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Abstract. When knowledge of the dielectric properties, or permittivity, of granular or powdered 
materials is important, as in dielectric heating applications or in the sensing of moisture content 
by radio-frequency or microwave instruments, some reliable relationship between the dielectric 
properties and the bulk density of the material is required.  Linear relationships between 
functions of the permittivity and bulk density have been observed, and dielectric mixture 
equations have been explored to obtain useful relationships for determining the dielectric 
properties of granular and powdered materials.  These findings are reviewed, useful 
permittivity-density relationships are identified, and an equation is provided that permits 
reliable calculation of the permittivity of a particulate material at any given bulk density, if the 
permittivity is known or measured at another known bulk density.  The relationships are 
illustrated for pulverized coal, wheat, ground wheat, limestone, and a coal-limestone mixture. 
The useful mixture equation is valid for granular and powdered materials with permittivities in 
the same range as those for grain, coal and limestone. 

Introduction 
 When the permittivity, or dielectric properties, of granular or powdered solid materials 
are important, some reliable relationship between the permittivity and the bulk density of the 
air-particle mixture is required.  Examples of such applications include radio-frequency or 
microwave dielectric heating of these materials and the use of correlations between permittivity 
and water content of hygroscopic materials for sensing moisture content.   Also, relationships 
between the permittivities of pulverized or granular samples of materials and those of the solid 
materials have long been of interest for use in determining the permittivities of the solids from 
measured permittivities of the particulate samples.  Dielectric mixture equations have been 
developed and investigated for this purpose [1-3].  An extrapolation procedure, based on the 
linearity with density of functions of the real and imaginary parts of the permittivity of pulverized 
and granular materials, has also been used to obtain estimates of the permittivity of the solid 
material [4, 5].  Both of these methods, calculation by dielectric mixture equations and the 
extrapolation procedure, will be described in the following sections for estimating the 
permittivity of solids from measured permittivity data on granular or powdered samples of 
those materials. 
 
Dielectric Mixture Equations 
 

Many different dielectric mixture equations have been proposed to represent the 
effective permittivity of mixtures of dielectric materials, and the characteristics and 
performance of these equations for various applications have been discussed in the literature 
[6-11].  The complex permittivity relative to free space is represented here as εεε ′′−′= j , 
where ε ′ is the dielectric constant and ε ′′ is the dielectric loss factor. Dielectric mixture 
equations for a two-phase mixture can be used to calculate the dielectric properties of a solid 
material from the dielectric properties of an air-particle mixture of air and pulverized or granular 
particles of the solid.  To use the mixture equations, one needs to know the permittivity of the 

 



pulverized sample at its bulk density (air-particle mixture density), ρ , and the specific gravity 
or density of the solid material, 2ρ .  The fractional part of the total volume of the mixture 
occupied by the particles (volume fraction), , is then given by 2v 2ρρ / . 

1ε

1ε

1 /)ε

1 /)ε

2+ v

ε






=






=

ε

2ρ

 
Several well-known dielectric mixture equations have been studied to relate the 

permittivities of the solid material to the permittivities of granular or pulverized samples of the 
same material [5, 12-15].  Two of these equations are the Complex Refractive Index mixture 
equation [16-22], 
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and the Landau & Lifshitz,  Looyenga  mixture equation [23, 24], 
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whereε represents the complex permittivity of the mixture, 1ε is the permittivity of the medium in 
which particles of permittivity 2ε  are dispersed, and v , and v are the volume fractions of the 
respective components, where 
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Each of these equations can be used to calculate the complex permittivity of the solid 
material by substituting 1  for 0j− 1 , the complex permittivity of air, and solving for 2ε . The 
corresponding equations are:   

Complex Refractive Index (1)            
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Landau & Lifshitz, Looyenga (2)        
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Linear Extrapolation Technique 
 

Essentially linear relationships between functions of the real and imaginary components 
of the complex permittivity of particulate materials such as pulverized coal, wheat, and whole-
wheat flour and their bulk densities were identified previously [4, 25, 26].  These findings were 
based on earlier work in which Klein [27] observed the linearity of ′ with the bulk density of 
granular coal, and in which Kent [28], working with fish meal, found that ε ′and ε ′′ were both 
quadratic functions of the bulk density of the fish meal as follows:   
 

1++=′ ρε ba                                                              (5) 
 

ρρε dc +=′′ 2                                                                  (6) 
 

 



where ρ represents the density of the air-particle mixture, and  are constants for a given 
particulate material and 

c,b,a d
ε ′and ε ′′ have values of 1 and 0, respectively, for air alone (ρ = 0).  

Equations (5) and (6) are equivalent to expressing the relative complex permittivity as a 
quadratic function of bulk density, , where the constants a12 ++= ρρε *b*a jca* −= and 

are complex numbers. jdb*b = −
 

The linearity of  with bulk density was confirmed with data on pulverized coal (Fig. 
1) [25] and this relationship is expressed as   

21 /)(ε ′

 
121 +=′ ρε m)( /                                                                (7)  

            
Equations (5) and (7) are equivalent if and b2ma = m2= .  Thus, measurement of the dielectric 
constant of a particulate material at one bulk density, along with the )1,0( =′= ερ  intercept, 
provides information on the dielectric constant at all densities, including that of the solid 
material if its density is known.  Examining the expression for the loss factor (6), the square 
can be completed by adding a constant, , to each side, and a linear function is obtained e
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where .  Thus, to describe the density dependence of the complex permittivity of a 
particulate material, one needs to obtain the values for ,and .  Measurement of the 
permittivity of the particulate material at a given density establishes slope  of (7), thus 
determining values for a and .  Measurements at a few additional densities are necessary for 
determination of  and , as explained previously [12, 29].  It is interesting to note that (5) and 
(6) are consistent with the Complex Refractive Index mixture equation (1), when used for the 
real part of the complex permittivity.  Since 
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22 ρρ /v = , where ρ  is the density of the air-particle 
mixture, and 2ρ  is the density of the particles, this substitution in (1) yields the following for an 
air-particle mixture:  
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which is equivalent to (7), where 22 )1(m ρε −′= .  In an analogous manner, it can be shown 
that the linearity of the cube root of the dielectric constant of an air-particle mixture with its 
density is consistent with the Landau and Lifshitz, Looyenga mixture equation (2) [4], 
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Fig. 1.  Linear relationships between the square root of the dielectric constant of pulverized coal samples 
and the bulk density measured at indicated frequencies [25]. 

Experimental Data for Wheat 

 Both components of the permittivity are shown in Fig. 2 for a measurement sequence 
at different densities for whole-wheat flour of 10.9% moisture at 11.67 GHz [26], illustrating the 
quadratic behavior for both the dielectric constant and loss factor in accordance with (5) and 
(6).  The same data are presented in Fig. 3, showing the linearity of the square roots and the 
cube roots of the dielectric constant with bulk density as defined in (7), (9), and (10).  The 
linearity of the square root of the loss-factor function is also illustrated for these data in Fig. 4. 

 
Fig.  2.  Dielectric constant and loss factor of whole-wheat flour of 10.9% moisture at 11.67 GHz as 
functions of the bulk density of the flour [26]. 

 



 

 
Fig. 3.  Straight-line relationship between the square root and cube root of the dielectric constant of 
whole-wheat flour at 10.9% moisture and 11.67 GHz and the bulk density of the flour [26]. 
 

 
Fig. 4.  Straight-line relationship between the function of the loss factor of whole-wheat flour of 10.9% 
moisture at 11.67 GHz and the bulk density of the flour.  Solid line is the regression line with the )e,0(  
intercept included, and the dashed line is the regression line with the intercept excluded from the data set 
[26]. 
 
As shown in Fig. 3, the cube-root relationship of (10) provides a slightly better fit than the 
square-root relationship of (9). 
 
 Results of similar sequences of measurements over a range of densities are shown in 
Figs. 5 and 6 for whole-wheat flour (ground wheat) and whole-kernel hard red winter wheat, 

 



respectively.  These were different wheat samples and the measurements were taken at 
different frequencies.  However, for these two different particle sizes of similar material, results 
showed that both the square root and cube root relationships fit the data reasonably well.  The 
cube-root relationship, however, was a bit superior to the square-root relationship in fitting the  
 

 
Fig. 5  Density dependence of the dielectric constant and its square root and cube root for whole-wheat 
flour at 11.7 GHz and 22 °C.  Solid lines are regression lines for second-order polynomial regression for 
the dielectric constant and linear regression for the square root and cube root.   Short- and long-dashed 
lines for the dielectric constant are predictions from the regression of the cube root and square root of 
the dielectric constant, respectively [4]. 
 

 
Fig. 6.  Density dependence of the dielectric constant and its square root and cube root for whole-kernel 
wheat at 9.4 GHz and 24 °C.  Solid lines are regression lines for second-order polynomial regression for 
the dielectric constant and linear regression for the square root and cube root.   Short- and long-dashed 
lines for the dielectric constant are predictions from the regression of the cube root and square root of 
the dielectric constant, respectively [4]. 

 



 
data for both the whole-kernel wheat and the ground wheat.  In these studies, the permittivity 
data were extrapolated to the densities of the flour and grain particle densities, as determined 
by air comparison pycnometer measurements [26], to obtain estimates of the permittivities of 
the solid materials at their densities as indicated by the vertical dashed lines in Figs. 5 and 6. 
 
Experimental Data for Coal and Limestone 
 

Results of permittivity measurements and sample bulk density determinations on 
pulverized samples of coal, limestone and a 35%-65% coal-limestone mixture [30] are shown 
for the dielectric constant ε ′  in Fig. 7, where the linearity with bulk density of the cube root of 
the dielectric constant of an air-particle mixture, as noted previously [4, 13], is consistent with 
the Landau & Lifshitz, Looyenga dielectric mixture equation (2). 

 
The necessary value for  can be obtained if the bulk density sv ρ  of the mixture and the 

density sρ  of the solid particulate material are known, since ss /v ρρ= .  For such linear 
relationships between the cube roots of the dielectric constants and the bulk density, The 
Landau & Lifshitz, Looyenga equation can be used with confidence in calculating the complex 
permittivity of the solid material from the permittivities of the powdered samples [31].  The 
mean values of the solid material permittivities calculated with the Landau & Lifshitz, Looyenga 
mixture equation for the permittivity measurements at each bulk density were 4.21− j0.156 for 
the coal and 7.41− j0.063 for the limestone used in these measurements.  The respective 
solid-material densities for the coal and limestone from air-comparison-pycnometer 
measurements were 1.48 and 2.75 g/cm3 [31]. 

 
The performance of (1) and (2) were compared for calculating the complex relative 

permittivity values for the pure coal, pure limestone, and a 35%-65% coal-limestone mixture, 
and calculated results were compared with measured values.  Equations (1) and (2) require 
only the permittivities of the solid-material constituents of the air particle mixture and the 
volume fractions occupied by each constituent.  Permittivities of the coal and limestone 
particles are 4.21 − j0.156 and 7.41 − j 0.063, respectively, as already mentioned and the 
volume fractions were determined as ss /v ρρ= . 

 
Comparisons of the calculated and measured permittivities for the coal, limestone, and 

35%-65% coal-limestone mixture revealed that for the coal samples, the Landau & Lifshitz, 
Looyenga Equation (2) estimated the measured permittivity values very well.  The dielectric 
constant was given extremely well by the computation, and the loss factor values were also 
good.  The Complex Refractive Index Equation (1) overestimated the permittivity with an error 
of about 4% for the dielectric constant and larger errors for the loss factor. 

For the limestone samples, which have higher dielectric constants and lower loss factors 
than the coal, (2) again provided much closer estimates than (1), with (1) overestimating the 
dielectric constant by about 10%.  As expected, the performance of both equations in 
estimating measured properties of the 35%-65% coal-limestone mixture, was intermediate 
between their performance on the coal and limestone samples. 

 
Over the full range of densities measured for each material, the error of prediction for the 

Landau & Lifshitz, Looyenga Equation ranged from 0 to 0.6% for the dielectric constant of the 

 



powdered coal with an average of 0.15%, from 0 to 2.9% for the powdered limestone with an 
average of 1.4%, and from 0 to 1.2% for the 35%-65% powdered coal-limestone mixture with 
an average of 0.5%.  Corresponding errors of prediction for the Complex Refractive Index 
Equation ranged as high as 4.6%, 10.2% and 7.2% for the coal, limestone, and 35%-65% coal- 
limestone mixture, respectively. 
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Fig. 7.  Linear relationships between the dielectric constants of pulverized coal and limestone and a 35%-
65% coal-limestone mixture and bulk densities of the samples at 11.7 GHz and 20 °C [32]. 

Discussion and Conclusions 
 
 Applications of these techniques have been discussed in detail for coal [4, 5, 13, 25, 
29], wheat and wheat flour [4, 14, 15, 26], plastics [12, 13], and coal and limestone and their 
mixtures [31, 32].  As a result of these studies, the Landau & Lifshitz, Looyenga equation 
generally provided the best relationship between the permittivities of the solid and particulate 
materials.  Therefore, a relationship based on this equation can be recommended for 
correcting permittivities of granular and powdered materials, with permittivities in the same 
range as these materials, for changes in bulk density as follows: 
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where aε is the complex permittivity of the air-particle mixture at a given density aρ , and bε is 
the permittivity of the mixture at a different density bρ .  Use of complex calculation provides 
values for both the dielectric constant and loss factor. 
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