficulty can be overcome by the introduction 
of jump boundary conditions.  

Following the work of OT-W leads to the condition of continuity of the normal 
component of the velocity  

  ( ) 0 at the inter-region ωη β βω η
ω η− = −n v vi  (16) 

while for the stress, the following jump boundary condition is obtained, following the 
recently reported methodology of Valdés-Parada et al. 11 

( ) ( )1 1 ,at the inter-region
vs

p p
a

β β β
ωη β β β ωη βω β β βω η ω η ω

μ
μ ε ω η− −− − + − = −n n v v vi iK∇ ∇  (17) 

In Eq. (17) we have introduced a mixed stress tensor  

  ( )1 1 3

global stress Brinkman stress

β β β βηω ηω
ε ε ε− − −= + i∇ ∇K K I  (18) 

which is actually a combination of the global and Brinkman stresses. Such combination was 
previously used by OT-W to define a drag vector d, whose tangent component is the 
adjustable parameter β.  Let us note that both terms in K-1 are non-local quantities involving 
spatial variations of macroscopic properties. Comparing the tangential component of Eq. 
(17)  
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with the jump condition of OT-W (see Eq. (1)) gives 
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which indicates that the jump coefficient can be predicted by the determination of the 
tangential component (K-1) of K-1  
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On the other hand, the Brinkman contribution can be evaluated by computing the spatial 
variations of the porosity. We found that such changes can be well approximated using the 
following polynomial 
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so that the Brinkman stress is given by 
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In addition, if the following length-scale constraints are met in the inter-region 
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then, the global stress tensor (given in Eq. (8)) at the inter-region can be expressed in 
terms of  the spatial deviations of pressure and velocity as 
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In this context, the dividing surface is located at the place where ( )1 1
2β βωε ε= + and is, from 

here on, designated as the position where the centroid is located at 0x .  
From Eq. (25), we have that, the determination of the permeability tensor at the 

inter-region can be achieved by solving the associated boundary value problems for the 
spatial deviations of pressure and velocity in a representative portion of the inter-region 
(see Figure 2). These problems are the result of subtracting Eqs. (5) and (6) to the local 
conservation equations (2) and (3) 
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Similarly, the boundary condition at the fluid-solid interface is obtained by introducing Eq. 
(11) in Eq. (4) 
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source

, at the  interface
β

β β β σ= − −v v  (28) 

In order to complete the definition of the boundary-value problem for the spatial deviations, 
boundary conditions at the top and bottom of the unit cell shown in Figure 2, as well as 
periodicity conditions are imposed 
 ,At  ;h p pβ ω β β ωζ = − = =v v  (29) 

 ,At 0; 0h p pβ η β β ηζ = = = = =v v  (30) 

 ( ) ( ) ( ) ( ), , 1, 2i ip p iβ β β β+ = + = =r r v r v rl l  (31) 

Notice that, if the following length-scale constraints are satisfied at the inter-region 
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then both 
β

βv  and its gradient can be taken as constants within the domain sketched in 

Figure 2. This allows the following expression for the deviation fields 
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Figure 2: Representative zone of the inter-region. 
 

Introducing the above equations in the boundary-value problem given by Eqs. (26)-(31), 
gives rise to two local closure problems. However, if the following constraint is satisfied 
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l
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then only the closure variables  βB  and βb  are needed to compute the spatial deviations 

fields and thus, the following boundary-value problem has to be solved 
 ( ) ( )1

0 0 , in the phaseβ β βε ε β−= −x xiB∇ ∇  (36) 

 ( ) ( ) ( ) ( )2 1 2 1
0 0 0 0 , in the phaseβ β β β β βε ε ε β− −= − + ∇ − ∇ + −0 b x x x xB I K∇  (37) 

B.C.1 , at the interfaceβ β σ= − −B I  (38) 
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B.C.2 At ;h β βζ = = =0 b 0B  (39) 

B.C.3 At ;h β ω β ωζ = − = =b bB B  (40) 

 ( ) ( ) ( ) ( )Periodicity: , , 1, 2i i iβ β β β+ = + = =b r b r r rB Bl l  (41) 

In order to avoid, for the time being, the numerical difficulties of the “exact” solution of the 
closure problem, we propose to use a methodology to estimate the global contribution to 
the mixed permeability. This along with the evaluation of the Brinkman contributions at the 
inter-region, allows the estimation of the stress jump coefficient β . 
The idea is to extrapolate the use of available expressions for the estimation of permeability 
in the bulk of the porous medium to the inter-region leading to, 
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where ( ) 1
1 180γ γ −= = , provides the well-known Carman-Kozeny equation while 

( )2/33
2 2 10 / 1x βωγ γ ε−= = −   leads to the results obtained by Larson-Higdon17. Using Eqs. (23)

and (42) to estimate K-1 gives the following expression for β when substituted in Eq. (20) 
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which depends only on the porosity and not on the characteristics of the microstructure. 
Actually, this later information is included in the associated closure problem, Eqs. (36)-(41), 
which needs to be solved in order to obtain an “exact” determination of the jump coefficient. 
Remember that 1β  means that the effect of the heterogeneities at the inter-region are 
negligible. 
 
In Figure 3 we show the effect of the porosity on β, note that the intersection of the curves 
corresponds to εβω •0.79, which is the porosity of the Foametal samples used by Beavers 
and Joseph4. Furthermore, while the behavior of both models is the same as 0βωε →  (even 

if this limit is not reachable for spheres), they provide different limits for 1βωε → . However in 

the latter case, since the permeability of the porous medium tends to infinity, the R.H.S. of 
the tangential component of Eq. (17)  tends to zero, which corresponds to the continuity of 
the velocity derivatives. 
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Figure 3: Dependence of the jump coefficient with the porosity using 1 2,γ γ γ= . 
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Moreover, the results for the jump coefficient (for Aloxite materials) using model γ2 are found 
to be in good agreement with predictions previously reported in ref. [13]. Here we should 
insist that these observations are based on estimations and that only the solution of the 
closure problem can provide an accurate determination of the jump at the inter-region. 
 

Conclusions 
In this study, we have closely followed the methodology detailed in ref. [11], to 

derive a jump stress boundary condition free of adjustable jump coefficients. This jump 
condition involves a so-called mixed stress tensor which combines the Brinkman and global 
stress at the inter-region. The Brinkman contribution is evaluated from available 
expressions for the spatial variations of the porosity. Associated local closure problems, 
including the microstructure of the inter-region, have been derived for the determination of 
the global stress tensor. Due to the complexity of these problems, an approximate 
methodology has been proposed in order to quantify this contribution and estimate the 
tangential component of the mixed stress tensor. Furthermore, this component has been 
related to the stress jump coefficient in the boundary condition proposed by OT-W. The 
results for the jump coefficient (for Aloxite materials) are found to be in good agreement 
with predictions previously reported in ref. [13].  
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