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Abstract: A novel method to control gasholder levels in an iron and steel company with 
accurate prediction of future trend is presented. Although various gasholders are used to 
recycle by-product gases generated during iron-making, coke-burning and steel-making 
process, the capacity of the gasholders are insufficient to handle large amount of the 
gases. To overcome this problem, tight control of the gasholder level should be 
conducted by predicting their anticipated changes. However, the current prediction logic 
cannot show satisfactory results due to the lack of characterization of relevant processes. 
In the proposed method, time-series modeling and heuristics of industrial operators are 
used to correctly reflect the process characteristics and deal with unexpected process 
delays. By applying the proposed method to an off-line data set, a significant reduction of 
discrepancy between predicted values and actual values has been observed. The method 
is expected to be adopted in the prediction system of POSCO.   Copyright ©  2002 IFAC 
 
Keywords: Level control, Time-series modeling, Prediction, Iron and steel making 
process, Heuristics 
 
 
 

                                                
† To whom correspondence should be addressed. 
E-mail: chan@postech.ac.kr 

1. INTRODUCTION 
 
For iron and steel industries, it is very important to 
reduce energy costs due to their tremendous 
consumption of it. For this reason, they make every 
effort to recycle various materials generated from many 
plants (Makkonen et al., 2002; Worrell et al., 1997; 
Kim, 1998). These efforts are also significant from the 
viewpoint of environmental protection as well as cost 
saving (Sridhar et al., 2002). In particular, by-product 
gases generated from iron-making, coke-burning and 
steel-making process, called as BFG (Blaster Furnace 
Gas), COG (Coke Oven Gas), and LDG (Linz-
Donawitz Gas), respectively, are worthy of being used 
as a fuel since they include considerable amount of CO 
and H2 (Bojic and Mourdoukoutas, 2000; Prokop and 
Kohut, 1998; Markland, 1980). Therefore, these gases 
are now being supplied to many plants via gasholders 
to be used as a fuel instead of expensive oil and LNG. 
The gasholders work as buffers that store the gases 
temporarily until the gas users need them as an energy 
source. However, due to relatively small capacity of the 

gasholders, overflow or lack of the by-product gases 
frequently occurs. As a result, many companies are 
interested in maintaining the levels of gasholders 
without severe variation for efficient utilization of the 
gases. 
 
To achieve this goal, the size of the gasholders should 
be increased so as to mitigate the variation of the holder 
levels or the holder levels should be controlled in 
advance by predicting future levels of the gasholders 
based on the present patterns of gas generation and 
consumption. Since increasing capacity of the 
gasholders requires enormous costs, most steel 
companies are trying to solve the problem with the 
latter method under the management of energy center. 
However, most prediction logics being used in the 
energy center of the companies show low performance 
since the characteristics of the processes influencing the 
levels of the gasholders are not sufficiently reflected in 
the systems. Therefore, modification of the prediction 
logics is urgently required by investigating reasons for 



     

the deterioration of the prediction capability and 
correcting the problems. 
 
In this paper, we present new prediction logic for level 
changes of three gasholders in Pohang Iron and Steel 
Company (POSCO) based on time-series analysis and 
heuristics of industrial operators (Box et al., 1994; 
Pandit and Wu, 1983). Due to practical aspects of the 
problem, we relied on the real data set obtained from 
various plants related with the by-product gases and 
interviews with industrial operators. This is the reason 
why the two techniques are mainly used in the 
proposed method. The time-series analysis is used to 
model the periodic properties of the processes 
connected to the BFG and COG holders. The operators’ 
experiences are effectively utilized to know LDG 
generation time of next operation in the steel-making 
process, which is randomly changed because of 
frequent process delays. The randomness of the delays 
in the duration and occurrence time makes correct 
prediction of LDG holder level nearly impossible 
without their prior knowledge. By applying the 
proposed method to off-line data set, prediction 
performances for the three gasholders were remarkably 
improved. Through additional on-line test based on this 
success of off-line test, the proposed logic is expected 
to be adopted as a real system in the POSCO. 
 
This paper is organized as the followings. In the first 
section, the general framework for the prediction of 
gasholder level in POSCO is introduced. Then, the 
problems of the existing logic and the features of the 
proposed method are given in the second section. 
Finally, the results of off-line application are shown in 
the third section followed by conclusions. 
 
 

2. THEORETICAL BACKGROUND 
 
2.1 General Framework for Prediction of Gasholder 

Levels. 
 
The logics for predicting future changes of the three 
gasholder levels are based on the periodicity of relevant 
processes, although there are some exceptions 
depending on the processes. Therefore, if we know the 
cycle time, present position in the process cycle and the 
rate of gas generation or consumption for each interval 
in the cycle, we can know the future trend of gasholder 
level within one prediction horizon. To obtain 
prediction values for the holder level, prediction values 
for gas generation and consumption rates of relevant 
processes are separately calculated in advance for a 
prediction horizon. Once this procedure is completed, 
calculation of prediction values for gasholder levels is 
implemented according to the following algorithm. 
Note that different prediction methods are used for gas 
generation and consumption, which will be explained. 
 
Step 1. Calculate the first prediction value by adding 
the first prediction value of gas generation rate to and 
subtracting the first prediction value of gas 
consumption rate from the present gasholder level. 
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pppp cgll −+=                         (1) 

 
Step 2. Iteratively calculate the next prediction values 
based on the previous prediction value in the same way 
until the end of a prediction horizon. 
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where cp

n is nth prediction value of total consumption 
rate at the present, gp

n is a nth prediction value of total 
generation rate at the present, lp

n is a nth prediction 
value of a gasholder level at the present, and lp is a real 
value of a gasholder level at the present. 
 
One prediction horizon is specified as 60 minutes for 
BFG and COG holders, and 40 minutes for LDG holder 
since these values are the cycle times of corresponding 
processes. The details of the prediction logic for each of 
the three kinds of by-product gasholders are described 
in the following subsections. 
 
Trend Prediction of BFG Holder Level. BFG is 
generated as a by-product gas during an iron-making 
process. In the process, five blast furnaces (BF) are 
operated to make molten pig-iron and two phases are 
continuously repeated for each BF operation: 
combustion and exchange phase. Since a BFG 
generation rate and duration time for each phase is 
maintained at fixed values as shown in Fig. 1, they are 
set as constant parameters. Prediction of BFG 
generation rate is performed based on the parameters. 
To start prediction, we should know where the present 
time is located in the process cycle. For this purpose, 
criterion parameters with which we can know the 
present phase are used. Therefore, by comparing the 
present BFG generation rate with the criterion value, 
we can know the present phase in the cycle. In addition, 
if the starting time of the present phase is recorded, the 
remaining time till the end of the present phase can be 
known. This means that the whole prediction values for 
BFG generation rate within a prediction horizon can be 
obtained from the present time based on the parameters. 
It should be noted that the prediction values for total 
BFG generation rate are derived by adding the values 
of each BFG generation rate predicted for the five BFs. 
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Fig. 1. Typical BFG generation pattern in BF 1. 
 



     

For the case of prediction for BFG consumption rate, 
the following plants are considered as BFG users: five 
BFs, four coke ovens, twelve power plants and two hot-
rolling machines. Prediction for BFG consumption rate 
of BFs and coke ovens is implemented in the same way 
as the prediction of BFG generation rate. For the other 
BFG-consuming plants, the present values of BFG 
consumption rate is merely used for prediction values 
within a prediction horizon since the variation of BFG 
consumption rate for these plants is not so severe as 
shown in Fig. 2 and 3. 
 
Note that this simple approximation is possible because 
only small portion of the total BFG consumption rate is 
occupied by these plants. Once the prediction values for 
BFG generation and consumption rate are available, the 
future level changes for two BFG holders can be 
calculated by Eqn. (1) and (2) till the end of a 
prediction horizon.  
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Fig. 2. Typical BFG consumption pattern for twelve 

power plants. 
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Fig. 3. Typical BFG consumption pattern for two hot-

rolling machines. 
 
Trend Prediction of COG Holder Level. COG is 
generated during a coke oven process. Cokes are used 
as a heat source for an iron-making process and they 
are lightly burned in the coke ovens as a preprocessing. 
During this process, significant amount of by-product 
gases are generated and they contain high percentage of 
CO and H2 in themselves. Therefore, this gas is 
recycled as an energy source for many plants via COG 
holders. Unlike the BFG holders, the sizes of two COG 
holders are sufficiently large and much more plants are 

connected with the COG holders. Due to the relatively 
large capacity of the holders and averaging-out effect in 
the variation of holder level, they keep almost constant 
level as shown in Fig. 4. This fact means that the 
prediction of COG holder level is less important than 
those for the other kinds of gasholders since future 
COG holder level will be similar to the present one. For 
this reason, prediction logic for COG holder level is 
simpler than those for BFG or LDG holder level. In 
case of the prediction for COG generation rate, the 
present value is simply used for the prediction values 
within a prediction horizon under the condition that the 
present value should be in a normal range. 
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Fig. 4. Typical pattern for COG generation rate. 
 
The plants which use the BFG as fuel also use the COG 
because BFG and COG is supplied to them by way of a 
mixing station with a specific mixing ratio. Therefore, 
the prediction for the COG consumption rate is 
implemented by multiplying the prediction values of 
BFG consumption rate by a ratio constant. Using the 
Eqn. (1) and (2), the future changes of the COG holder 
level can be predicted if all generation and consumption 
rates predicted are given to us. 
 
Trend Prediction of LDG Holder Level. LDG is a by-
product gas generated in steel-making processes. In 
POSCO, two steel-making plants are operated and there 
exists a LDG gasholder for each steel-making plant. 
Three converters in each steel-making plant are 
sequentially used to continuously produce impurity-free 
steel by blowing oxygen to the molten pig-iron. 
Although all three converters are usually operated in 
each steel-making plant, only two converters can be 
operated when one of them is under a maintenance 
work.  
 
Since the steel-making process also has a periodicity, 
the prediction for LDG generation rate is implemented 
in a similar way to the cases of BFG generation rate. 
The only difference is that four phases exist in one 
cycle of the process: start of oxygen-blowing, LDG 
recovery, end of oxygen-blowing and tapping. LDG is 
generated only in LDG recovery phase and the quantity 
of generation is nearly constant. In current prediction 
logic, the time required for completion of each phase is 
fixed as a constant although they are frequently 
changed due to unexpected process delays in fact. 



     

Therefore, significant gap between the parameters and 
real values for the duration time of each phase 
necessarily occurs and this difference causes a serious 
deterioration in prediction performance. We tried to 
solve this problem by updating the duration parameters 
at every process cycle based on operator’s heuristics. 
The details will be explained in the following sections. 
 
While the prediction for the LDG generation rate is 
implemented considering process characteristics, the 
prediction for LDG consumption rate is simple and 
roughly approximated as an extension of the present 
value since LDG consumption rate also shows no 
significant variation. The plants which use LDG as a 
fuel are the twelve power plants, two hot-rolling plants 
and wire-rod manufacturing plant. With the prediction 
values of LDG consumption and generation rate, we 
can obtain the prediction values for future LDG holder 
level, also based on Eqns. (1) and (2).  
 
 
2.2 Problems of the Current Prediction Logic and the 

Proposed Method as a Solution. 
 
Although we explained outline of the existing 
prediction logic for each by-product gasholder, there 
are several problems that deteriorate prediction 
performance. The problems are mainly caused by 
excessive approximation in calculating the prediction 
values or the fixed parameter values which should be 
changed according to the process condition. In fact, 
industrial operators have not updated the parameters for 
several years even if the actual process condition has 
changed significantly. To improve the prediction 
performance, we systematically analyzed the problems 
of the current prediction logic for each gasholder by 
investigating the characteristics of relevant processes 
based on historical data set and interviews with industry 
personnel. As a result, we have found out the following 
problems. 
 
(a) Since the values of criterion parameters used to 
judge exchange phase in five BFs (both of generation 
and consumption) have not been updated, serious errors 
can be occurred in identifying the present phase. These 
errors make the prediction results be deviated from the 
actual values. 
 
(b) In the prediction of COG generation rate, it is too 
simplified method to use the present value for the 
prediction values until the end of a horizon. Figure 4 
which shows considerable variations in COG 
generation rate supports this fact. 
 
(c) The pattern for BFG consumption rate in the coke 
oven 1 shows obvious periodicity as shown in Figure 5. 
Nevertheless, the current prediction logic does not 
consider this characteristic.  
 
(d) The patterns for BFG and COG consumption rate in 
power plants and hot-rolling plants also show some 
variations. However, only the present value is used as 

prediction values for these plants in the current 
prediction logic. 
 
(e) Even though actual duration time for each step in a 
cycle of a steel-making process severely changes 
depending on the process condition, they are fixed as 
constant parameters in calculating the prediction values 
for LDG generation rate. This fact leads to the 
prediction results very different from the real values. 
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Fig. 5. Typical pattern for BFG consumption rate in 

coke oven 1. 
 
We have approached these problems with time-series 
modeling and operator’s heuristics. The schematic 
diagram for the proposed method together with the 
corresponding problems is given in Fig. 6. First of all, 
for the problems (b), (c) and (d), we modified the 
current prediction logic so that the past values can be 
reflected into the future values via time-series model. If 
the past data set is used for the prediction of future 
values, more robust prediction can be accomplished. 
Namely, although the present value includes severe 
noise or disturbances, the prediction values can 
maintain the trend continued from the past. In addition, 
the time-series model makes undetected past trend 
automatically reflected in the prediction values. 

 
Fig. 6. Schematic diagram for the proposed method. 
 
Of various kinds of time-series model, we used the 
moving average model such as Eqn. (3) for the problem 
(b) and (d). Although the variations for them are not so 
severe, we can improve the prediction performance by 
reflecting long-term trend of the past data into the 



     

future prediction values with the moving average model. 
Note that different values are used for k (the number of 
the past data) depending on the characteristics of 
process. 
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Meanwhile, we applied a periodic time-series model in 
the form of Eqn. (4) to solve the problem (c) since the 
same pattern is obviously repeated with specific period. 
Through more rigorous analysis on the actual data, the 
average value of the period was revealed as 20.5 
minutes. Since the prediction values are obtained with 
30 seconds interval, we built the periodic time-series 
model based on the unit of 30 seconds. 
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In this equation, the weights have been empirically 
determined and two previous periods have been 
considered to obtain more generalized results.  
 
Problem (a) can be solved also with the moving 
average model such as Eqn. (3). By using the data 
during the past 60 minutes for this moving average 
model (k = 120), recent process condition can be 
reflected into the criterion parameters. This means that 
the parameters are automatically updated at each 
prediction. 
 
Finally, we handled the problem (e) assisted by the 
heuristics of industrial operators in the steel-making 
process. Because of process delays occurred 
unexpectedly and frequently during the process, the 
prediction data obtained by fixed parameters give us no 
information on the future process trend. Therefore, we 
focused on how to detect the delay in advance as a 
crucial point of this problem. There were so many 
causes for the changes of the process condition and too 
much time and efforts were expected to perfectly 
consider all the process changes and build a model 
including all the information. Fortunately, we found out 
correct prediction of LDG generation rate is possible 
with the aid of industrial operators. It was revealed that 
only the operators of converters know beforehand 
whether the unexpected process delay occurs as well as 
the duration time of the delay based on their heuristic 
judgement resulted from the present condition of steel-
making process. Therefore, we modified the current 
prediction logic for LDG generation rate so that the 
operators send the information on the process delay to 
energy center at each process cycle to improve 
prediction performance. 
 
 

3. RESULTS OF OFF-LINE TEST 
 
We applied the proposed logic to the off-line data to 
validate its performance. Fig. 7 shows a result of 
prediction at 15:00:00 on Mar. 3, 2002 based on both of 

the existing and the proposed logics for LDG 1 holder 
level. From this figure, we can see the gap between the 
real data and the prediction data has been remarkably 
reduced by using the proposed logic. In Table 1 and 2, 
it is shown that the proposed logic surely produces 
better prediction values for most cases although the 
degree of improvement decreases as the prediction data 
are far from the present.  
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Fig. 7. Comparison between real data and both 

prediction data based on the existing and proposed 
logic for LDG 1 holder level. (implemented at 
15:00:00 on Mar. 3, 2002) 

 
 

4. CONCLUSIONS 
 
In this paper, we proposed an improved logic for 
prediction of three kinds of by-product gasholder levels 
using time-series modeling and industrial heuristics. 
The results of off-line test showed that the proposed 
logic outperforms the existing logic on the average. By 
virtue of the success in the off-line test, the proposed 
logic is expected to be utilized in the actual prediction 
system of POSCO after rigorous on-line tests. If correct 
prediction of the future trend for each gasholder level is 
possible with the proposed logic, stable and safe 
management of the gasholders without waste or 
shortage of the gases can be achieved. Ultimately, 
significant reduction of energy costs via efficient use of 
by-product gases will contribute to enhancement of the 
overall productivity of POSCO. 
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Table 1. Result of off-line test for BFG and COG holder level prediction after 1000 executions 
 

 After 2 min. After 4 min. After 6 min. After 8 min. After  
10 min. 

Average difference for the 
existing logic (kNm3) 4.20 6.05 6.96 8.9 10.7 

Average difference for the 
proposed logic (kNm3) 2.43 2.89 3.12 3.56 3.82 BFG 

Relative improvement (%) 42.2 52.2 55.2 60 64.3 
Average difference for the 

existing logic (kNm3) 1.07 1.9 3.0 3.6 5 

Average difference for the 
proposed logic (kNm3) 0.6 1.0 1.9 2.6 3.1 

COG 

Relative improvement (%) 41.8 47.0 36.2 37.7 39.4 
 
 

Table 2. Result of off-line test for LDG holder level prediction after 1000 executions 
 

 After  
10 min. 

After  
20 min. 

After  
30 min. 

After  
40 min. 

Average difference for the 
existing logic (kNm3) 157.0 469.5 349.2 428.7 

Average difference for the 
proposed logic (kNm3) 67.2 102.8 170.0 463.9 

LDG 
(operation only 

with 2 converters) 
Relative improvement (%) 57.2 78.1 51.3 8.2 
Average difference for the 

existing logic (kNm3) 534.5 2518.7 2741.0 3042.7 

Average difference for the 
proposed logic (kNm3) 133.7 175.2 244.9 225.6 

LDG  
(operation with all 

converters) 
Relative improvement (%) 75.0 93.0 91.1 92.6 
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Abstract: Injection velocity is an important variable that affects the quality of injection 
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1. INTRODUCTION 
 

Injection molding, an important cyclic polymer 
processing technique, transforms plastic granules into 
various types of products ranging from simple toys to 
DVD diskettes and precision lens. A injection 
molding process typically consists of three stages, 
injection of molten plastic into mold cavity (filling), 
packing of the material under a high pressure over a 
given period (packing-holding), and cooling of the 
polymer until it is sufficiently rigid for ejection 
(cooling). Filling is the first stage of the process 
during which the materials are forced into the mold 
cavity through the nozzle by the screw forward 
motion. 
 

Continuous development of the molding industry 
finds ever-expanding applications of injection molded 
parts, resulting in demands for rapid production of 
complex parts with tight precision and superior finish. 
The quality of the injection molded part, typically 
characterized in terms of its dimensions, appearance 
and mechanical properties, is a strong function of the 
processing conditions, particularly injection velocity 

during the filling phase. Studies have confirmed the 
importance of proper setting and control of injection 
velocity (Johnnaber, 1985, Cox and Mentzer, 1986, 
Boldizar et al. 1990, and Chiu and Hsieh, 1991). 
Accurate control of injection velocity, to precisely 
follow a given velocity profile has been achieved via 
advanced process control strategies, for examples, by 
the authors (Yang and Gao, 2000 and Li et al., 2001). 
For a given mold and material, however, how the 
injection velocity should be profiled to produce the 
‘optimal’ quality part is yet unknown. It must be 
clarified that the injection velocity is the velocity of 
the screw forward motion, which is different from the 
melt-front-velocity inside the mold. A schematic 
illustration of the mold filling is shown in Figure 1, 
where IV is the screw injection velocity, Vm the melt-
front-velocity in the mold, Ab the cross-section area of 
the barrel, and Amf the corresponding melt-front-area 
inside the mold. It is clear that the melt-front-velocity 
is greatly influenced by the mold geometry. 
Researchers in injection molding area (Hunkar, 1975, 
Fritch, 1979, Schmidt and Maxam, 1993, Turng et al., 
1995, and Rowland and Gao, 1994) have all 
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recommended that a constant melt-front-velocity 
during mold cavity filling should be used to profile 
injection velocity, to minimize non-uniformity within 
the molded part. This, however, cannot be 
implemented due to the lack of a practical melt-front 
flow rate measurement method. 
 

Recently, a patented transducer has been developed to 
measure melt front position (MFP) during mold 
filling by Gao and Chen (Chen, 2002). The sensor 
output is linear to the melt-flow-front position within 
the mold. As melt-front-velocity is, simply, the 
derivative of the MFP, with such a transducer, the 
constant melt-front-velocity strategy can be translated 
to control the MFP to follow a constant ramp profile, 
as illustrated in Figure 2, where a cascade control is 
adopted. Consisting of two control loops, an inner 
injection velocity control loop that has been 
developed in the previous works, and an outer control 
loop that determines the injection velocity for the 
inner velocity controller. The ramp rate is the melt-
front-velocity. Many existing control designs may be 
used for the outer loop controller, but they all require 
the development of a dynamic model relating 
injection velocity to MFP. Effort of establishing such 
a model based on the fundamental principles is 
tremendous, where the mold geometry factors and the 
complicated flow and material properties have to be 
involved. The development of such a model based on 
identification is inappropriate either, as this identified 
model will be mold dependent. 
 

In view of the cyclic nature of the process, a model-
free iterative learning control (ILC) method (detailed 
survey of ILC can be found in Moore and Xu (2000)) 
is explored here to control the MFP without having to 
develop a detailed process model. The ILC, which is 
simple in control formulation, has found many 
applications for cases where detailed process 
knowledge is unavailable. In such a control system, 
information of last cycle is used to improve the 
control of the current cycle. The controller can be 
removed after a number of cycles when a proper 
consistent profile has been obtained for the inner 
velocity control loop. 

 
2. ILC BACKGROUND 

 

mfA
bA

IV mV
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Mold Cavity 
 

Figure 1 Schematic of mold filling 

ILC, motivated to mimic human learning process, is 
originally developed for the manipulation of 
industrial robots, in which it is required to repeat a 
given task with high precision. By using the repetitive 
nature of the processes, ILC progressively and 
iteratively improves the control accuracy cycle by 
cycle (Arimoto et al., 1984). Recently, ILC has been 
applied to many repetitive processes, such as batch 
reactor, batch distillation, and injection molding 
(Havlicsek and Alleyne, 1999, and Gao et al., 2002). 
In this work, the ILC approach is adopted to find a 
proper injection velocity profile to ensure the filling 
of mold cavity at a uniform melt-front-velocity. 
 

Among many types of learning control laws 
proposed, a P-type learning control law is possibly 
the simplest, as formulated below: 

)()()(1 teLtutu iPii +=+   (1) 
where  is the process input at time )(tu t , 

mysye −=  is the error between the output set point 
and real measurement; subscripts i  and 1+i denote 
the cycle number and L  is the ILC gain. It is clear 
that the control of the current cycle is based on the 
process input and the error of the last cycle in a point-
to-point manner. Up to now, most of the ILC results 
are for the systems without time-delay. However, for 
many batch chemical processes such as injection 
molding, the effects of time delay cannot be ignored. 
There is a large delay between the injection velocity 
and the melt-front-velocity response. During 
injection, there exist some melt between the injection 
screw and the melt flow front, and the polymer melt 
is compressible due to its complicated visco-elastic 
properties. Changes in the injection velocity cannot 
affect the melt front flow rate instantaneously. 
Furthermore, the melt inside the mold cavity freezes 
while filling. With the development of the melt flow, 
the frozen layer also expands in its length and 
thickness, and this in turn causes increases in the 
delay between the injection velocity and the melt 
front flow rate. The long process delay as well as 
variations of delay during filling makes it difficult to 
apply the simple point-to-point ILC method. To solve 
this problem, control law (1) can be modified to taken 
into consideration of the delay term: 

P

)()()(1 diPii tteLtutu ++=+  (2) 
where  is an estimated delay time. In this equation, 
the control error at time t  is used to update the 
control input at time 

dt

dt+
t  for the next cycle. Control law 

of equation 2 can be applied to cases where the time 
delay is exactly known. For processes with an 
uncertain delay, there is no guarantee that this control 
law will be convergent. 
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Figure 2 Block diagram of the cascade melt-flow-
velocity control system 

 

For a system with a varying delay bounded by h , 
Park et al. (1998) proposed to hold the control input 
at a constant value over the duration h , resulting a 
modified learning control law as below: 
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where )()()( ξξξ ++−++=++ dhmhydhmhydhmhe kdk , 
ξ  is the initial remainder, ξ+dh  the upper limit of 
delay. The system divides the process time span by 
the size of the time delay uncertainty h . It has been 
shown that the convergence can be maintained by this 
method (Park et al., 1998). This idea is adopted by 
this work. Several modifications have to be made as 
detailed below, considering practical issues of the 
process.  
 

2.1 Division of injection velocity profile 
 

The first modification is on the division of the filling 
stage time span. For a given mold, a given amount of 
melt needs to be injected. Changes of injection 
velocity profile by the ILC makes the total filling 
time span to vary from cycle to cycle. This creates 
difficulties for the division of the filling time span. 
Furthermore, time delay is a strong function of 
injection velocity, a slower injection velocity results 
in a larger time delay. The amount of material 
injected into a mold can be reasonably well 
represented by the distance that the screw has 
travelled during injection, known as injection stroke. 
The injection stroke is therefore used to replace the 
time for the ILC implementation. With this change, 
the time delay has also been transformed into stroke 
delay. As can be seen in the experimental section, the 
use of stroke to replace time for the ILC 
implementation can result in a more consistent delay 
for the injection stage. 
 

2.2 Change of controlled variable 
 

This work uses the slope of the MFP instead of MFP 
itself, as the controlled variable. Even though the 
derivative of MFP can give melt-front-velocity, it also 
results in a low signal-to-noise ratio. The velocity is 
thus obtained by linear curve fitting of MFP 
measurements as the following equation: 

0mmm DdtVD +=    (4) 

where  is the MFP, V  is the slope of , i.e.  
the melt-front-velocity. 

mD m mD

 

2.3 Change of manipulated variable 
 

For most molding machines, the velocity profile can 
only be set in a piecewise form as illustrated in Figure 

3. It is desirable to use ramp profiles instead of step 
change profiles, as the step change injection velocity 
causes abrupt changes in MFP response, which is not 
desirable in this case. It is therefore decided to use the 
velocity ramp slope as the manipulated variable for 
the outer loop. 

Get melt-front-position: Dm

Calc Vm (apply equation 4)

Calc R (apply control law 5)

Send IV set point to inner loop

Calc IV set point

Vs-Vm small enough?

End of profile searching

N
o

Yes

 
 

Figure 4 Flow chart of profile searching by ILC

 

Considering all the above practical issues with 
injection molding, the ILC control for searching 
optimal injection velocity profile can be reformulated 
as: 

)()()(1 diPii nneLnRnR ++=+   (5) 
where  is the velocity slope at n th stroke step 
of the i th iteration. n  the stroke delay, 

)(nRi

)d Vn
d

(n + ))(( dmds nVnnne −+=+ , other symbols 
are the same as equation 3. Figure 4 shows the overall 
profile searching scheme via ILC approach. The 
slopes of injection velocity settings are obtained by 
control law (5), before it is reconstructed as the real 
injection velocity set point for the inner loop control. 
 

3. EXPERIMENTAL SETUP 
 

3.1 Machine and instrumentation 
 

The molding machine used is a Chen Hsong 
reciprocating screw injection molding machine, 
model JM88MKIII. The maximum machine clamping 
force is 88 ton, and the maximum shot weight is 128 
g. A Temposonics series III displacement/velocity 
transducer, type RH-N-0200M, is installed to measure 
the injection displacement and velocity. An in-house 
designed circuit is developed to convert the MFP 
signal into voltage signal for measurement. The 
hydraulic system has been fitted with a MOOG servo 
valves, type J661-141, to control the injection 
velocity. A Pentium 133MHz PC is used as the 
control platform for the control of the injection 
molding machine. Two National Instruments data 
acquisition cards mounted in the PC are used to 
provide interface to the machine. All the programs are 
developed using C language under a real-time multi-
task operating system, the QNX. The material used in 
this project is high-density polyethylene (HDPE) 
(SABIC Ladene). 
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3.2 Experiment Conditions 
 

All the experiments are conducted with the barrel 
front heater temperature of 200°C. Three mold inserts 
with significant changes in geometry are used to test 
the control system, as illustrated in Figure 5. The 
sampling period for inner-loop velocity control is 5 
milliseconds. The details about adaptive control of 
injection velocity for the inner loop can be found in 
references of Yang and Gao (2000) and Li et al. 
(2001). 
 

4. RESULTS & DISCUSSIONS 
 

4.1 Open loop test results 
 

The first experiment is conducted with a constant 
injection velocity of 25mm/s. The responses of MFP 
measurements for three different molds of Figure 5 
are shown in Figure 6. It is clear that with a constant 
injection velocity, melt-front-velocity varies with the 
changes in mold geometry. This indicates the 
necessity of profiling the injection velocity. The 
oscillations of MFP in Figure 6 are caused by 
capacitance measurements. 
 

The second experiment is conducted with mold 3 to 
demonstrate the delay variation. As shown in Figure 
7, the MFP responses are obtained, one with a 
constant injection velocity of 25mm/s (dotted line), 

one with a step change injection velocity profile of 
25-15mm/s with the step change introduced at 
1000ms injection time (solid line), and one with the 
same step change profile but different step time of 
1275ms (dashed line). Take the MFP response of 
constant injection velocity as the reference, the point 
where the MFP measurement begin to diverse from 
the reference line can be considered to be the starting 
time of step change response, and the time difference 
between step change time and the starting response 
time is the time delay. It can be seen from Figure 7 
that the late step change obviously has much larger 
than delay than the early step change. The time delay 
changes not only with the melt flow development but 
also with injection velocity. The measurements are 
treated differently by using the injection stroke as the 
x-axis. The results are shown in Figures 8a (early step 
change) and b (late step change). The delay variation 

 

                    (a)                                   (b) 
 

 
(c) 

Figure 5 Geometry of molds (a) mold insert 1, (b) 
mold insert 2 and (c) mold insert 3 
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Figure 7 Illustration of the time delay variation 
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Figure 8 Illustration of delay in terms of stroke 
(a) delay 1: early step change and (b) 
delay 2: late step change 
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 Figure 6 MFP open-loop test using different molds 

     



in stroke shown in Figure 8 is obviously much 
smaller than the delay in time of Figure 7, indicating 
the advantage of using the stroke. 
 

4.2 Implementation of the ILC approach 
 

The first step in the ILC controller design is to 
determine the number of steps for the filling stage. 
Previous works suggests that five steps of velocity 
profile are sufficient to achieve a satisfactory constant 
melt-front-velocity (Chen, 2002). Considering the 
fact that most injection molding machine provide 10 
points injection velocity setting, i.e., 9 steps of 
velocity profile, so, it has been decided to use 9 steps 
for the velocity profiling in this work. The second 
issue is to determine the learning gain L . A large 
gain causes strong changes in the velocity setting and 
faster convergence rate, while a small gain results in a 
smaller change of velocity profile and a slower 
convergence rate. L  has been determined to be 35 
for this work after trail and error. The set point for 
MFP slope, V , is selected to be 1.0 in equation 5. 

The stroke delay term, n , is determined to be one 
step by the above open loop test results. 

P

P

s

d

 

4.3 ILC search results and discussions 
 

To illustrate the problem with the straight forward 
application of the point-to-point ILC of equation 2, 
experiment is conducted with the injection velocity 
settings directly adjusted by the error between the 
MFP set point and measurement. The resulted melt-
front-position responses are shown in Figure 9a, with the corresponding velocity settings shown in Figure 

9b. It is clear that the MFP is far from a straight line 
even after 30 learning cycles, indicating that the 
point-to-point direct learning method cannot work 
well. No significant improvement can be made with 
changes in learning rates. 
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Figure 10 Experimental test of proposed ILC
searching method on mold 2: (a) MFP
responses and (b) corresponding velocity
settings 

 

The proposed search method as ILC control law (5) is 
thus tested on mold insert 2. The injection stroke for 
filling this mold is 37.5mm. This stroke is divided 
into 9 steps as [16.50, 18.83, 21.17, 23.50, 25.83, 
28.17, 30.50, 32.83, 35.17, 37.50], where 16.50 is the 
starting point when the melt front reaches the 
transducer. Figure 10a shows the measurement 
throughout 3 iterations of learning. The initial 
injection velocity is set to be a constant of 25mm/s. 
The corresponding MFP response, as indicated by the 
dashed line, accelerates due to the continuous 
decreasing of the mold cross-section area. After only 
two iterations, the third cycle’s MFP response, shown 
by the black solid line, overlaps well with the set 
point (grey solid line). The corresponding injection 
velocity profiles are shown in Figure 10b. Clearly, a 
decreasing velocity profile, as shown in the solid line 
of Figure 10b, can deliver a uniform filling of mold 
insert 2. 
 

The mold 3 with stronger changes in the mold shape 
is used to test further the designed profile searching 
scheme. The injection stroke is divided differently as 
[16.5, 19.0, 21.5, 24.0, 26.5, 29.0, 31.5, 34.0, 36.5, 
39.0], due to the mold change. The ILC search 
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Figure 9 Point-to-point direct iterative searching
of the injection velocity setting (a) MFP
responses and (b) corresponding velocity
settings 



scheme is applied to this new mold without any other 
changes. Again, the initial injection velocity is set to 
be a constant 25 mm/s. The MFP responses are 
plotted Figure 11a. It is clearly shown that after three 
iterations, the MFP response is very close a straight 
line. The corresponding velocity profiles are shown in 
Figure 11b. Due to the delay, the velocity setting after 
350 samples has no effect on the MPF response, and 
it was thus set to be constant as shown in Figure 11b. 
 

5. CONCLUSIONS 
 
The necessity of profiling the injection velocity to 
keep a constant melt-front-velocity throughout filling 
to produce uniform injection molded parts is 
demonstrated. An ILC is modified to search an 
“optimized” injection velocity profile to ensure the 
filling of mold cavity at a uniform rate, without the 
need of developing a process mold. The proposed 
system has been successfully applied to two molds 
with significant changes in geometry. 
 

REFERENCES 
 
Arimoto, S., Kawamura, S., & Miyazaki, F. (1984). 

Bettering operation of robots by learning. Journal 
of Robotic Systems, 1, 123. 

Boldizar A., Kubat J., and Rigdahl M. (1990). 
Influence of mold filling rate and gate geometry 
on the modulus of high pressure injection-molded 

polyethylene. J. Appl. Polym. Sci., 39, 63. 
Chen X. (2002). A study on profile setting of 

injection molding. Ph.D. Thesis. The Hong Kong 
University of Science & Technology, Hong Kong, 
P. R. China. 

Chiu C. P., and Wei J. H. (1991). Dynamic modeling 
of the mold filling process in an injection molding 
machine. Polym. Eng. & Sci., 31, 1417. 

Cox H. W., and Mentzer C. C. (1986). Injection 
molding: the effect of fill time on properties. 
Polym. Eng. Sci., 26, 488. 

Fritch L. W. (1979). ABS cavity flow-surface 
orientation and appearance phenomena related to 
the melt front. SPE ANTEC Paper, 21, 15. 

Gao F. and Chen X., USA patent application pending 
(2002). 

Gao F., Yang Y., and Shao C. (2001). Robust 
Iterative Learning Control with Applications to 
Injection Molding Process. Chemical Engineering 
Science, 56, 7025. 

Havlicsek, H., & Alleyne, A. (1999). Nonlinear 
control of an electrohydraulic injection molding 
machine via iterative adaptive learning. 
IEEE/ASME Transactions on Mechatronics, 4, 
312-323. 

Hunkar D. B. (1975). The interdependence of part 
parameters on process control adjustable functions 
in injection molding of thermoplastics. SPE 
ANTEC Paper, 21, 161. 

Johnnaber F. (1985), Injection Molding Machines (2nd 
Edn.), Hanser Publishers. 

Li M. Z., Yang Y., Gao F. and Wang F. L. (2001). 
Fuzzy Multi-model Based Adaptive Predictive 
Control and its Application to Thermoplastic 
Injection Molding. Canadian Journal of Chemical 
Engineering, 79, 263. 

Moore K. L., and Xu J. X. (ed.) (2000). Iterative 
Learning Control. Taylor and Francis, London. 

Rowland J. C., and Gao F., On-line quality 
monitoring coupling computer analysis and actual 
measurement. Japanese Society of Polymer 
Processing, Tokyo, Japan, June. 

Schmidt L. R., and Maxam J. L. (1993). The 
influence of variable injection rate on residual 
stress, haze patterns and surface properties of 
ABS moldings. SPE ANTEC Paper, 39, 1070. 

Turng L. S., Chiang H. H., and Stevenson H. H. 
(1995). Optimization strategies for injection 
molding. SPE ANTEC Paper, 41, 668. 

Yang, Y. and Gao, F. (2000). Adaptive Control of the 
Filling Velocity of Thermoplastics Injection 
Molding. Control Engineering Practice, 8, 1285. 

 

 

100 150 200 250 300 350 400
3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

M
F

P
 o

ut
pu

t 

injection time (*5ms) 

 constant velocity 
 1st iteration 
 2nd iteration 
 3rd iteration 
 Set point 

(a) 

100 150 200 250 300 350 400

12

15

18

21

24

27

30

 

in
je

ct
io

n 
ve

lo
ci

ty
 s

et
tin

g 
(m

m
/s

)

injection time (*5ms)

 constant velocity
 1st iteration
 2nd iteration
 3rd iteration

(b) 
Figure 11 Experimental test of proposed ILC

searching method on mold 2: (a) MFP
responses and (b) corresponding velocity
settings 

     



���������	��
���
�������
�
���������������
���� �!�"�#�%$
����
&�'
�()�*�����+��,��.-/��01�%�#�	�2��
���(3�

�4���)�����5�&��
��6�����+��
.���5(7�/��
8
.�	�&
��4�#�%�9
��

�	:<;9=�>@?BADC�>EAGF�?H>JI���KMLNFOKMLQP!LQR8��>ELQSOT�:<FO:<ROI5��F�:UTWVQ>X��S�PY>ZK1IWI

IN[8\^]E_M`badc�\feEaDgih�j4kE\#c8lGmW_MnNopeHqrlset\W\f`blseHq/_Metu�v _Maw\#`blG_xnzy%{|mflG\fetmW\b}
~OeQls��\f`Wyblsa<�/gih5v�lseEe|\byfgMaw_�}3v'lseQet\W_�]EgMn�l�y�})v��2�r�f�Q���

IWID�3o*j�gM`d]EgM`�_Maw\5��\byf\W_M`�m�k _Metu8[8\#�M\#n�g�]tc�\feEa<}����d�J�4��g��/�M}
{|mWk@\fet\Wmfa^_�uM��}������M�H�����

�J�Q�i���� �¡b��¢B£���¤Z¡#¥9�¦�1§E¥#�i¨p¤r��©B��¨�ª���«���¥�¡#¬Z¡f­®¥� r�¦¥�¨)¥�­®­®¯^©H§E¤M¨�§���¤�¥f°Z«@ª®�Eª��D¡#¤r±�²@­�¥#°.³Z¬B§E r±�ª�¡��
 x§Q³&��¤%²@��¥��¦¥f§H�3�¦ª®´�§@ª�µt¡f x§H�)¡f¤r§H�¦��¤r­@¡W«Q x­�­®¥�§@´r¥9�f¶r³@·@¥��¦¤%�¦«@¥�¸U¥�¥�³Z�Q r¡W©&ª�§H�¦¥��� �¡b�¦ª�¤r§Q�1ª®§Q³Z·E¡#¥9³
�B¬��¦«E¥��¦¥9¡#¬Z¡#­�¥��i���¦¥9 x±��f¹»ºw§¼�¦«Eª���²Q x²t¥f�9¶N¨)¥� �³@³Z��¥�������«@¥.³Z¬B§E r±8ª�¡� x§Q x­�¬B�¦ª��5 r§E³½¡#¤�§����¦¤�­
¤x¸D²@��¤Z¡#¥�����§@¥f�i¨)¤��¦©Z��¨�ª®�¦«X��¥�¡#¬Z¡f­®¥� x§Q³¾�¦±� x­�­�²@·@��´r¥.�¿�¦��¥� r±���·E�¿¥9³¾¸U¤r����¥f±�¤MÀM x­1¤r¸D­�ª�´r«H�
ª�§@¥f�¦�)¡#¤�±�²Q¤�§@¥f§H����Ás¸U¥f¥9³�ª�±8²E·@�¦ª®�¦ª�¥��p x§Q³QÂ�¤��1�¦¥9 r¡b��ª®¤�§��H¬B²@��¤Z³Z·E¡#���WÃ�¸U�¦¤�±Ä��«@¥���¥�¡f¬Z¡#­�¥�­®¤B¤r²4¹
Å ¥�¥��¿�� x�E­®ª��¿«4¶Z�¦«@��¤r·E´r«' ��¿ª�§@´r·E­� r��²Q¥��¿��·@�¦�Q M�¦ª�¤r§� r§E x­�¬Z�¿ª��f¶B��«E M���¦·E¡W«'§@¥f�i¨)¤��¦©Z�p¥#°Z«@ª��@ª®�� 
�¦ª�±�¥���¡f x­�¥��¦¥f²E r�� x�¦ª�¤r§8ª®§.�¦«@¥�ª®�p³Z¬B§E x±�ª�¡f��¶r¨�ª®�¦«���«@¥��¦­®¤M¨�³Z¬B§E r±8ª�¡f�3ª®§Q³Z·E¡#¥9³��B¬&��«@¥��¦±� x­�­
 x±�¤�·@§H�8¤r¸�ª�§@¥f�¦��²@·@��´r¥�³!¸U��¤r±+��«@¥'�¦¥9¡#¬Z¡#­�¥�­�¤B¤r²N¹ Å ¥� x­��¿¤¾²@��¥��¦¥f§H�. ¾±8¤Z³Z¥�­��¦¥9³Z·E¡#�¦ª�¤r§
±�¥#��«@¤Z³.¸U¤��D³@¥f��ª®ÀBª�§@´� &§@¤�§@­�ª®§@¥9 x�D­�¤M¨D¯d¤���³Z¥��)±�¤Z³Z¥�­»¤x¸4��«@ª����¿­�¤M¨Æ³Z¬B§E r±8ª�¡f�D¨�«Eª�¡W«'¡f r§��t¥
·E�¦¥�³��¦¤��W M��ª®¤�§E x­�­®¬. �³@³Z��¥����)�¦«@¥%¡f¤r§H�¦��¤r­|¤x¸��¦«E¥�­®¥�Àr¥f­»¤r¸�ª�§@¥��¿�W�Dª®§/�¦«E¥�§@¥#�i¨p¤r��©|¹

Ç ¥f¬B¨p¤r�W³@��¢H�¦ª®§E´r·@­� x�D²t¥f�¦�¦·@���E M��ª®¤�§E��¶@ÈJ��É��¦¬Z�i��¥f±��f¶Z±�¤Z³Z¥�­N�¦¥9³Z·E¡#�¦ª�¤r§N¶Z§@¤�§@­�ª®§@¥9 x�J¡f¤r§H�¦��¤r­

Ê ¹�ºiË�Ì�ÍJÎ5È�Ï�ÐpÌDº¦Î5Ë

£���¤Z¡#¥9�¦��§@¥#�i¨p¤r��©Z��¡f¤r§E�¦ª��¿�¦ª�§@´Ñ¤x¸&��¥� �¡b��ª®¤�§7 x§Q³Æ�¦¥f²E x¯
�W M�¦ª�¤r§Ä·@§@ª®���¾ª®§H��¥f�W¡#¤r§E§@¥�¡#�¦¥�³Ò�¦«@��¤r·@´�«	±� M��¥f��ª� r­8 r§E³
¥f§E¥f��´r¬X��¥�¡#¬Z¡f­®¥/ x��¥���«@¥'�¦·@­�¥/�� x�¦«@¥�����«E x§��¦«E¥/¥f°@¡#¥f²@¯
�¦ª�¤r§Óª�§Æ��«@¥X²@��¤B¡f¥����/ª®§E³@·E�i���¦ª�¥���¹JÌD«@¥X³Z¬B§E r±8ª�¡f�' r§E³
¡#¤�§H�¦��¤r­t¤x¸O�¦·E¡W«.§@¥f�i¨)¤��¦©Z�3²@�¦¥9�¿¥�§H�D³Zª��¿�¦ª�§E¡b��¡W«E x­�­�¥f§@´�¥���¶
�¦ª®§E¡f¥�ª�§Ô r³@³Zª®�¦ª�¤r§Ñ��¤X�¦«@¥ §@¤r§@­�ª�§@¥� r�.�Q¥�«E �ÀBª®¤���¤x¸��¦«E¥
ª�§E³Zª�ÀHª�³Z·E r­&·@§Eª��W�f¶��¦«@¥Y¸U¥f¥�³@�E r¡W©7ª®§H�¦¥��� �¡b��ª®¤�§E�� x±�¤�§@´
�¦«E¥��¦¥�·@§@ª®����¶3ª�§E³Z·E¡f¥�³Õ�B¬!��¥�¡f¬B¡f­®¥�¶Ö�i¬B²@ª�¡� x­�­®¬!´rª�Àr¥���ª��¦¥
�¦¤�±�¤r��¥Æ¡#¤�±8²E­®¥f°×¤MÀ�¥f�W x­�­.§@¥f�i¨)¤��¦©×³Z¬B§E x±�ª�¡f�7ÁU¥r¹ ´E¹
ÁGØ�¤r��·E³! r§E³!ÙB©�¤r´r¥9�i�W r³»¶ Ê�Ú�ÚxÛEÜ Ø�ª�Ý��¦¥f¬Y x§Q³ Ç  x­�±� x�9¶
Ê�Ú�ÚrÞEÜ Ø�¤��¦·Q³Ä x§Q³�ÙB©�¤r´r¥9�i�W r³»¶ Ê�Ú�ÚrßEÜ�à  r¡#¤��E�¦¥f§Ä r§E³
á ¥f��¥fÝ�¤M¨J�¿©Bªd¶ Ê9ÚrÚrßEÜ á ª�­�³@¥� / x§E³¼È�ª�±�ª� r§N¶ Ê�Ú�ÚrßEÜ á ª�­�³Z¥9 
\fa)_Mn®� ¶Eârãrã�ã Ü £3·E�¿«E²E �ÀM x§E r±× r§E³ Ç ª�¥f§@­�¥r¶@ârãrã Ê�Ü Ç ª��¦� \#a
_Mn�� ¶Oâxã�ã�ârÃ¦Ãb¹»È�¥��¦ª®´�§¼±�¤Z³Zª®µQ¡f x�¦ª�¤r§E��ÁU¥�¹ ´Q¹N r³@³@ª®§@´'�¦·@�¦´�¥
�� r§@©Z�/�Q¥f�i¨)¥�¥f§7³@ª�ä|¥f��¥f§H�'·@§@ª®���/�¦¤Õ M�¦�¦¥�§H·Q M�¦¥¾³Zª��i��·@�¿¯
�E r§E¡#¥9�O²E�¦¤�²E x´H M�¦ª�§@´���«@��¤r·@´�«%�¦«E¥p��¥�¡f¬Z¡#­�¥9ÃO¡f x§�ª®§8²@��ª®§@¯

å&æEçWè<é<êëçWìrí<î�ï�ïxðbè<étñ�ðbèté<ò�êzí|ó»ðbè<ôpõ#ö�÷OøNùfúsæ|ûNü�ýbþ9ÿbÿ��Wú�÷�ø��3ç����
� ùfü@úUø�	Où�

�bý��
�
��
�êzí��bèdç�é��wñ®î�ìzì ö�ç��^ô���ð¦ó4ì������
���

¡#ª�²@­�¥½�Q¥X¥�±8²E­®¤M¬�¥�³���¤Õ±8ª�§@ª�±�ª®Ý�¥¼��«@¥��¦¥½ª®§H��¥f�W r¡b��ª®¤�§E��¶
�@·Z�'��«@¥��¦¥¾ r�¦¥¼§@¤x�'¸G �À�¤r��¥�³Õ�B¬Õ�¦«@¥½��¥�¡f¥f§H�/³Z¥�±� x§E³@�
¸U¤r�'­�¤M¨)¥���¡� x²@ª®�� r­� r§E³Ô¤�²Q¥��� x�¦ª�§@´�¡f¤��¿����¶� x§E³Ô�¦ª�´r«H�¦¥��
²@��¤Z¡#¥����5ª®§H��¥f´r�W M��ª®¤�§N¹N�p���¦«E¥.�¦ r±8¥8��ª®±�¥r¶N�¦«@¥�¥���¡fª®¥�§H�
ad`¦_MeEyWlG\feEa3gW]@\f`¦_xa<lGgxe ¤r¸4�¿·E¡W«�§E¥#�i¨p¤r��©B�3ª��3�Q¥9¡#¤�±8ª�§@´�ª®§Z¯
¡#��¥� ��¿ª�§@´�­®¬�ª�±8²t¤r�¦�� r§H��¶@ r�)��«@¥�¡#·@���¦¥�§H�p¥�§HÀBª��¦¤�§@±�¥f§H�D¤x¸
¸U��¥��H·@¥f§H�)¡W«Q x§@´�¥���ª�§.±� x��©r¥f�3¡#¤�§E³Zª®�¦ª�¤r§E�p x§E³�¥9¡#¤�§@¤r±�ª®¯
¡f r­@¤r���i¥�¡b��ª®À�¥���³@ª�¡#�� M��¥���¸U�¦¥���·E¥f§H�)¡W«E r§@´r¥9�Öª®§�¤�²Q¥��� x�¦ª�§@´
¡#¤�§E³Zª®�¦ª�¤r§E�' r§E³Õ�� r�¦´�¥#�W�¼ÁG¥r¹ ´E¹D²@��¤B³@·E¡b�'´r�W r³Z¥ �¦�W x§E�¦ª®¯
�¦ª�¤r§Q�f¶E¸U¥f¥�³ �¿¨�ª®��¡W«@ª�§@´Q¶E¥#�W¡x¹zÃJ r§E³/�¦ª�´r«H�¦¥���¡#¤B¤���³Zª�§E x�¦ª�¤r§
¤x¸t�¦«E¥p²E­� r§��¦¯d¨�ª�³Z¥�¤�²Z�¦ª�±�ª®Ý9 M�¦ª�¤r§� x§Q³� �³ZÀM x§E¡f¥�³8¡#¤r§H���¦¤�­
­�¥fÀr¥�­�� ÁGØ� r���H·E r��³B�9¶)âxã�ãrã Ü Ç ·@­�«E �ÀB¬ \fa�_xn®� ¶Dârãrã�ã�Ãb¹)�
±� ��i¤����Q¤r�¿��­®¥�§@¥�¡W©&�¦¤M¨D x�W³@�1 x§E r­®¬BÝ�ª®§@´Q¶x¤r²@�¦ª�±8ª�Ýfª�§@´% r§E³
�t¥#�¿��¥f��¡#¤�§H�¦��¤r­�­®ª�§@´��¦«E¥8³Z¬B§E r±�ª�¡���¤r¸3�¿·E¡W« §@¥#�i¨p¤r��©Z��ª��
�¦«E¥5¤r¸s�¦¥�§�¤MÀ�¥f��¨�«@¥f­�±�ª®§@´��¿ª�Ýf¥� x§E³/¡#¤�±�²@­®¥f°Zª��i¬�¤r¸N�¦«@¥�ª®�
³Z¬B§E r±8ª�¡¾±�¤B³@¥f­��f¶�¨�«@ª�¡W«Ó±� r©r¥X³Z¬B§E r±8ª�¡½�¿ª�±&·E­� x�¦ª�¤r§
¡#¤�±�²@·Z�� x�¦ª�¤r§E r­®­�¬Õª®§H��¥f§E�¦ª®À�¥r¶D x§E³��¦«@¥½³Z¥��¦ª�´r§Ô¤r¸%¸U·@­�­®¬
¡#¥�§H�¦�W x­�ª®Ý�¥�³�§@¤�§@­�ª®§@¥9 x�5¡#¤r§H���¦¤�­®­�¥f�W�J¤�§��¦«@¥8�E ��¿ª���¤r¸�¥f§Z¯
�¦ª���¥3§@¥f�i¨)¤��¦©�±�¤Z³Z¥f­��4ª�±�²@�W r¡b��ª�¡� x­|ÁG�¦·E¡W«�¡f¤r§H�¦��¤r­�­�¥f�W�N x��¥
 x­�±�¤��¿�Jª®§BÀM x��ª� x�@­�¬�³Zª��.¡#·@­®�J��¤��¦·@§E¥r¶E¥f°Z²Q¥�§E�¿ª�Àr¥���¤.ª�±�¯
²@­�¥f±�¥f§H�) r§E³�±� xª�§H�� xª�§N¶H x§E³��¦¥f§E�¦ª®�¦ª�Àr¥���¤%±�¤B³@¥f­�ª®§@´&¥f�¦¯



��¤r�W�» x§E³5±�¥� ��¿·@��¥f±�¥�§��N§E¤rª��¿¥�Ãb¹#ºw§E³@¥f¥�³N¶b�¦«@¥3±�  �i¤r��ª��i¬�¤x¸
�¿�¦·E³Zª�¥��J¤r§�¡#¤�§����¦¤�­»¤x¸Ö§@¥#�i¨p¤r��©Z�D¨�ª���«'�¦¥9¡#¬Z¡#­�¥�ÁG�¦¥f¥�¥r¹ ´E¹
Á � ·@¬B�Q¥�§N¶ Ê9ÚrÚ��@Ü � ·@¬B�t¥f§Y r§E³��O­�¤r·Q³@ r��¶ Ê�Ú�ÚxÛQÜ � ¬B±� r§
 x§Q³ � ·E¬H�t¥f§4¶ Ê9ÚrÚ�Þ@Ü�� ª@ x§E³ � ·@¬B�t¥f§N¶ Ê9ÚrÚ	� Ã¿Ã» r�¦¥)¨�ª���«@ª�§
 �±&·@­®�¦ª®¯d­�¤B¤r²�­®ª�§@¥� r�p¡f¤r§H�¦��¤r­Q¸U�W x±�¥f¨p¤r��©|¹rºw§� 8³Zª®ät¥��¦¥�§H�
Àr¥�ª®§4¶4 /¸U¤r��±� x­1¸U�W x±�¥f¨p¤r��©�¸U¤��&�i�W x�@ª�­�ª��i¬¾ x§E r­®¬Z�¦ª��� r§E³
�¿�� x�Eª®­�ª®Ý9 M��ª®¤�§�¤x¸N²@��¤Z¡#¥�����§E¥#�i¨p¤r��©B��¶r�Q r�¦¥�³�¤r§�²E r���¿ª�ÀBª��i¬
 x§Q³Ò¡#¤r§Q¡#¥f²@����¸U��¤r± �¦«E¥f��±8¤Z³Z¬B§E r±�ª�¡��f¶�¨p ����¦¥9¡#¥�§���­®¬
²t¤��¿�¦·@­� M��¥�³Óª®§ Á
�E x�W��¡W«@±� x§ \#a'_Mn®� ¶ Ê�ÚrÚ�ß@Ü��  r§@´r¤H� \#a
_Mn�� ¶ Ê�Ú�ÚrÚ Ã#¹tÌD«E¥8³Z¥�Àr¥�­®¤�²@±�¥f§H�5¤r¸p /�¿¬Z�¿�¦¥�±� x�¦ª�¡%¸U�W x±�¥f¯
¨p¤r��©½¸U¤r�� x§E r­®¬BÝ�ª®§@´¼�¦«E¥/§E¤r§@­�ª®§E¥� x��³Z¬B§E r±�ª�¡/ª�§���¥f�W r¡#¯
�¦ª�¤r§Q��ª�§E³Z·Q¡#¥�³!�B¬X�¦¥9¡#¬Z¡#­�¥��¿�¦��·E¡b��·@��¥���¶Ö r§E³Y�W M��ª®¤�§E x­�­�¬
 r¡�¡#¤�·@§H�¦ª�§@´�¸U¤r���¦«@¥�±�ª®§���«@¥�¡f¤r§H�¦��¤r­�­�¥f��³Z¥9�¿ª�´r§�¡f­®¥9 x��­®¬
��¥f±� xª�§E�� x§/ª�±8²t¤r�¦�� r§H�D¤�²Q¥�§'²@�¦¤��@­�¥f±'¹
ºw§/¤r·@�p²@��¥fÀBª®¤�·E�p¨)¤��¦©�Á Ç ·@±� x�� x§E³�È� r¤r·Z��ª�³@ª���¶Eâxã�ã�ârÃ#¶
¨p¥�¡#¤�§E�¦ª�³Z¥��¦¥9³'²@��¤B¡f¥����J§@¥f�i¨)¤��¦©Z��¨�ª���«�­� r�¦´�¥%±� M��¥f��ª� r­
��¥�¡#¬Z¡f­®¥�¡#¤�±�²E x��¥�³.�¦¤8�¦«@��¤r·E´r«@²@·@��¹ Å ª®�¦«@ª�§'�¦«@¥�¸U�W x±�¥f¯
¨p¤r��© ¤x¸��¦ª�§@´r·@­� x��²Q¥��¿��·@���E M��ª®¤�§E�%¨p¥.¥��¿�� r�@­�ª��¦«@¥�³X�¦«E x�
�¦«E¥X­� r�¦´�¥¼��¥�¡f¬B¡f­®¥¾ª�§E³Z·E¡f¥��� ��¦ª�±�¥Y�¦¡� x­�¥X�¿¥�²E x�W M��ª®¤�§N¶
¨�ª®�¦«½�¦«E¥�³Z¬B§E x±�ª�¡f��¤r¸pª�§E³Zª�ÀBª�³@·E x­)²@�¦¤Z¡f¥����¿¥9��¥fÀr¤�­®ÀBª�§@´
ª�§� �¸G r�¿����ª®±�¥&��¡f r­®¥%¨�ª®�¦«�¨p¥� r©�ª�§H�¦¥��� �¡b�¦ª�¤r§Q�f¶E r§E³/�¦«E¥
³Z¬B§E r±8ª�¡f�.¤x¸5�¦«@¥�¤MÀ�¥f�W x­�­D�¦¬Z�i��¥f±6¥fÀr¤�­®ÀBª�§@´¾ª®§� X�¦­®¤M¨
�¦ª�±�¥/��¡f r­®¥�¨�«@¥f��¥.��«@¥��¦¥�ª�§H�¦¥f�W r¡#�¦ª�¤r§E�&�Q¥9¡#¤�±8¥'�¦ª®´�§@ª�µE¯
¡f r§H� Ü �¦«Eª��J�¦­�¤M¨Æ³Z¬B§E x±�ª�¡f�Dª��D·E�¦·E x­�­®¬�§@¤r§@­�ª�§@¥� r�D r§E³�¤x¸
­�¤M¨¼¤���³Z¥���¹#Ø�¤x�¦ª�ÀM M��¥�³5�B¬���«@ª���¶#¨p¥�²@��¤r²t¤��¦¥�³»¢bªsÃ» D±�¤Z³Z¥f­
��¥�³Z·E¡#�¦ª�¤r§Ñ±�¥#�¦«E¤B³@¤r­�¤r´r¬Y¸U¤r�.³Z¥��¦ª�ÀBª®§@´½§@¤�§@­�ª®§@¥9 x��­�¤M¨D¯
¤r�W³Z¥��)±�¤Z³Z¥f­��D¤x¸4�¦«@¥��¦­®¤M¨Ô³Z¬B§E r±�ª�¡��)ª�§E³Z·Q¡#¥�³��B¬�­� r�¦´�¥
��¥�¡#¬Z¡f­®¥��¿�¦��¥� r±���¶� x§Q³�ª�ªsÃ� X¡#¤�§����¦¤�­®­�¥f�.³@¥��¦ª®´�§�¸U�W x±�¥f¯
¨p¤r��©�¡f¤r±�²@��ª��¦ª�§@´&¤r¸4²@��¤r²t¥f��­®¬�¡#¤B¤���³Zª�§E x�¦¥�³�¡#¤r§H���¦¤�­®­�¥f�W�
ª�§���«@¥�¸G r�¿�J x§E³���«@¥%�¿­�¤M¨���ª®±�¥&��¡f r­®¥9�f¹
ºw§½�¦«Eª��&²E x²t¥f��¨)¥�¸U¤Z¡#·Q�%¤r§X²E�¦¤Z¡#¥9�¦�%§@¥#�i¨p¤r��©Z��¨�ª���«Y 
��¥�¡#¬Z¡f­®¥X�¿�¦��¥� x± _xetu  Ñ²@·E�¦´�¥½�¿�¦��¥� r±'¹DÌD«E¥X­� x�¿�¦¥���ª��
�i¬B²@ª�¡f x­�­�¬ ·E�¦¥�³¾¸U¤��%�¦«E¥.�¦¥�±�¤MÀ� r­�¤x¸�ª�§@¥f�¦��¡f¤r±�²Q¤�§@¥f§H�W�
Ás¸U¥�¥�³ ª�±�²@·@��ª���ª®¥9�  x§Q³QÂ�¤��/��¥� �¡b��ª®¤�§Ó�B¬B²@��¤Z³Z·E¡b�W��Ã Ü �¦«E¥
²@��¥��¦¥f§E¡f¥&¤r¸1�¦«@¥���¥�¡#¬Z¡f­®¥&¡� x§¼­®¥9 r³'��¤� r¡�¡#·@±�·@­� M�¦ª�¤r§ ¤x¸
�¦·E¡W«&ª�§@¥f�¦�1¡#¤r±�²t¤r§@¥�§H����ª®§��¦«E¥p��¥�¡f¬Z¡#­�¥3­�¤H¤�²N¶�¨�«@ª�¡W«�¡f r§
ª�§��¦·@��§.�t¥�³Z¥#���¦ª�±�¥f§H�� r­@��¤��¦«@¥�²@��¤B¡f¥����1¤r²t¥f�W M��ª®¤�§�ÁU¥r¹ ´E¹
¡f x�� r­®¬Z�¿��²t¤rª��¦¤r§@ª�§@´½ª®§Ñ��«@¥��¦¥9 r¡#�¦¤r�bÃ� x§E³��¦«E¥�²@�¦¤Z¡f¥����
¥�¡f¤r§@¤�±�ª�¡��ÔÁ á ¥f­� x§E´r¥f�Y r§E³ � ·E¬H�t¥f§4¶ Ê9ÚrÚrßEÜ � ·@¬B�t¥f§N¶
âxã�ãrãHÃb¹�ÏJ§E³Z¥����¿�� r§E³Zª�§@´*�¦«@¥Ò³Z¬B§E r±�ª�¡��Õ¤x¸ ��«@¥ ª®§E¥f�¦�
¡#¤�±�²Q¤�§@¥f§H����ª�����«@¥f��¥#¸U¤��¦¥8¡#��ª���ª�¡� x­Ö x§E³ ¡#¤r§H���¦¤�­®­�ª®§E´.�¦«E¥
­�¥fÀr¥�­B¤x¸t�¦·E¡W«8¡#¤r±�²t¤r§@¥�§H����ª®§��¦«E¥p��¥�¡f¬Z¡#­�¥)�¿�¦��·E¡b��·@�¦¥D¡f r§
�t¥% �©�¥f¬.¤�²Q¥��� x�¦ª�¤r§E r­|¤r� �i¥9¡b�¦ª�Àr¥�¹
ºw§� r­®±�¤H�i�� x­�­»�¿·E¡W«�§@¥#�i¨p¤r��©Z�3¨�ª®�¦«�²@·@��´r¥��i���¦¥9 x±��f¶��¦«E¥
±� x´�§@ª���·E³Z¥�¤x¸J��«@¥��¦¥��¿�¦��¥� r±���ª����¦ª®´�§@ª®µQ¡f r§���­®¬X�¦±� x­�­®¥��
�¦«Q x§¾�¦«@¥�¤r§@¥�¤x¸p�¦«E¥��¦«@��¤r·@´�«@²@·Z�& r§E³QÂM¤r���¦«E¥��¦¥9¡#¬Z¡#­�¥
�¿�¦��¥� x±���¶»�¿¤��¦«E x�%�� �¨Ò±� x�¦¥f��ª� x­���­�¤����¦¥��� x§E³tÂ�¤r�5²t¤r­�­®·Z¯
�¦ª�¤r§/¡f r§��t¥5±�ª�§@ª�±8ª�Ýf¥9³»¹@ÌD«@ª��D�¿·@´�´r¥9�i�W����«@¥�²t¤����¦ª®�@ª�­�ª��i¬
¤x¸1 �
¦¡f¤r��¥���³Z¬B§E r±8ª�¡f�J¤MÀr¥f�� �±�·E¡W«��¿­�¤M¨)¥��D�¦ª�±�¥&�¦¡� x­�¥
¡#¤�±�²E x��¥�³.�¦¤8�¦«@¥�³Z¬B§E r±�ª�¡��D¤x¸4��«@¥�ª®§Q³Zª®ÀBª�³Z·E r­»²@�¦¤Z¡f¥����
·@§@ª®���¾ x§Q³ ²Q¤H�¦�¦ª®�E­®¬Æ�¦«@¥�¤MÀr¥f�W x­�­�§@¥f�i¨)¤��¦©Æ³@¬H§Q x±�ª�¡��f¹
È�¥fÀr¥�­®¤�²@ª�§@´� x§ ¥#°Z²@­�ª�¡fª��5§@¤r§@­�ª�§@¥� r��±�¤Z³Z¥f­�¤x¸1��«@ª��5�¦­®¤M¨
³Z¬B§E r±8ª�¡f��¡� x§ �t¥X�Q¥�§@¥#µQ¡fª� r­%�t¤x�¦«Ó¸U¤��  x§E r­®¬Z�¦ª��' r§E³
¥fÀM r­®·E x�¦ª�¤r§/²@·@��²Q¤H�¿¥9�f¶@ r§E³�¸U¤r��±�¤Z³Z¥f­®¯d�Q r�¦¥�³/¡#¤r§H���¦¤�­<¹
Ø�¤r�¦ª�À� x�¦¥9³Ô�B¬Õ�¦«@¥½ x�t¤MÀr¥�¶)¨p¥¼¡f¤r§E�¦ª�³Z¥f�' !²E�¦¤r�¦¤x�i¬B²t¥
§@¥f�i¨)¤��¦©�¡f¤r±�²@��ª��¦ª®§E´�¤x¸D /�¦¥9 r¡b��¤r��ÁU¨�ª®�¦«½´� ��5¥���·@¥f§H�bÃ
 x§Q³� ��¦¥f²E r�� x�¦ª�¤r§��¦¬Z�i��¥f±'¶Q¨�ª®�¦«¾ .´H r�J��¥�¡f¬Z¡#­�¥��¿�¦��¥� x±

 x§Q³¾ /²@·E�¦´�¥��¿�¦��¥� r±"�¦¤���¥f±�¤MÀ�¥&��«@¥�­®ª�´r«H�%ª�§@¥f�¦�&¡#¤�±8¯
²t¤r§@¥�§��W�f¹ Å ª®�¦«@ª�§%��«@¥�¸U�W x±�¥f¨p¤r��©�¤r¸E�¿ª�§@´�·@­� r�4²t¥f�¦�¦·@���E x¯
�¦ª�¤r§Q�O¨p¥D¥��¿�� r�@­®ª��¦«%�¦«Q M���¿·Q¡W«� 5§@¥#�i¨p¤r��©�³Z¤B¥���¥#°Z«@ª��@ª®�� 
�¦ª�±�¥&��¡f x­�¥��¿¥�²E x�W M��ª®¤�§N¶Z¨�ª®�¦«/�¦«@¥��¿­�¤M¨7³Z¬B§E r±�ª�¡��J r���¿¤r¯
¡#ª� M��¥�³¾¨�ª®�¦«½�¦«E¥��¿±� r­®­�²E·@�¦´�¥��E¤M¨��� x�¦¥�¹��@·@�¦�¦«@¥��¦±�¤��¦¥�¶
¨p¥3³Z¥���¡#��ª��Q¥3 J±8¤Z³Z¥�­���¥�³@·E¡b��ª®¤�§�²@�¦¤Z¡f¥�³Z·@��¥1¨�«@ª�¡W«%­�¥� r³E�
�¦¤� r§&¥#°Z²@­�ª�¡#ª®�Ö§E¤r§@­�ª®§E¥� x��±�¤Z³Z¥f­Z¤r¸E�¦«Eª��1�¦­®¤M¨Y³@¬H§Q x±�ª�¡��f¶
�¦·@ª��W x�@­�¥�¸U¤r�% r§E x­�¬Z�¿ª��� x§Q³¾¡f¤r§H�¦��¤r­d¶» x§E³¾«@ª�´r«E­®ª�´r«H���¦«E¥
 x§Q x­�¤r´rª�¥��%�Q¥f�i¨)¥�¥f§X��«@¥/¡� r�¦¥.¤x¸��¦±� x­�­)²E·@�¦´�¥� r§E³½�¦«E¥
¡f ��¿¥�¤r¸O­� x��´r¥5�¦¥9¡#¬Z¡#­�¥5�¦��¥� M��¥�³�ª®§'¤�·@��²@��¥fÀBª®¤�·E�p¨)¤��¦©|¹

âZ¹�Ø¼Î5È5É � ºiË��×Î��Y£3ÍJÎ�ÐpÉpÙ@Ù�Ë�É3Ì Å Î5Í Ç Ù
Å ºiÌ � Í�ÉpÐ � Ð � ÉÕ��Ë�È�ÙZØ�� ��� £3Ï�Í���É

Ð)¤r§Q�¿ª�³Z¥f����«@¥�§@¥f�i¨)¤��¦©�¤r¸D /´� ���²@«E ��¿¥���¥� r¡#�¦¤��� r§E³¾ 
¡#¤�§E³Z¥�§E�¿¥��J�¿«E¤M¨�§�ª�§���ª�´E¹ Ê ¹

yAR, yBR, yIR

yA, yB, yI

xA, xB, xI

NA, NB, NI

A−−>B

Fo, yAo, yIo

R P

LF

k1

��ª®´Q¹ Ê ¹@£3�¦¤Z¡f¥����)§E¥#�i¨p¤r��©�¨�ª���«/��¥�¡f¬Z¡#­�¥5 r§E³/²@·@��´r¥r¹
Í�¥9 r¡b�W x§H���Õª��Ö¸U¥�³� x�3 �±8¤�­� r���E¤M¨��W M�¦¥����p�¦¤���«@¥J��¥� r¡#¯
�¦¤���¶Q¨�«@¥f��¥& �µQ���¿�¿¯^¤r�W³Z¥f��ª����¦¥�Àr¥f�W�¦ª®�@­�¥���¥� r¡#�¦ª�¤r§��! #"
�� r©r¥9��²@­� r¡#¥ ¨�ª���«Æ X��¥� r¡#�¦ª�¤r§Õ�W M�¦¥¼¡#¤r§Q�i�W x§H�%$	&x¹)ÌD«E¥
¤r·@�¦­�¥#�/�¿�¦��¥� r± ¸U��¤r± ��«@¥ ��¥� �¡b�¦¤��.ª��.¸U¥9³��¦¤� Y²E r�¿��ª� r­
¡#¤�§E³Z¥�§E�¿¥��Ö�¦«E x�3�¿¥�²E x�W M��¥�����«@¥�­®ª�´r«H��·@§Q¡#¤r§BÀ�¥f�¦�¦¥�³���¥� r¡#¯
�� r§H�'� ¸U��¤r± �¦«@¥�«@¥� �ÀB¬¼²@�¦¤Z³Z·Q¡b�'"�¹�ÌD«@¥�´� r�&²@«E ��¿¥�¶
��ª�¡W«½ª�§(�×ª��&�¦¥9¡#¬Z¡#­�¥�³¼�E r¡W© �¦¤'��«@¥.��¥� r¡#�¦¤���¹»º^�&ª��% r­��¦¤
 r���¦·@±�¥�³½��«E M�� �À�¥f��¬¼À�¤r­� M�¦ª�­�¥.ª®±�²@·E�¦ª®�i¬() ª��8²@��¥��¦¥f§H�
ª�§7��«@¥X¸U¥�¥�³Ò�¿�¦��¥� x± ª®§	�¦±� x­�­ ��·Q x§H�¦ª®�¦ª�¥���¹�� Á<�¿±� x­�­sÃ
²@·@��´r¥��i���¦¥9 x±+* ª����¦«@¥��¦¥f¸U¤r��¥Y·E�¦¥�³ ��¤Æ��¥f±�¤MÀr¥½��«@ª��
ª�±8²E·@�¦ª®�i¬�¸U�¦¤�±	�¦«E¥J�¦¥9¡#¬Z¡#­�¥�­�¤H¤�²N¹�ÌD«E¥�ª®§H�¦¥��¦²E«E r�¦¥�±�¤r­�¥
�¦�W x§Q�i¸U¥��Y�� x�¦¥9�½¸U¤r�!�¦«@¥Æ¡f¤r±�²t¤r§@¥�§��W�,�.-/"0-1)	ª�§ �¦«E¥
¡#¤�§E³Z¥�§E�¿¥��. x��¥�´r¤MÀ�¥f��§@¥�³!�H¬��� x�¦¥�¥f°B²E�¦¥9�¦�¦ª®¤�§E�8¤x¸��¦«E¥
¸U¤r��±'¢�243657$83�9 :<; 3�= *?>3*A@ 3�B�¶H¨�«@¥��¦¥C$D3�9¼³@¥f§@¤r�¦¥��3 
±� r���)�¦�W x§E�¿¸U¥f�D¡#¤B¥��.¡fª®¥�§��9¶

; 3��¦«E¥5±�¤�­®¥�¸U�� �¡b��ª®¤�§.ª®§��¦«E¥
´� ��J²@«Q r�¦¥r¶ @ 3%�¦«@¥�±�¤r­�¥%¸U�W r¡b��ª®¤�§�ª®§��¦«@¥�­®ª �H·@ª�³ ²@«E ��¿¥�¶*�3��¦«E¥��� M��·@�W M�¦ª�¤r§¼ÀM x²t¤r��²@��¥����¿·@��¥&¤r¸3��«@¥�¡#¤r±�²t¤r§@¥�§H�E ÁG³Z¥f�¦¥f��±�ª®§E¥�³�¨�ª®�¦«� r§.�J§H�¦¤�ª®§E¥J�i¬B²Q¥��¦¥�­� x�¦ª�¤r§QÃ1 r§E³F*
�¦«E¥�²@�¦¥9�¦�¦·@��¥�ª®§/�¦«E¥%¡#¤r§Q³Z¥f§E�¦¥f�9¹Z�����¿·E±8ª�§@´�ª��¿¤r�¦«@¥��¦±� r­
¤r²t¥f�W M��ª®¤�§N¶��¦«E¥�³Z¬B§E x±�ª�¡D±�¤B³@¥f­@¤r¸Q��«@¥J§@¥f�i¨)¤��¦©&¡� x§��t¥
¥� ��¿ª�­�¬�³Z¥f��ª�Àr¥�³/ x§Q³�«E ��p�¦«@¥�¸U¤��¦±'¢



���� 5 � ����� =��
�; �
	 � 5 Ê

���
� � � Á ; � � = ; �
	 � Ã�����Á ; � = ; �
	 � Ã=C$ & 2 � ; �
	 ���
�; � 	 � 5 Ê

���
� � � Á ; � � = ; � 	 � Ã�����Á ; � = ; � 	 � Ã ����� 5 �7=�� =�2A= *
�; � 5 Ê

� � � ��Á ; � � = ; � Ã�= 2 � � ; � 2 �
�; � 5 Ê

����� ��Á ; � � = ; � Ã�=�2 � � ; � 2 ����� 5 2 =��
�@ � 5 Ê

� � � 2 � = @ � 2 �
�@ � 5 Ê

����� 2 � = @ � 2 �

Á Ê Ã

¨�«@¥��¦¥C2 5 2 � � 2�����2 �  x§Q³ � � - ��� - ��� ³Z¥�§@¤x��¥�¦«E¥¾±�¤�­� r��«@¤�­�³@·@²E�'ª�§Ô�¦«E¥¾��¥� �¡b��¤r�9¶)ÀM x²t¤r�'²@«Q r�¦¥¼ª�§
�¦«E¥Y¡#¤r§Q³Z¥f§E�¦¥f�� r§E³Ó­®ª �H·@ª�³7²@«E ��¿¥½ª�§Ó�¦«@¥Y¡f¤r§E³Z¥�§E�¦¥f�9¶
��¥��¦²Q¥9¡b�¦ª�Àr¥�­®¬�¹
ºw§�¤r�W³Z¥����¦¤�¸G �¡#ª�­®ª®�� x�¦¥& .²Q¥��¿��·@�¦�Q M�¦ª�¤r§� r§E x­�¬Z�¿ª���¤x¸Ö��«@ª��
±�¤Z³Z¥f­d¶&��«@¥Ô¸U¤�­®­�¤M¨�ª�§@´Ä r���¦·@±�²Z�¦ª�¤r§E�� x��¥Æ x­��¦¤	ª®§H���¦¤r¯
³Z·E¡f¥�³»¢
� ÌD«@¥F�Q¤M¨��� x�¦¥��5ª�§½�¦«@¥���¥�¡f¬Z¡#­�¥�­®¤B¤r²½ x��¥. r���¦·@±�¥�³
�¦¤��t¥���Á Ê Ãb¹

� ÌD«@¥Õ�W M�¦ª�¤ ¤x¸��¦«@¥Õ²@·@��´r¥Ñ��¤7��«@¥Ñ¸U¥f¥9³!�E¤M¨��W M��¥
·@§E³@¥f���i��¥� �³Z¬��i�W M�¦¥�¡#¤�§E³Zª®�¦ª�¤r§E��ª���À�¥f��¬/�¦±� x­�­<¶|¤��*��� ��� 5! #"�" Ê ¹

� ÌD«@¥D±�¤r­�¥3¸U�W r¡#�¦ª�¤r§%¤r¸@�¦«E¥pª�§@¥��¿�Öª®§��¦«E¥3¸U¥�¥�³�ª���Àr¥��¦¬
�¦±� r­®­d¶@¤��

;
� � 5 9 �  �¨�«E¥f��¥?9 � ª��$��Á Ê Ãb¹� ÌD«@¥�±� ��¦���¦�W x§E�¿¸U¥f�)�� x�¦¥�¸U¤r����«@¥�ª�§@¥��¿�D¡#¤r±�²t¤r§@¥�§H�

ª���Àr¥��¦¬.�¦±� x­�­<¶Z¤��C$ � 9 5 9�&% '&�¨�«@¥f��¥49�&�ª��(��Á Ê Ãb¹
� ÌD«@¥%ª�§@¥��¿��ª��JÀ�¥f��¬�À�¤r­� M�¦ª�­�¥r¶@¤�� * >�* 5 9 & Ê ¨�«@¥f��¥9 & ª��$��Á Ê Ã#¹

ËJ¤r�¦¥8�¦«Q M��¶|�E ��¿¥9³�¤�§¾�¿�¦¥9 r³Z¬��¿�� x�¦¥�¡#¤r§Q�¿ª�³Z¥f�W M��ª®¤�§E��¶Qª�§
¤r�W³Z¥��D�¦¤.��¥f±�¤MÀr¥� r§' r²@²@��¥�¡fª� r�@­®¥� r±8¤�·@§H��¤x¸��¦«E¥%ª®§E¥f�¦�
¡#¤�±�²Q¤�§@¥f§H�J¸U��¤r± �¦«@¥&�¦¥9¡#¬Z¡#­�¥�­®¤B¤�²N¶@��«@¥&±�¤r­�¥�¸U�W r¡#�¦ª�¤r§
¤x¸&�¦«@¥¾ª®§E¥f�¦�/ª�§Ô��«@¥¼ÀM r²Q¤���²@«Q r�¦¥ ª�§Ô�¦«E¥¾¡f¤r§E³Z¥�§E�¦¥f�9¶;
� ¶)«Q r���¦¤!�t¥���Á Ê Ã#¹�ÌD«@ª���ª�±8²E­®ª�¥����¦«Q M�)��Á* bÃ�±�¤�­®¥9�¤x¸/ª®§E¥f�¦�Y¥f§H�¦¥��½ r§E³�­®¥9 �Àr¥��¦«@¥Ô�¦¬Z�i��¥f± ��«@�¦¤�·@´r«��¦«E¥
¸U¥f¥9³' x§E³/²@·@��´r¥%�¿�¦��¥� r±��f¹@Ë�¤x�¦¥% r­��¦¤8�¦«E x�J�¦«E¥�­� ��i���i¨p¤
 r���¦·@±�²Z�¦ª�¤r§E�8ª�±�²@­®¬Y�¦«E x��§E¥f´r­�ª�´rª��@­®¥' x±�¤�·@§H�8¤r¸�ª®§E¥f�¦�
­�¥� �Àr¥9�D�¦«E¥&��¥�¡#¬Z¡f­®¥%­�¤B¤r²� r§E³�¥#°Zª®�����¦«@��¤r·E´r«'�¦«E¥&­�ª �H·@ª�³
�¿�¦��¥� x± ¸U�¦¤�± �¦«@¥��t¤x�¦�¦¤�±2¤x¸O�¦«@¥%¡f¤r§E³@¥f§E�¦¥f�9¹
á  r�¦¥�³�¤�§��¦«@¥p r���¿·E±8²@�¦ª�¤r§E�O x�t¤MÀr¥r¶f�¦«@¥p³Z¬B§E x±�ª�¡�±�¤Z³Z¥f­
¤x¸��¦«E¥�§@¥#�i¨p¤r��©��� r©r¥��)��«@¥�¸U¤r��±'¢

���� 5 � �+��� = �
�; � � 5 Ê

� �
� ���xÁ Ê = 9 �  �= ; �
	 � Ã�,��Á ; � = ; �
	 � Ã�= $ & 2 � ; �
	 ���
�; � � 5 Ê

���
� � � Á
9 �  = ; � 	 � Ã����8Á ; � = ; � 	 � Ã �

�� � 5 �7=�� =ÕÁ 2 � �,2 � Ã=69 &  & ; � �,9 & 9 &  @ � =� � �-� **��
�; � 5 Ê

�.�/� ��Á ; � � = ; � Ã =�2 �� ; � Á
2 � �(2 � Ã� ; � Á
9 &  & ; � =�9 & 9 &  @ � Ã ��; � 5 Ê
�.�/� ��Á ; � � = ; � Ã =ÕÁ 9 &  & ; � = 9 & 9 &  @ � Ã� ; � Á 2 � �,2��pÃ0� ; � Á
9 &  & ; � =�9 & 9 &  @ � Ã ����� 5 Á
2 � �(21�)Ã��,9 &  & ; � = 9 & 9 &  @ � =���@ � 5 Ê
� � � 2 � = @ � Á 2 � �,2��)Ã= @ � Á 9 &% & ; � = 9 & 9 &  @ � Ã ��@ � 5 Ê
��� � 9 &2 & ; � = 9 & 9 &  @ � = @ � Á 2 � �,2 � Ã= @ � Á
9�&3 & ; � = 9 & 9 &  @ � Ã �

ÁdârÃ

ºw§'´r¥�§@¥f��ª�¡�¸U¤r��±'¶Z�¦«E¥% x�t¤MÀr¥5±8¤Z³Z¥�­N�t¥�¡#¤�±�¥���¢
�@ 5!4ÖÁ @ -6587GÃ��� � 9 Á @ Ã�� 9 � 5 � � 9;: 5 : � Á � Ã

¨�«@¥��¦¥�5 7 ³Z¥f§E¤x�¦¥9�/�¦«@¥X��¡f r­®¥9³Æª�§@²@·Z�W��¡#¤��¦��¥��¦²Q¤�§E³Zª�§@´
�¦¤¾��«@¥ n®_M`<qH\ �E¤M¨2�� x�¦¥���¶�5 � ª��� ¾��¡f r­®¥9³Yª�§@²@·Z��¡f¤r���¦¥f¯
�¦²Q¤�§E³Zª�§@´/�¦²t¥�¡#ª®µQ¡� x­�­®¬'��¤���«@¥�­� x��´r¥&¸U¥f¥9³��E¤M¨	�W M��¥r¶85 :ª��&  ��¡f r­®¥9³½ª®§E²@·Z�8¡f¤r���¦¥9�¿²t¤r§Q³Zª®§E´'�¦¤���«@¥ ybc�_Mnsn ²E·@�¦´�¥�E¤M¨ �� x�¦¥�¶ 9 Á @ Ã�ª��� r§<��Á= bÃ'��¥f��± ¡f¤r���¦¥9�¿²t¤r§E³@ª®§@´Ñ��¤
�¦«E¥��W M��¥�¤r¸Jª®§@¥��¿����¥f±�¤MÀM x­)¸U�¦¤�± �¦«@¥/�¦¥9¡#¬Z¡#­�¥�­�¤B¤r²Y�B¬
±� r���N���� r§E�¿¸U¥f�9¶9 r§E³14 - 9 � - 9 :  r�¦¥p x²@²E�¦¤�²@�¦ª� M��¥f­�¬5³@¥#µE§@¥9³Àr¥9¡b��¤r�p¸U·@§E¡#�¦ª�¤r§E��¹
º^�½ª��¼¥fÀBª�³Z¥f§H� ��«E M�¾�¦«E¥Ñ r�Q¤MÀ�¥Y±�¤B³@¥f­8«E r� �¦¥��¦±��¼¤x¸
��Á Ê ÃX x§Q³>��Á* bÃX¨�«@ª�¡W« �¿·@´�´r¥9�i�W�½²Q¤r�¦¥f§H��ª� r­®­�¬� Ó�i¨p¤
�¦ª�±�¥���¡f x­�¥��Q¥�«E �ÀBª®¤���¹4ºw§¾¨�«Q M��¸U¤r­�­�¤M¨J�f¶N¨p¥.³Z¤Z¡#·E±8¥�§H�
�¦«E¥��i¨p¤��¦ª�±8¥���¡f r­®¥&¸U¥� M��·@��¥�¨�ª®�¦«@ª�§¾�¦«@¥8¸U�W x±�¥f¨p¤r��©/¤x¸
�¦ª®§@´�·@­� x��²Q¥��¿��·@�¦�Q M�¦ª�¤r§Q�f¶� x§E³� r³@³@�¦¥9�¦�N�¦«@¥�³Z¥��¦ª�ÀM M�¦ª�¤r§&¤x¸
��¥�³Z·E¡f¥�³B¯^¤r�W³Z¥��8§E¤r§Z¯w�i��ª�ä  x²@²E�¦¤�°Zª�±� x�¦¥/±�¤B³@¥f­���¤x¸��¦«E¥
¸G r�¿�� x§Q³��¦­®¤M¨Ó³Z¬B§E x±�ª�¡f��¹

� ¹�Ø¼Î5È5É � ÍJÉ)È�Ï�ÐpÌDº¦Î5Ë
Å ¥��t¥f´�ª®§�¨�ª���«� ¾³Z¥���¡#��ª®²@�¦ª�¤r§Y¤r¸J�¦«@¥�¸G r�¿�8³@¬H§Q x±�ª�¡��f¹
ÌD«@ª��pª��)�¦¥9 r³Zª�­�¬8¤��Z�� rª®§E¥�³��B¬.¡#¤�§E�¦ª�³Z¥��¦ª�§@´���«@¥�³Z¬B§E x±�ª�¡
±�¤Z³Z¥f­N¤r¸�É �Q¹ Ê ª®§/��«@¥�­®ª�±�ª��� ��#  ãE¢

���� 5 � ����� =��
�; �
	 � 5 Ê

� �
� ���rÁ Ê = ; �
	 � Ã0����Á ; � = ; �
	 � Ã=C$ & � � ; �
	 �?�
�; � 	 � 5 Ê

���
� =6� � ; � 	 � ����Á ; � = ; � 	 � Ã ����� 5 �7=�� =ÕÁ 2 � �,2��pÃ
�; � 5 Ê

� � � ��Á ; � � = ; � Ã�= 2 �� ; � Á 2 � �(21�)Ã �
�; � 5 Ê

� � � ��Á ; � � = ; � Ã�� ; � Á 2 � �,2��)Ã ��2 � 5 Á 2 � �,2��)Ã =��
�@ � 5 Ê

� � � 2 � = @ � Á 2 � �,2��pÃ �
�@ � 5 = Ê

���@� @ � Á
2 � �(21�)Ã �

Á Û Ã



¤r��ª�§'ª��W�D´r¥�§@¥f��ª�¡�¸U¤��¦±'¢

�@ 5 4ÖÁ @ -65 7 Ã Á � Ã
ÌD«@ª��Yª��� 	§@¤r§Z¯w�¿�¦ª®ä ±�¤Z³Z¥f­��¦«E x�� x²E²@�¦¤�°Zª�±� M�¦¥9�½�¦«E¥
³Z¬B§E r±8ª�¡f� ª®§ ��«@¥!¤��¦ª�´rª�§E r­.Ás¸G r�¿�WÃ��¦ª�±�¥!�¦¡� x­�¥��b¹�ÌD«E¥
�¿�¦¥� �³Z¬H¯^�¿�� x�¦¥3¡f¤r§E³@ª���ª®¤�§E�»¸U¤��4��«@ª����¦¬B�¿�¦¥�±7«Q �Àr¥1��«@¥�¸U¤��¦±
ã.5 4ÖÁ @ -�5 7 Ãp¤���±8¤��¦¥��¦²Q¥9¡#ª®µQ¡f r­®­�¬|¢

ã 5 � �+���7= �
ã 5 � � Á Ê = ; �
	 � Ã����8Á ; � = ; �
	 � Ã=C$ & 2 � ; �
	 �
ã 5 =6� � ; � 	 � ����Á ; � = ; � 	 � Ãã 5 � =�� =ÕÁ 2 � �,2��pÃ
ã 5 ��Á ; � � = ; � Ã = 2 � � ; � Á 2 � �,2��3Ã
ã 5 ��Á ; � � = ; � Ã�� ; � Á 2 � �(21�)Ãã 5 Á 2 � �,2��)Ã =��
ã 5 2 � = @ � Á 2 � �(21�)Ãã 5 @ �

Á Þ Ã

ËJ¤r�¦¥¼�¦«E x��§@¤x�� x­�­�¤x¸%��«@¥��¦¥¾¡f¤r§E�¿�¦�W xª�§H���¾ÁU¤��/¥��H·@ª®ÀM x¯
­�¥f§H�¦­�¬8�¦«@¥�³Zª®ät¥��¦¥�§���ª� r­Q¥��H·E M��ª®¤�§E�3ª�§�É �Q¹ Û Ã3 x��¥J­�ª®§@¥9 x��­®¬
ª�§E³Z¥f²t¥f§Q³Z¥f§H��¹BÙB²t¥�¡#ª®µQ¡� x­�­®¬�¶xª��3¡� x§��t¥J�¿«@¤M¨�§��¦«Q M�1�¦«E¥f��¥
¥#°Zª��i��¤r§E­®¬ ß ­®ª�§@¥� r�¦­�¬½ª®§Q³Z¥f²t¥f§E³@¥f§H�.¡#¤r§Q�i���� rª®§H����¹ÖÌD«@ª��
ª��¼¡f¤r§E�¦ª��¿�¦¥�§H� ¨�ª���«	��«@¥Y¸G �¡b� ��«E M�¼�¦«@¥9�¿¥Ñ¡#¤�§E�i���� rª®§H�W�
¡#¤��¦��¥��¦²t¤r§E³¼�¦¤¾�i��¥� �³Z¬X�i�W M�¦¥/¡#¤�§E�i���� rª®§H�W�%ª�§X�¦«@¥�­®ª�±�ª��
 r�)��«@¥�²@·@��´r¥��E¤M¨��W M�¦¥ _Me|u �¦«@¥�¸U¥�¥�³�ª®±�²@·E�¦ª®�i¬.�t¥�¡#¤�±�¥
Ýf¥��¦¤Q¹�ºw§&�¦«@ª���­®ª�±�ª��9¶9�¦«@¥pª®§E¥f�¦��±�¤r­�¥��O­�¥� �ÀBª®§E´J�¦«E¥)��¥� �¡b�¦¤��
 x§Q³��¦«@¥p¡#¤�§E³Z¥f§Q�¿¥��O x��¥�ª�³Z¥f§H��ª�¡� x­d¶f«@¥�§E¡#¥3�¦«@¥)�¦¥9³Z·@§E³@ r§H�
¡#¤�§E�¿�¦�W xª�§��9¹
ÌD«@¥� x�t¤MÀr¥J¤��E�¦¥f��À� x�¦ª�¤r§�ª�±�²@­®ª�¥��)��«E M�p�¦«@¥��¿�¦¥� �³Z¬��i�W M��¥
¡#¤�§E³Zª®�¦ª�¤r§ ª®§2�¦«@ª���¸G r�¿����ª®±�¥Ò�¦¡� x­�¥7³Z¤B¥9�!§@¤r�Õ�¦²t¥�¡b¯
ª®¸U¬7ª��¿¤�­� x�¦¥9³7¥��H·@ª®­�ª��@�¦ª�·@± ²Q¤�ª®§H�W�f¶��@·Z�¼�W M��«@¥f�� Ô¤r§@¥f¯
³Zª�±�¥f§E�¦ª®¤�§E x­�¥��H·@ª�­®ª��@��ª®·E± ±� r§@ª�¸U¤�­�³N¶�¨�«@ª�¡W«Ä¡#¤�§ZµE��±��
�¦«E¥�²@�¦¥9�¿¥�§E¡#¥�¤r¸4�¦«E¥��i¨)¤8�¦ª�±�¥%�¦¡� x­�¥��Q¥�«E �ÀBª®¤���¹
ËJ¤r�¦¥Ñ x­��¿¤���«E M�½ª�§Ò�¦«@ª�� �¦ª�±8¥Õ��¡f x­�¥r¶�¤r§@­�¬Ó�¦«@¥Ñ­� x��´r¥�E¤M¨��W M��¥�����-���--�  Mä|¥�¡#� �¦«E¥!³Z¬B§E x±�ª�¡f�¼ x§E³Ò¡� x§Ò�t¥
·E�¦¥�³!¸U¤r�� r³E³Z�¦¥9�¦�¦ª�§@´¼¡f¤r§H�¦��¤r­p¤r� �i¥9¡b��ª®À�¥����¿·Q¡W«� r���¿�� x¯
�@ª�­®ª�Ý� x�¦ª�¤r§Y¤r¸J«@¤r­�³Z·@²Q�f¶�²@��¤B³@·E¡b��ª®¤�§Y�� x�¦¥� r§E³X²@��¤Z³Z·E¡#�
�H·E x­�ª®�i¬r¹QÌD«E¥%²@·@��´r¥ �E¤M¨��W M��¥�«E r��¶E¤r¸�¡#¤r·E���¦¥r¶@§E¤.¥#ä|¥�¡#�
¤r§��¦«E¥%³Z¬B§E x±�ª�¡f�Dª�§���«@ª��D¸G r�¿���¦ª�±�¥%�¦¡� x­�¥r¹
ÌO·@�¦§Eª®§@´ §@¤M¨*�¦¤���«@¥��¦­®¤M¨×³Z¬B§E r±8ª�¡f��¶4­�¥#�8·E�&³@¥#µE§@¥� 
�¦­®¤M¨ ��ª®±�¥��¦¡� x­�¥�� 5��  9¹NÐ)¤r§E�¦ª�³@¥f��ª®§@´��¦«@¥8­�ª®±�ª®�@  �ã@¶
¨p¥�¤r�Z�W xª�§/ �³Z¥9�¦¡f�¦ª�²Z��ª®¤�§�¤r¸O��«@¥%�¿­�¤M¨7³@¬H§Q x±�ª�¡���¤x¸��¦«E¥
¸U¤r��±'¢ � ���� � 5	��

����� � Ê Á � � ��� = �%Ã� ; � �� � 5	��

����� � Ê

 ��� � � � Á Ê = ; �
	 � Ã�,�8Á ; � = ; �
	 � Ã�= $ & 2 � ; �
	 �?�= Ê
� � � � 9 �� ; � �� � 5	��

� ��� � Ê

 � � � =6� � ; � 	 �
�,�8Á ; � = ; � 	 � Ã � � Ê

��� � � 9 �

� � �� � 5���

����� � Ê � � =�� =ÑÁ
2 � �(21�)Ã �=6� �-� ** �� ; �� � 5���

� ��� � Ê
 ��� � ��Á ; � � = ; � Ã�=�2 �� ; � Á
2 � �(21�)Ã �� ; �� � 5���

����� � Ê
 � � � ��Á ; � � = ; � Ã� ; � Á 2 � �,2��pÃ �� � �� � 5���

� ��� � Ê � 2 � �,2 � =�� �� @ �� � 5���

����� � Ê
 ���@� 2 � = @ � Á
2 � �(21�)Ã �� @ �� � 5���

� ��� � = Ê ��� � @ � Á 2 � �,2 � Ã �

Á � Ã

�¦·@� �i¥�¡#�Ö�¦¤5�¦«@¥��H·E ��¿ªZ�¿�¦¥9 r³Z¬&�¿�� x�¦¥�¡#¤�§E�¿�¦�W xª�§��W��¤x¸tÉ �t¹ Þ ¹
ËJ¤r�¦¥���«E M����«@¥���Á= bÃp��¥f��±��Jª®§/�¦«E¥�¤r��ª®´�ª®§E r­N�¿¬Z�¿�¦¥�±2³Z¥#¯
��¡#��ª®²Z��ª®¤�§�«E �À�¥��t¥�¡f¤r±�¥@��Á Ê Ã#¶@ x§E³.�¦«B·E�D�¿ª�´r§Eª�µQ¡� x§H��¶Bª�§
�¦«Eª��D�¦­®¤M¨Õ��ª®±�¥��¦¡� x­�¥r¹BËJ¤x��¥� r­��¦¤%��«E M�p�¦«@¥�¡#¤�±&�@ª�§E x�¦ª�¤r§
¤x¸@��Á Ê Ã%�¦¥��¦±��8ª�§Y�¦«E¥�¤��¦ª�´rª�§E x­)±�¤B³@¥f­D«E r��´rª�Àr¥�§Y��ª��¦¥
�¦¤/µE§Eª���¥r¶N¬�¥#��ª®§E³@¥#�¦¥��¦±�ª�§E M��¥�­®ª�±�ª��W��ª®§¼�¦«Eª����¦­®¤M¨Ä�¦ª�±�¥
��¡f x­�¥ Ü ¨p¥'¨�ª®­�­�³Z¥�§@¤x��¥/�¦«@¥�À�¥�¡b��¤r��¤x¸5�¦«E¥��¦¥�·@§@©B§@¤M¨�§
�¦¥��¦±��D�B¬��Q¹
ºw§.´�¥f§@¥��¦ª�¡p¸U¤r��±'¶r��«@¥�±�¤Z³Z¥f­Q¤x¸»��«@¥��¦­®¤M¨Õ³Z¬B§E r±8ª�¡f�)«E ��
�¦«E¥�¸U¤r��±/¢ � @� � 5	� � 9 � 5 � � 9 : 5 :

ã�5 4ÖÁ @ -65 7 Ã Á ß Ã

¨�«@¥��¦¥

�.5���
������ � Ê 4ÖÁ @ -6587<Ã Á Ú Ã

ÌD«@¥Ó±�¤B³@¥f­'¤x¸���«@¥Ó�¦­�¤M¨ ³Z¬B§E x±�ª�¡f�Ñ¤x¸���«@¥Ó�¦¬Z�i��¥f±
¡#¤�±�²@�¦ª��¦¥��&�¦«B·E��¤x¸5 ¾�¦¥#��¤x¸�¡#¤�·@²@­�¥�³!³@ª�ä|¥f��¥f§H�¦ª� x­� r§E³
 x­�´r¥��@�W xª�¡J¥��H·E x�¦ª�¤r§E�p¤r¸4§@¤r§@¯<���¦ª�ÀBª� r­tª�§E³Z¥f°»¶@ r�)�¦«@¥�ÀM x��ª®¯
 x�E­®¥9���8 x��¥Jª®±�²@­�ª�¡#ª®�¦­�¬�µE°B¥9³��B¬8�¦«@¥ ��·Q r�¦ªt�¿�¦¥9 r³Z¬��i�W M��¥
¡#¤�§E�¿�¦�W xª�§��W�f¶)�� x�¦«@¥�����«E x§7¥#°Z²@­�ª�¡fª���­®¬Ô�¦²t¥�¡#ª®µE¥9³Ôª�§Ô�¦«E¥
³Z¬B§E r±8ª�¡�±8¤Z³Z¥�­<¹»ºw§Q³Z¥f¥9³»¶|�¦«@ª���±�¤Z³Z¥f­Ö¤x¸)�¦«@¥��¦­®¤M¨	³@¬�¯
§E r±8ª�¡f�)«E ��3 %¨p¥f­�­®¯^³Z¥fµE§@¥9³�ª®§Q³Z¥#°�¤r§E­®¬�ª®¸»�¦«@¥��E¤M¨��W M�¦¥9�
5 7 ¨�«@ª�¡W«Ó r²@²Q¥9 x�/ª®§7�¦«E¥¾ r­®´�¥f�@�W xª�¡ ¡f¤r§E�¿�¦�W xª�§H�����¦«E x�
³Z¥f�¦¥f��±�ª®§E¥��¦«@¥5¡#¤�§E�i���� rª®§H�)�¿�� x�¦¥f¯^�¦²E r¡f¥J x��¥J�¿²t¥�¡fª�µQ¥�³. ��
¸U·@§E¡#�¦ª�¤r§E�5¤r¸1�¦«@¥��i�W M��¥�ÀM x��ª� x�@­�¥�� @ ¶|ÀBª� � �¡f¤r§H�¦��¤r­O­� �¨5 7 Á @ Ã#¹1º^�.¡f x§!�¦«@¥�§��t¥'�¿«@¤M¨�§!�¦«E x����«@¥'ª®§Q³Z¥#°Y¤r¸��¦«E¥ x�t¤MÀr¥�ÈJ��ÉÓ�¿¬Z�¿�¦¥�± ª���¥#°@ r¡#�¦­�¬�â@¶|¨�«@ª�¡W« ª®±�²@­�ª®¥9���¦«E x�
�¦«E¥�³Zª�±�¥f§E�¦ª®¤�§X¤x¸D�¦«E¥�·@§E³@¥f��­®¬Bª�§@´¼Î5È�ÉÄ�¿¬Z�¿�¦¥f± ª�� Ê ¹
ÌD«@ª��D�¿¬Z�¿�¦¥f± ¡� x²Z��·@�¦¥9�)�¦«@¥��¿­�¤M¨Ô³Z¬B§E r±8ª�¡f�)ª�§E³Z·E¡f¥�³.�B¬
�¦«E¥ �¿±� r­®­J²E·@�¦´�¥� x§E³��¦±� x­�­�¸U¥f¥9³Õª®±�²@·E�¦ª®�i¬r¶p x§E³Õ¡f r§
�t¥%·E�¦¥�³/�¦¤� r³@³Z��¥����D��«@¥&¡#¤�§H�¦��¤r­N¤r¸O��«@¥&ª�±�²@·@��ª��i¬/­®¥�Àr¥�­
·E�¦ª®§E´��¦«@¥��¿±� x­�­E²E·@�¦´�¥��¿�¦��¥� x±�ª®§���«@ª��)�¦­®¤M¨��¦ª�±�¥���¡f r­®¥�¹
�J§�¥#°Z²@­�ª�¡fª��JÎ5È�ÉX��¥f²E�¦¥9�¿¥�§��W M��ª®¤�§8¤r¸»�¦«@ª��pÈJ��ÉY�¦¬Z�i��¥f±
¡f r§¼�t¥�¤r�@�� xª�§@¥9³ �t¥�¥f±�²@­�¤M¬Bª®§@´� '¡#¤B¤���³Zª�§E x�¦¥�¡W«E x§@´�¥
¤x¸��¦«E¥�¸U¤r��±/¢ ������ 5 �&Á @ Ã 5 � ! Á @ Ã4ÖÁ @ -65 7 Á @ Ã¦Ã � Á Ê ãHÃ



0 1 2 3 4

x 10
4

1.7

1.8

1.9
M

r

0 1 2 3 4

x 10
4

0.38

0.4

0.42

yA
,r

ea
ct

or

0 1 2 3 4

x 10
4

0.26

yI
,r

ea
ct

or

0 1 2 3 4

x 10
4

7

M
v

0 1 2 3 4

x 10
4

0.38

0.4

0.42

yA
,c

on
de

ns
er

0 1 2 3 4

x 10
4

0.38

yI
,c

on
de

ns
er

0 1 2 3 4

x 10
4

2.8

M
L

0 1 2 3 4

x 10
4

0.36

0.38

0.4

xA
,c

on
de

ns
er

time,s

0 1 2 3 4

x 10
4

3.7

3.8

3.9
x 10

−8

xI
,c

on
de

ns
er

time,s��ª®´Q¹QâZ¹@ÌDª�±�¥��¦¥9�¿²t¤r§Q�¿¥9�)¤r¸� r­®­4�¿�� x�¦¥�ÀM x��ª� r�@­�¥��
ºw§Ò��«@¥��¦¥�§E¥f¨ ¡#¤B¤���³Zª�§E x�¦¥���¶J��«@¥Ñ±8¤Z³Z¥�­�¤r¸��¦«@¥Õ�¦­®¤M¨
³Z¬B§E r±8ª�¡f�D«Q r�p�¦«E¥�¸U¤r��±� �� � 5�� !

� @ �tÁ � Ã0��� !
� @ Á � Ã 9 � 5 � �.��� !� @ Á � Ã 9 : 5 :��� ã

Á Ê�Ê Ã

ËJ¤r�¦¥���«E M�)ª��3ª���²t¤����¦ª®�@­�¥���¤&¡W«@¤��¦¥p�¦«@¥�¸U·@§E¡#�¦ª�¤r§ ! Á @ Ã3�¦¤
�¦«Q M� � !

� @ � 5�ã@¹�ºw§X��«@ª���¡� r�¦¥r¶O�¦«@¥/ÀM x��ª� r�@­®¥ � ¥�Àr¤r­�Àr¥9�ª�§E³Z¥f²t¥f§Q³Z¥f§H�¦­�¬×¤x¸���«@¥��z x­�´r¥��@�� rª�¡��%ÀM x��ª� r�@­�¥����Q¶� r§E³
ª���¥����¿¥�§H�¦ª� x­�­®¬! ¾���¦·E¥ 
¦�¦­®¤M¨6�¼ÀM x��ª� r�@­®¥'ª�§Õ�¦«@¥��¦¬Z�i��¥f±
ÁU¨�«E¥f��¥� r�/��«@¥X¤r��ª�´rª�§E x­��¿�� M��¥½À� r�¦ª� x�E­®¥9�'¥#°Z«@ª��@ª����t¤x��«
¸G r�¿�5 r§E³��¦­®¤M¨	³@¬H§Q x±�ª�¡���Ã#¹t��±�¥� r§@ª®´r¸U·@­Ö¡W«@¤rª�¡#¥%¤r¸��¦«E¥
¸U·@§E¡#�¦ª�¤r§ ! Á @ ÃO¨�«@ª�¡W«% r¡W«@ª�¥fÀ�¥��»��«@ª��4ª�� ! Á @ Ã 5 � � ; � � ���� ; � ¶|ªd¹ ¥�¹t�¦«@¥8�¦¤r�� r­Oª�±�²@·@��ª��i¬�«@¤�­�³@·@² ª�§ ��«@¥8�¦¥9¡#¬Z¡#­�¥­�¤H¤�²N¹
ËJ¤r�¦ª�¡#¥'��«E M�.ª�§Ñ�¦«@¥� r�Q¤MÀ�¥' r§E x­�¬Z�¿ª���¶Ö�¦«@¥ �H·E r§���ª��i¬!¤x¸
ª�§@¥f�¦���¦«E x�%ª�����¥�¡f¬Z¡#­�¥�³�ª���±�·E¡W«¼­� x��´r¥��5�¦«E r§ ��«@¥�ª®§E¥f�¦�
�¦«E�¦¤�·@´r«@²E·Z��¹%ÌD«@¥Õ²@��¥��¦¥f§Q¡#¥Ñ¤x¸� 7�¦ª®§E´r­�¥Õ�¦­�¤M¨ ±�¤B³@¥
 r���¦¤B¡fª� x�¦¥9³¼¨�ª®�¦«Y�¦«@¥.ª�§@¥��¿�8ª��&ª®§Y¡f¤r±�²@­�¥#�¦¥� x´r��¥f¥�±�¥f§H�
¨�ª®�¦«½�¦«E¥. x§E r­®¬Z�¦ª���¤r¸�Á Ç ·@±� x�& r§E³¼È5 x¤�·Z�¦ª�³Zª��f¶Öâxã�ã�ârÃ#¶
¨�«@ª�¡W«½²@�¦¥9³Zª�¡b���& ��¿­�¤M¨Ä±�¤Z³Z¥f­3¤x¸�³Zª®±�¥�§E�¿ª�¤r§X¥��H·E x­Ö��¤
�¦«E¥�§H·E±&�t¥f��¤x¸1¡#¤�±�²Q¤�§@¥f§H���Dª�§/�¦«@¥���¥�¡f¬Z¡#­�¥�­�¤B¤r²N¹

Û ¹�ÙZºiØ�Ï � �1ÌDº¦Î5Ë	ÙZÌ�Ï�È �
ºw§Æ¨�«Q M��¸U¤�­®­�¤M¨J��¨)¥¾¡#¤r§Q�¿ª�³Z¥f�' !�¦²t¥�¡#ª®µQ¡¼§@¥#�i¨p¤r��©Ñ¤x¸
�¦«E¥�¸U¤r��±2�¦«@¤M¨�§'ª®§���ª®´Q¹ Ê ¹EÌD«@¥�²E r�� r±�¥#�¦¥��DÀ� r­®·E¥��J r§E³
�¦«E¥Ô§@¤r±�ª�§E x­/�i��¥� �³Z¬*�¿�� x�¦¥9�Y x��¥�´rª�Àr¥�§*ª�§2Ì� x�@­�¥ Ê ¹
ÌD«@¥�¤�� �i¥�¡#�¦ª�Àr¥�ª��D�¦¤�À�¥f��ª�¸U¬��¦«@¥%��¥��¦·@­®���D¤r¸���«@¥% x§Q x­�¬B�¦ª��
²@��¥��¦¥f§H�¦¥9³� r�Q¤MÀ�¥r¹
���Ö r§&ª�§@ª���ª� r­@�¿ª�±&·E­� x�¦ª�¤r§&��·@§N¶�¨p¥p¡f¤r§E�¦ª�³Z¥f��¥�³% r§	� ¤r²t¥f§Z¯
­�¤H¤�²
��¥#°Z²t¥f��ª®±�¥f§H�9¶5¨�«E¥f��¥f�B¬Ó�¦«@¥Ñ�¦«E�¦¥�¥�«@¤�­�³@·@²E�½ x��¥
¡#¤�§H�¦��¤r­�­®¥9³!�B¬!²E�¦¤�²Q¤��¿��ª®¤�§E x­�¡#¤�§H�¦��¤r­�­®¥����� x§Q³�¨p¥'²Q¥��¿¯
�¦·E�¦�t¥�³/�¿­�ª�´r«H�¦­�¬��¦«E¥��¿�� x�¦¥�ÀM x��ª� r�@­�¥��3¸U�¦¤�± �¦«@¥�ª®�J�¿�¦¥9 r³Z¬
�¿�� M��¥&ÀM x­�·@¥9�f¹ ��ª®´Q¹|â��¦«@¤M¨J����«@¥���¥��¦²t¤r§E�¦¥���¤x¸) r­®­Ö�i�W M��¥
ÀM x��ª� r�@­�¥���¹�Î��E�¿¥��¦À�¥¾�¦«E x�  x­�­&�i�W M��¥YÀM x��ª� r�@­®¥9�'¥#°Z«@ª��@ª®�
 7¸G r�¿�½�¦�W x§E�¦ª®¥�§H��¶5¸U¤r­�­®¤M¨p¥�³Ä�B¬Ä 7�¦­�¤M¨  x²@²E�¦¤H r¡W«Ò��¤
�¿�¦¥� �³Z¬��i�W M��¥r¶9¨�«@ª�¡W«&ª��Oª®§Q³Zª�¡� M��ª®À�¥3¤x¸Z��«@¥)�i¨)¤���ª®±�¥D�¦¡� x­�¥
�t¥f«E �ÀBª�¤r�D¤x¸��¦«@¥%�¦¬Z�i��¥f±'¹

�
����������� � ð���ê��MçWì��bçWìzî��iíNñ�ðbèNï�è<ð����iídí4ïMçWèdç�� �ié �ièdí
��� ÿ�� 




 � �! 
"� 


bý


û �"� 
bþ
� �$#&% 
"� ý
�9ÿ('
ü ý"� 
bþ
� �  % 
"� ��)�)
�
* 
"� �
�bý � # 
"� ý
��)�)
æ +,� þ"-zÿ 
".0/ �  
"� ý$+�'��
1 % ÿ�� +���
 2 # 
"� ýbþbý�)
143 '"� +Wþ
� 2  �5� ý


�6-zÿ 
 .�7
148 �"� +Wþ��
æEúGø|ð
�fé<èdðbìzì��iè �#çWê���í 9;:"< 3 
"� �9;:,< 8 
"� �9 :,< % 
"� �
÷ �fé<ðbê�����ïMçWèdç�� �ié �ièdí ÷ = ø
ñ®ðbèN÷?> ÿ()"� 
�� �$+Wý 

ñ®ðbè@=A> ÿ()"� 
�� �$+Wý 

ñ®ðbè
BC> ÿD+,� '�) �$+Wý 

E 8 )��#þbþ
� F #HG ÿ
IKJ �"L ��)M-bÿ 
 .�/ F,N G ý
I5O )"L ý��P-bÿ 
 .�/ F  G ÿ@-#ÿ 
 .0Q
R J �S+Wý F å 
"� �
R�O �$+Wý��ª®´Q¹ � �¦«@¤M¨J�D��«@¥%¥fÀ�¤r­�·Z�¦ª�¤r§'¤r¸���«@¥���¤x�� r­4ª�§@¥f�¦��«@¤�­�³@·@²

¸U¤r�J�¦«@¥&�� x±�¥%�¦ª®±�·@­� M�¦ª�¤r§'��·@§ Ü §E¤x�¦¥%�¦«E x���¦«@ª��JÀM x��ª� x�@­�¥
¥#°Z«@ª��@ª®���p³Z¬B§E x±�ª�¡f�3¤r§@­�¬�ª®§���«@¥��¦­�¤M¨���ª®±�¥5�¦¡� x­�¥r¶B �¸G r¡#�
¨�«@ª�¡W«&ª��O¡f¤r§E�¦ª��i��¥f§H�O¨�ª®�¦«8ª��Ö�t¥fª�§@´� ��¦��·@¥)�¦­�¤M¨XÀ� r�¦ª� x�E­®¥�¹

−0.5 0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

2.99

3

3.01

3.02

3.03

3.04

3.05

3.06

to
ta

l i
ne

rt 
ho

ld
up

, m
ol

es

time, s��ª®´Q¹ � ¹@É3Àr¤�­®·Z��ª®¤�§�¤r¸O��«@¥��¦¤r�� x­»ª�§@¥��¿�J«@¤�­�³@·@²��ª®´Q¹ Û ª®­�­�·E�i���� x�¦¥9���¦«E¥�¥�ª®´�¥f§E�¦²Q¥9¡b���¦·@±�¤r¸1�¦«@¥8³Z¬B§E x±�ª�¡
±�¤Z³Z¥f­.¤r¸���«@¥�§@¥f�i¨)¤��¦©|¶�­�ª®§@¥9 x��ª®Ý�¥�³* M�X��«@¥�§@¤r±�ª�§E x­
�¿�¦¥� �³Z¬��i�W M��¥r¹EÎ��E�¦¥f��Àr¥���«@¥�²E�¦¥9�¿¥�§E¡#¥�¤x¸O 8�¿ª�§@´�­®¥�¥fª�´r¥f§@¯
ÀM x­�·@¥ÑÀr¥f��¬Ò¡#­�¤��¦¥Y��¤Æ��«@¥Õª®±� x´�ª®§Q x��¬  x°Zª���¶�¨�ª®�¦«��¦«E¥
��¥f±� xª�§@ª�§@´�¥fª�´r¥�§HÀM r­®·@¥9�/¸U·@�¦�¦«@¥���­®¥f¸s�¼ª�§ �¦«@¥�¡#¤r±�²@­�¥#°
²@­� x§@¥�¹

−10
1

−10
0

−10
−1

−10
−2

−10
−3

−10
−4

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

��ª®´Q¹ Û ¹@É3ª®´�¥f§E�¦²t¥�¡b���¦·E± ¤x¸O�¦«@¥�­�ª®§E¥� x��ª�Ýf¥�³/�¦¬B�¿�¦¥�±



ÌD«@¥)±8¤Z³Z¥�­B¤x¸Z�¦«E¥p�¦­®¤M¨X³Z¬B§E r±�ª�¡��O³Z¥��¦ª�Àr¥9³�ª®§&�¦«@¥p²E r²Q¥��
¨D r�8·E�¦¥�³Ñ r�8�¦«E¥��E r�¦ª���¸U¤��.�¿¬B§H�¦«@¥9�¿ª�Ýfª�§@´½ ¾§@¤r§@­�ª�§@¥� r�
ª�§@²Q¤�·Z�bÂM¤r·Z��²@·Z��­®ª�§@¥9 x��ª®Ý�ª®§@´/¡#¤�§����¦¤�­®­�¥f��¨�«@ª�¡W« ±� x§@ª�²@·Z¯
­� M�¦¥9�)�¦«@¥5²@·@��´r¥��E¤M¨��W M�¦¥��¦¤8ª®§Q³Z·E¡#¥��¦«E¥�¸U¤�­®­�¤M¨�ª�§@´%µE�W�¿�
¤r�W³Z¥��p��¥��¦²t¤r§E�¦¥5¸U¤r�D�¦«E¥��¦¤x�W x­»ª�§@¥f�¦�J«@¤�­�³Z·E² ! ¢

! ��� � !� � 5�� Á Ê â�Ã

¨�ª®�¦«�� 5 Û ãrãrã  r§E³ ª�§���¥f´��� r­� r¡#�¦ª�¤r§ ª�±8²t¤��¦¥�³×¤�§
�¦«E¥�� = ! ³Z¬B§E r±�ª�¡��f¹ ��ª®´Q¹ � ª�­®­�·E�¿�¦�W M��¥��5 �¡f­®¤H�¿¥9³B¯d­�¤B¤r²
�¦ª®±�·@­� x�¦ª�¤r§���·@§¼¨�«@ª�¡W« ª®­�­®·Q�i���� x�¦¥����¦«E¥�¥fät¥9¡b�¦ª�Àr¥�§@¥�����¤x¸
�¦«Eª���¡#¤r§H���¦¤�­®­�¥f��ª�§½�¦�W r¡W©Bª®§E´' �¡W«Q x§@´�¥8ª�§½�¦«E¥��¿¥f�¦²t¤rª�§H�
¤x¸���«@¥¾ª®§@¥��¿�'«@¤�­�³Z·E²N¹ ��ª�§E x­�­�¬r¶���ª®´Q¹ Þ ª®­�­®·Q�i���� x�¦¥����¦«E¥

0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

2.85

2.9

2.95

3

to
ta

l i
ne

rt 
ho

ld
up

, m
ol

es

time, s��ª®´Q¹ � ¹�Ð)­®¤H�¿¥9³Y­�¤H¤�²Y��¥��¦²Q¤�§E�¿¥�¤x¸J��«@¥�¡#¤�§����¦¤�­®­�¥f�&�¦¤¾ ��� ³Z¥�¡f�¦¥9 r�¦¥�ª®§��¦«@¥�ª�§@¥��¿�J«@¤�­�³@·@²��¿¥f�¦²t¤rª�§��
¡#­�¤��¦¥�³Z¯d­�¤B¤r²Õ�¦¥9�¿²t¤r§Q�¿¥�¤r¸��¦«@¥¼²@·@��´r¥��Q¤M¨��� x�¦¥'¸U¤r���¦«E¥
�� x±�¥�¡W«E x§@´�¥�ª�§/�¦«@¥%�¦¥#��²Q¤�ª®§H�J¤r¸O��«@¥�ª®§E¥f�¦�D«E¤r­�³Z·@²N¹

0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

7.8

7.9

8

8.1

x 10
−3

time, s

pu
rg

e 
flo

w
ra

te
, m

ol
/s

��ª®´Q¹ Þ ¹O£�·@��´r¥'�E¤M¨��W M�¦¥�¡W«E r§@´r¥8¸U¤��&  ��� ³@¥�¡#��¥� ��¿¥�ª�§
��«@¥�ª®§E¥f�¦�J«@¤r­�³Z·@²'�¿¥f�¦²t¤rª�§H�

� ¹�Ð�Î5Ë�Ð � Ï�ÙZº¦Î5Ë�Ù
ºw§Ñ�¦«@ª��.¨p¤r��©|¶1¨)¥'«E �À�¥��¿«@¤M¨�§Ñ��«E M����«@¥�²@��¥��¦¥f§E¡f¥'¤x¸
 Ñ�¿±� x­�­�²@·@��´r¥½�i���¦¥9 x± ¸U¤�����«@¥¾�¦¥�±8¤MÀM r­5¤r¸� x§7ª®§E¥f�¦�
¡#¤�±�²Q¤�§@¥f§H�D¸U�¦¤�±  8²@�¦¤Z¡f¥����)§E¥#�i¨p¤r��©8¨�ª®�¦«'��¥�¡f¬B¡f­®¥�¶Bª®§Z¯
�¦��¤Z³Z·E¡f¥��N p�i¨p¤x¯d�¦ª�±�¥��¦¡� x­�¥��t¥f«Q �ÀHª�¤r�9¹fÌD«@¥��¦­�¤M¨¾³Z¬B§E r±8¯
ª�¡f�D¤x¸4�¦«@¥�§@¥f�i¨)¤��¦©�¨D r�D�¦«@¤M¨�§.��¤��t¥�¤r§@¥f¯^³Zª�±�¥f§E�¦ª�¤r§E r­
 x§Q³�³Zª��¦¥9¡b�¦­�¬' r���¿¤Z¡#ª� M��¥�³/¨�ª®�¦«���«@¥%��¤x�W x­4ª�§@¥��¿�5«@¤r­�³Z·@²N¹
�Ä�¿�� x�¦¥&�¦²E �¡#¥%��¥� r­®ª�Ý� x�¦ª�¤r§'¤x¸1��«@ª����¿­�¤M¨Ò³Z¬B§E x±�ª�¡f��¨p ��

³Z¥��¦ª�Àr¥9³  x§Q³ ¥�±8²E­®¤M¬�¥�³�ª�§ ��«@¥��¿¬B§H�¦«E¥��¦ª��5¤x¸D x§¾ª®§E²@·Z�¿¯
¤r·@�¦²@·Z�D­�ª®§@¥9 x��ª®Ý�ª®§E´�¡#¤�§H�¦��¤r­�­®¥��3¨�ª®�¦«/ª®§H�¦¥�´r�W x­t r¡b��ª®¤�§.¸U¤��
�¦«E¥��¦¤x�W x­»ª�§@¥f�¦�J«@¤�­�³Z·E²N¹@ÌD«@¥�²t¥f�¦¸U¤r��±� r§E¡#¥5¤x¸��¦«E¥%¡#¤r§@¯
�¦��¤r­�­�¥f�5¨p ��J��¥��¿�¦¥�³¼�B¬'§H·E±8¥��¦ª�¡f r­1�¿ª�±&·@­� M��ª®¤�§N¶tª®§E³@ª�¡� M�¿¯
ª�§@´�´r¤B¤Z³��¦¥#��²Q¤�ª®§H���¦�W r¡W©Bª�§@´�¡f x²Q x�@ª�­®ª®�¦ª�¥���¹

Þ ¹�ÍJÉ ��É)ÍJÉ3Ë�ÐpÉ)Ù
= �iìëç����
�iè
	Mæ���� �xç����
� � * � * î9ö�õ � ���<ÿ �
�bþ��C�rætìëç��#ésóOê���� ���¿í<ê��
�
ç���� �ið
�#édè<ðbì@ðWñtï�è<ð����iídí �ií�ó4ê édò�ê����ièGédí(�Bÿ��rìzê��bòféOê����iè<é<íD���������
� ��������� �"!#��$��
%&��')(�� ����	K)9ÿ('
*,)
�$+,�=|êzì����¿ç 	føA� ù��+	b÷;� øA�-,�ê ��êëç��)ç����Dæ�� ,?��B ����� �Jç.� �





��!� � ð
�9ìzê����¿çWè
õ �iòMç(��êzðbèJðWñ�è��¿ç��wédðbèGúsí��iïMçWèdç�édðbèGúsè����wö��¿ì���íGö9íGé�� ��í(�/�10-!32�4 56�
7 ���"!#� � ���-�����)8�9:	��


�
*��9ÿ��5�=|êzì����¿ç 	�øA� ù��#ç�����÷;� øA��,�ê ��êëç��;�<ÿ �
�bþ��C�Mù#é^çWõ�êzìzê ésöpç���� �)î�ì édêzï9ìzê��iú
ê ésöDçWï�ï�èdð#ç��dò�é<ð3é<ò�� ���¿í<ê��
��ðWñZò��¿ç�éGúsê��fé ���bè^ç�é ���5ï9ñ®èD��<=�-�>� �
? ��9�9:	��$+�
bý
*��$+�ÿ �"�

üxçWèdí �^ò5�Jç���	%ø �%÷;�+	A@ ��æ��CBÖêzíGóNç��Mç�é<òÒç�����=A�CD@�CE ��íGédê��
�Gÿ �
�bþ��!�NæQèdð����¿í<íJí<ö�í<é �(��í�ç�����ê��S�����#édðbèGö �¿ð
�#é<èdðbì �F<=�-�>� �
? ��9�9:��þ���	Bÿ¿þ���ÿ�*xÿ¿þ�)$+,�

G ç����bðbí
	1@ ��H��+	B÷?�B÷;�Z÷�ìzð
�9ídð�	:I5�1,?�Hæ �iè<ô�ê���í)ç����	=A��D �>E �9ú
íGédê��
�<ÿ �
�
���C��	Nò��iè ��ð��9ö���ç���ê��pçWï�ï9èdð#ç��^ò&édð�édò���íGédè<î��wédî9è^çWì
íGé^çWõ�êzìzê ésöJðWñEï�è<ð����iídí4ï�ìëç��#édí(��<=�-�>� �J? �K9�L�� ����	Mþ


�
*�þ9ÿ('"�

I#ç��iðbõ�í�����	 D ��ç����
H��,= �¿è �&M¿ð¿ó4ídôfê1�Gÿ �
�bþ��!�Mø|òMçWðWédê�� �9ö��Mç���ê��ií|ê��
ò�ð���ð
�
�����iðbî�í4édî9õ�î�ìëçWè�è �¿ç��ié<ðbèdíNó4ê édò5è����wö��iì����N�>� �
!#� � �����
O 7"P ��8K'>	���

�bý
*���

�
�"�@Öêzídí"	i÷?� ÷;�+	¦ø � ù��(=|êzì����¿ç 	¦÷;� øA�",�ê ��êëç��Öç�����æ��
,?�(B � ���(�JçQ� �




���!�
ùfédç�é ���pî9ì édêzï�ìzê��iê ésö�ê�� �ií<é<è<úsí �¿ï�çWè^ç�é<ðbè<úsè � �wö��iì���ïxðbì ö,� �¿è<ê+M¿ç�ú
é<êzð
�5íGö9íGé�� ��íD�1�>� �
!#� � ����� O 7
P ��L�(�	5)bý�)
*,)��$'"�@Öî�ìzòMç ��ö�	�ûM�+	�IK� * îJç���� 	P�9ù9ç��Jç��R� �





��C��D � �¿è �bê����Öé � �dò���ðbìzðWú
�bê��iítñ®ðbè ���fé �ièdï�è<êzí��Öðbï�édê ��ê+M¿ç�é<êzð
��ê��Jé<ò��Öï9èdð�� �ií<í»ê�����î�íGédè<ê��¿í(�B � >:SUTV�W2�T P �K5X%;0WYA�>� �
! PZ7�[-\ SUTV0 7 �
%]%^�10-�K5XTV0 \�_.` � 	Zî��iídð
��	÷Oèdê+Mið
�Mç"��ï9ï ����ÿbÿ�*����
�"�

@Öî5�JçWè"	b÷?��ç����Jæ�� ,�çWðbî9édê��9êzíQ� �




���C�K,Oö��Mç���ê��ií|ç���� �ið
�#édè<ðbì�ðWñ
ï�è<ð����iídí ���wésó»ðbèdôfíÖó4ê édò�è ���iö��iì���� ? ��S�TW0 7 �Q�10-�K5XT"� � 8�	 �S+�)
*
�#þ��5�

* î9ö�õ ����	aH�� * �1ç����YøA�1÷?�ÖüEìzðbî��MçWíb�Gÿ �
�����C�)÷ �MçWì ö�M¿ê����'édò��
ê��#é��ièdç��ié<êzð
��ðWñ ���ií<ê��
��ç���� �¿ð
�#é<èdðbì|ú �"�Zè��¿ç��wédðbèGúsí��iïMçWèdç�édðbèGú
è � �wö��iì��Öí<ö�í<é � � �c�10-!32�4 56� 7 ���"!#� � ���-����� ��d �<ÿ 
���	��$+�ÿ�*��
���5�* î9ö�õ ����	#� � * �e�<ÿ �
�bý��C�
,Oö��Mç���ê��ií/ç���� �ið
�fé<èdðbì�ðWñ&è����wö��¿ì��
íGö9íGé�� ��íD�3ïMçWèGédí�ÿwú �5� �#�f����� � �����g�>���"!#�R$U�"%&�#')8�	 �$'�'
*
�#þ�' 	zÿbÿ����
*xÿbÿ('
�"�

* î9ö�õ ����	c� � * �U� �





��C��, �ií<ê��
��ç���� �ið
�#édè<ðbìOðWñ �#çWí<úsï9òMçWí���è �wú
ç��wé<ðbèfh�è����wö��¿ì���ï�è<ð����iídí �¿í)óOê é<ò8è<ê ���ièdídêzõ9ì�� �&i�ðWé<ò��iè ��ê��Jè��¿ç��wú
é<êzð
��íD�K�f����� � �����U�>���"!#�>$U�
%f�)'�j>	rÿ()
�
�
*xÿ()býbþ"�

* ö,�Jç���	Næ���ûM�Oç����k� � * � * î9ö9õ �����<ÿ �
��'��C��æQèdð���î��wé<êzð
� èdç�é��
�^ò�ç����
�ií ê��ÔçXé �¿è �MçWè<ö�ésó»ðWúsè � �wö��iì��½ï�èdð����iídíD�l������� � �����
�>� �
!m��$U�"%&�K')L�� +-��	 �9ÿ �bþ
*��
�

bý"�

H�çWè]nfîMçWè �9é
	=� �.� �





��C��üMî����Mç�� ���#é^çWì ��ð����iìzê����/ç���� ��ð����iì
è � �9î��wédêzð
�!ñ�ðbè�ðbï9é<ê ��ê+M¿ç�édêzð
�!õMçWí � � �ið
�fé<èdðbì�ðWñ�édèdç���ídê����#é
ï�è<ð����iídí �iíD� B � >US�TW�V2�T P �K5X%e0]Yg�>� �
! Po7�[-\ SUTV0 7 �
%�%p�10-�K5XTV0 \3_
` ��	Zî��¿í<ð
��	M÷Oèdê+Mið
�Mç"�Mï�ï �Mý


*,'

"�H�ê+Mií��wö�	�æ�ç���� BC��@1çWì �JçWèQ�<ÿ �
��'��C��Dcq ���wédí4ðWñ@è����wö��¿ì��1ð
� �ið
�fé<èdðbì
ðWñ��^ò��(��ê��¿çWì�ï�èdð����¿í<í��iíD�r�c0-!=2)4�5s� 7 � �
!#� � ���-������8Kt>	xù9þbþbý
*
ù9þbþbþ"�

H�ðbèdî���	uI5��ç����Xù��3ù�ôbð
�
�ií<édç��v�Gÿ �
�����!�aDcq ���wédí�ðWñ�è����wö��iì��.ð
�
�9ö��Mç���ê��ií'ç���� �ið
�#édè<ðbì�ðWñ �^ò�� ��ê��¿çWì�ï�èdð����iídídê�����ï�ìëç��#é<íD�
�10-!32�4 56� 7 � �"!#� � ��������� � d 	Mù")
�
�
*9ù")bý��5�

H�ðbèdî���	KI5�xç�����ù��rù�ôbð
�
�iíGé^ç��p�Gÿ �
�bþ��!�x÷ �MçWì ö�ídêzí4ðWñ@ê���í<édçWõ�êzìzê ésö�ê��
ç���ê�����î�íGédè<êëçWìBç�� ��ð
��êëç1è��¿ç��wé<ðbèD�)<=�-�>� �J? �K9�9�	�þbþbþ
*�þ
��)"�

ætî9ídò�ïMç �bç��Mç��e	Qù��@ç�����÷;�:@Öê�����ì��e� �



9ÿ
�C� � ð
��ìzê����¦çWè3õ �iòMç(��êzðbè
ðWñQç���ê����¿çWìZè �¦ç��wé<ðbè�í �¿ï�çWè^ç�é<ðbè ���wésó»ðbè<ô�ó4ê édò6�JçWídí4è����wö��iì����
�>� �
!m� � ����� O 7"P ��L�(�	��bþbý$+"*��bþ����"�EÖêX	@ø ��@ �Eç����g� � * � * î9ö�õ � �k�Gÿ �
�$+-�C�N, �ií<ê��
��ç���� �ið
�#édè<ðbì4ðWñ
�iðbî�ï�ì�����è �¦ç��wé<ðbèfh��iðbìzî5� �'íGö9íGé�� ��íJúDïMçWèGédí&ÿwúUý"� �m�10-!32�4 56�
7 ���"!#� � ���-�����)8 � �Gÿ
��	���)
*,'bþ"�
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Abstract: The contribution deals with the application of self–tuning LQ control of
a laboratory CSTR (Continuous Stirred Tank Reactor). The strategy of the linear
control system is based on a recursive identification of the dual YK (Youla–Kučera)
parameter of the plant and subsequent calculation of a new YK parameter of the
controller. This YK parameter is determined via a non-conventional LQ control
design where squared derivative of the manipulated variable and control error are
considered.

Keywords: CSTR, LQ control, Youla–Kučera parameterisation, spectral
factorisation, Diophantine equation

1. INTRODUCTION

To improve the quality of the products it is neces-
sary to improve the automation (control) of pro-
duction of these products. One of the most impor-
tant control problems in the chemical industry is
a control of chemical reactors. Chemical reactors
represent a typical class of plants with nonlinear
behavior.

A traditional approach to design a control sys-
tem for such plants includes nonlinear strate-
gies (Kanter et al., 2002), robust strategies (Aguilar
et al., 2002; Sampath et al., 2002) or adaptive
strategies (Dostál et al., 1999).

For the most part of theoretical works reference
signal is assumed to be from a class of stochastic
functions. However, in technologic practice, ref-
erences belong always to a class of deterministic
functions. Moreover, practical needs of control
show, that it is not always sufficient to restrict
the output and control signals only. Very often,
the manipulated variable derivatives should be

restricted as well. The solution of such a control
problem represents then a non-conventional LQ
problem (Dostál et al., 1994).

This paper describes adaptive non-conventional
LQ control of the CSTR. The nonlinear model
of the CSTR is for adaptive application approxi-
mated by an external SISO (Single-input Single-
output) linear model and then it is possible to ap-
ply any of control techniques introduced for linear
systems (Čirka et al., 2002b; Čirka et al., 2002a).

The main aim of this paper is to present an
adaptive LQ control design involving both the
controller and plant model YK parameterisations
and demonstrate its feasibility on the CSTR. Dual
YK parameter has been identified using IDTOOL
– identification toolbox for Simulink (Čirka and
Fikar, 2000). The identification algorithm has
been presented in papers (Mikleš, 1990; Mikleš et

al., 1992).

The paper is organised as follows. Section 2 recalls
the results of the Youla-Kučera parameterisation.



The simulation and experimental results obtained
from control of a laboratory chemical reactor
are in Section 3. Finally, Section 4 offers the
conclusions.

1.1 Notation

For simplicity, the arguments of polynomials are
omitted whenever possible - a polynomial X(s) is
denoted by X . We denote X∗(s) = X(−s) for any
rational function X(s).

2. CONTROL ALGORITHM

Mathematical model of the reactor is described by
the system of nonlinear differential equations with
variable parameters. The modern control theory is
the best developed for linear systems. One of the
possible control solutions for nonlinear systems is
to find an adequate linear mathematical approxi-
mation of the nonlinear object and to apply a self–
tuning algorithm. The procedure presented here
is based on the Youla–Kučera parameterisation:
in each step the dual YK parameter of the plant
model is estimated and subsequently a new YK
parameter of the controller is designed. It is as-
sumed that an initial plant model and stabilising
controller are available.

2.1 System Description

Consider the closed-loop system illustrated in
Fig. 1. A continuous-time linear time-invariant
input-output nominal representation of the plant
to be controlled is considered

Ay = Bu (1)

where y, u are process output and controller
output, respectively. A and B are polynomials
in complex argument s that describe the input-
output properties of the plant.

We assume that the condition degB ≤ degA
holds (i.e. transfer function of the plant is proper)
and A and B are coprime polynomials.

The reference w is considered to be from a class
of functions expressed as

Fw = H (2)

whereH , F are coprime polynomials and degH ≤

degF .

The feedback controller is described by the equa-
tions

C G

- 1

F

Y

X

B

A
j - - - -

6

+

−

w e uũ ỳ

Fig. 1. Block diagram of the nominal closed-loop
system

Xũ = Y e, Fu = ũ (3)

where X,Y are coprime polynomials and X(0)
is nonzero. The second equation assures that the
controller tracks the class of references specified
by (2).

Consider the nominal plant and the nominal con-
troller transfer functions in the fractional repre-
sentations

G =
NG

DG

, C =
NC

DC

, (4)

where

NG =
B

M1

, DG =
A

M1

(5)

NC =
Y

M2

, DC =
FX

M2

(6)

and M1, M2 ∈ S with degrees deg(M1) ≥ deg(A)
and deg(M2) ≥ deg(FX), DG, NG, DC and NC ∈

RH∞. S denotes the set of stable polynomials and
RH∞ the set of stable proper rational transfer
functions.

A stabilising controller is then given by solution
of a Diophantine equation

DGDC +NGNC = 1 (7)

Substituting equations (5) and (6) into (7), the
condition of stability in S takes the form

AFX +BY = M1M2. (8)

2.2 Identification Part

The identification is based on the idea which was
first introduced by Hansen and Franklin (1988)
in view of closed-loop experiment design. It uses
the dual YK parameterisation of all linear time
invariant (LTI) plants that are stabilised by a
given known controller. In order to describe this
method, we need the following theorem.

Theorem 1. Let a nominal model plant G =
NG/DG, with NG and DG coprime over RH∞,
be stabilised by a controller C = NC/DC , with
NC and DC coprime over RH∞. Then the set of
all plants stabilised by the controller C is given by



G(Q) =
Nq

Dq

=
NG +DCQ

DG −NCQ
, (9)

where

Q ∈ RH∞ (10)

Proof Dual to that of (Vidyasagar, 1985) 2

Since our method involves polynomials rather
than polynomial fractions, we present a short
overview of the corresponding transformation be-
tween both descriptions.

Corollary 2. Let a nominal model plant G =
NG/DG = B/A, with NG, DG, B and A de-
fined by (5), be stabilised by a controller C =
NC/DC = Y/FX , with NC , DC , Y and FX
defined by (6). Then the set of all plants stabilised
by the controller C is given by

G(Q) =
Bq

Aq

=
BmQd + FXmQn

AmQd − YmQn

, (11)

where

Q=
Qn

Qd

∈ RH∞, Am = AM2,

Bm =BM2, Xm = XM1, Ym = YM1 (12)

Corollary 2 represents the standard parameterisa-
tion of the class of all plants that are stabilised
by the actual controller C. Based on the closed-
loop system in Fig. 2, Hansen and Franklin (1988)
showed that the parameter Q satisfies the relation

z = Qx (13)

where the signals x and z can be reconstructed by
filtering the measured data u, y with filters that
depend on known factors of the nominal plant P
and the nominal controller C, respectively

x=NGy −DGu (14)

z =DCy +NCu (15)

Then, the YK parameter Q can be identified from
reconstructed auxiliary signals x and z according
the following prediction error equation

ε(t, θ) = z(t) −Q(θ)x(t) (16)

where θ represents the identified parameters.

2.3 Controller Design Part

The goal of optimal deterministic LQ tracking
is to design a controller that enables the control
system to satisfy the basic requirements
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Fig. 2. The dual YK parameterisation

• stability of the closed-loop system
• asymptotic tracking of the reference

and in addition the control law that minimises the
cost function

J =

∞
∫

0

(

ϕũ2(t) + ψe2(t)
)

dt (17)

where e = w − y denotes the control error and
ϕ > 0, ψ ≥ 0 are weighting coefficients. The cost
function (17) can be rewritten using Parseval’s
theorem, to obtain an expression in the complex
domain

J =
1

2πj

j∞
∫

−j∞

(ũ∗ϕũ+ e∗ψe) ds (18)

For controller design we propose to use the
method described in Čirka et al. (2002b). Let us
at first summarise the known results dealing with
parameterised systems:

Theorem 3. Consider the closed-loop system with
the configuration in Fig. 3 defined by G(Q) and
C(S) where Q = Qn/Qd and S = FSn/Sd are
stable proper rational functions. The closed-loop
system is stable if and only if Q and S together
define a stable loop.

Proof (Tay et al., 1989). 2

Theorem 4. Consider the minimisation of the cost
function (17) with respect to the YK parameter
S that is specified as a transfer function. Assume
that the nominal system G = NG/DG = B/A is
stabilised by a nominal controller C = NC/DC =
Y/FX and that a stable transfer function Q is
known. Solve spectral factorisation equations for
stable Dc and Df

D∗

cDc =ϕA∗

qAqF
∗F + ψB∗

qBq (19)
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Fig. 3. Block diagram of the closed-loop system

D∗

fDf =A∗

qAqH
∗H (20)

and the coupled bilateral Diophantine equations
for Sn and Sd

D∗

cSn =−ϕDfA
∗

qF
∗Ym + ψDfB

∗

qXm

−QdDV
∗ (21)

D∗

cSd =ϕDfA
∗

qF
∗AmF + ψDfB

∗

qBm

+QnFDV
∗. (22)

The optimal YK parameter is then given as

S =
Fsn

sd

=
FSn

Sd

, (23)

where

sn =
Sn

DcDf

and sd =
Sd

DcDf

Proof (Čirka et al., 2002b). 2

2.4 Combined Algorithm

The adaptive control algorithm is realised in the
following steps:

1. Suppose the initial model P = B/A is known
and stabilised by a nominal controller C =
Y/X .

2. The filtered variables x and z are obtained
from equations (14) and (15).

3. The dual YK parameter Q is recursively
estimated from equation (13) in the discrete
time intervals tk = kTs with the sampling
period Ts. Here, the modified LDDIF (Čirka
and Fikar, 2000) identification procedure was
used.

4. The polynomials Df and Dc in spectral fac-
torisations (19) and (20) are calculated.

5. The YK parameter S is updated on the base
of solution of the Diophantine equations (21)
and (22).

6. Jump to step 2.

3. RESULTS AND DISCUSSION

3.1 Mathematical Model

The control algorithm has been tested on control
of exothermic reactor. The mathematical model
of CSTR was developed in the form (Mikleš et

al., 1999)

dcA
dt

=
1

Vr

(

qAcAi − (qA + qB)cA
)

− υ

dϑr

dt
=
qA + qB
Vr

(ϑri − ϑr) −
Aα

cprVrρr

(ϑr − ϑc)

+
1

cprρr

(−∆H)υ −
ksAα

cprVrρr

(ϑr − ϑout)

dϑc

dt
=
qc
Vc

(ϑci − ϑc) +
Aα

cpcVcρc

(ϑr − ϑc)

with initial conditions:
cA(0) = csA, ϑr(0) = ϑs

r and ϑc(0) = ϑs
c.

The reaction rate is expressed as

υ= 2kcyAc
z
Be

E(ϑr−ϑ0)

Rϑrϑ0

cB =
cBiqB
qA + qB

where

c concentrations [mol m−3]
V volumes [m3]
ϑ temperatures [K]
ρ densities [kgm−3]
cp specific heat capacities [J kg−1 K−1]
q flow rates [m3 min−1]
A heat exchange surface area [m2]
α heat transfer coeficient [J s−1 m−2 K−1]

−∆H heat of reaction [Jmol−1]
k reaction rate constant [mol cm−3 s−1]
E activation energy [Jmol−1]
R gas constant [Jmol−1 K−1]

y, z the orders of reaction [-]
ks loss of heat coefficient [-]

The subscripts are (·)r for the reactant mixture,
(·)c for the coolant, (·)i for feed (inlet) values and
the superscript (·)s for steady-states values.

This mathematical model was tested by different
identification methods and parameters in Table
1 were found. For control purposes, the controlled
output and control input are defined as y = ϑr−ϑ

s
r

and u = qc − qs
c .



Table 1. Parameter values, inlet values
and initial conditions

Values of all parameters

Vr = 940 cm3

Vc = 90 cm3

cpr = 4180 J kg−1 K−1

cpc = 4180 J kg−1 K−1

ρr = 0.001 kg cm−3

ρc = 0.001 kg cm−3

qA = 15 cm3 min−1

qB = 6 cm3 min−1

−∆H = 98300 J mol−1

E = 3.0917 104 J mol−1

ks = 0.007

k = 0.091 mol cm−3 s−1

z = 0.875

y = 1.641

Aα = 116.09 J min−1 K−1

ϑ0 = 297.65 K

R = 8.314 J mol−1 K−1

ϑout = 293.15 K

Feed values

ϑri = 293.15 K

ϑci = 298.15 K

cAi = 2.64 10−3 mol cm−3

cBi = 1.5297 10−4 mol cm−3

Steady-state values

ϑs
r = 303.46 K

ϑs
c = 303.06 K

cs
A

= 1.4784 10−4 mol cm−3

Designed LQ adaptive control was verified in sim-
ulations as well as on the real plant. For the
verification of control algorithm in laboratory con-
ditions it was assumed with the high probability
that data in Table 1 were valid in experiments,
too. The results are very similar.

The goal of the adaptive control has been to
track specified temperature ϑr in the reactor with
exothermic reaction. The temperature ϑr is con-
trolled by the flow rate qc of the coolant.

The experiment was realised in two steps:

1. Control simulation of the CSTR model. The
advantage of the control simulation of the
chemical reaction with thermal effects is to
prevent run-away problems, which can occur
experimentally, particularly for such a reac-
tion.

2. Control of real laboratory CSTR.

In both cases, the nominal transfer function of the
reactor is of the form

G =
B

A
=

−3.7

840s+ 1
(24)

and the nominal controller is determined as

C =
Y

FX
=

−0.117

s
(25)

The task was
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Fig. 4. Controlled output time responses

• to identify in each step the dual YK param-
eter of the plant (model) based on the input
(the coolant feed) and output (the temper-
ature in the reactor) data, respectively. The
structure of the identified dual YK parameter
was chosen of the form Q = q0,

• and subsequently to design a new YK param-
eter of the controller.

The following references were tracked:

Step No. 1 2

Time [s] 0 5400
Temperature [K] 306.16 302.16

The boundary of the control input were used
within 0 ≤ u(t) ≤ 140 cm3min−1. The weighting
coefficients in cost (18) were ϕ = 1 and ψ = 0.003.

The obtained time responses of the temperature in
the reactor (for both cases) are compared in Fig. 4.
The small differences between the responses of
the model and real plant were caused by the
behaviour of the coolant temperature (Fig. 5) in
real experiment. Fig. 6 and 7 shows simulation
and experimental coolant feed and identified dual
YK parameter.

Note 1. We have realised several experiments
with various control structures (fixed controller
and classic self-tunning controller). Both control
structures performed well. However, the fixed con-
troller cannot handle parameter changes of the
reactor and its performance can deteriorate.

4. CONCLUSIONS

In this paper an adaptive LQ controller design
procedure was presented. The design method is
based on the idea of YK parameterisation of the
controller and the plant model. The algorithm was
applied to a CSTR. The advantage of this method
resides in the fact that in the case of CSTR only
one parameter needs to be identified in order to
update the controller.
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