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Loop Gain Adjustment for Second Order Sliding Modes

J. Antonio Rosales, 1. Boiko and L. Fridman'.

Abstract— In this paper, a method of adjustment of the loop
gain for second order sliding modes is proposed. This approach
is based on the equivalent gain %, concept. Selection of the
loop gain is realized via introduction of a compensator which
is designed with the use of the frequency domain methods. The
proposed approach involves the describing function method.
An example of design, simulations and experimental results
are presented.
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I. INTRODUCTION

Frequency domain analysis of Second Order Sliding
Modes (SOSM) [1], [2], [3] gives a new incite on the
performance and design methods of control systems that
utilize these principles. In particular, this approach allows
for the introduction of such methods of system performance
enhancement as the chattering attenuation [4] and nonideal
disturbance rejection [5]. These two problems are a result
of the presence of parasitic dynamics in the system and are
analyzed with the use of such frequency domain methods
as the Describing Function method [6] and the Locus of a
Perturbed Relay System (LPRS) [7].

Nonideal disturbance rejection is analyzed for the averaged
motion with the use of the concept of the equivalent gain k,,.
This problem is solved through increasing k,, [5], which is
done via introduction of a compensator.

In this paper, a method of adjustment of the loop gain for
second order sliding modes is proposed. This approach is
based on the equivalent gain k,, concept. Selection of loop
gain is realized via introduction of a compensator which is
designed with the use of the frequency domain methods. The
proposed approach involves the describing function method.
An example of design, simulations and experimental results
are presented.

The structure of this paper is as follows. Section II
contains the problem statement. Section III presents the De-
scribing Function analysis of the Twisting and Sub-Optimal
algorithms. Section IV contains the design method for the
equivalent gain: in a general form and for each of the
considered algorithms. In Section V, an example of design
is presented, with the comparison between the theoretical
results, simulations and experimental results.

II. PROBLEM STATEMENT

Consider the control loop as in Fig. 1, where W(s)
comprises the principal and parasitic dynamics of the plant,
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actuator and measurement sensor. The Second Order Sliding
Mode is the controller and D is an external disturbance.
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Fig. 1. General Diagram

Due to the presence of parasitic dynamics in the system
controlled by the Second Order Sliding Mode algorithm,
which is revealed through the chattering [2] and [3], the per-
formance of the averaged dynamics is deteriorated causing
nonideal disturbance rejection [5].

The concept of the equivalent gain is applied to the steady
state analysis of systems controlled by the Second Order Sli-
ding Modes with disturbance and parasitic dynamics present.
Similar to [2] and [8], for averaged motion analysis the
SOSM is replaced with equivalent gain, k,, and the control
loop is analyzed as a linear loop. With this methodology
applied, the final value theorem can be used for the steady
state analysis. Also, the non-ideal disturbance rejection can
be mitigated via the increase of the equivalent gain.

Let the serially connected linear compensator W, be
aimed at the increase of the equivalent gain. Replacement
of the SOSM algorithm with the equivalent gain and the
introduction of W, in the control scheme Fig. 1 leads to the
following diagram.
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Fig. 2. General Diagram Linearized

Applying the final value theorem to the system Fig. 2 we
can find the output value in the steady state via the following
formula: D

= 1
il ey

from which one can see that the increase of the equivalent

gain will lead to the decrease of the error in the steady state.
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The proposed compensator W, has the transfer function
as in [5]:
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where § > 0 and wy is the characteristic frequency (recipro-
cal of the time constant).

The main goal of this work is to develop a way of
increasing the equivalent gain through a linear compensator
design W, with the objective of partial disturbance rejection
in SOSM systems.

For the design of compensator W, and computing of the
equivalent gain, the frequency domain methods are used.

III. DESCRIBING FUNCTION FOR HOSM

This section contains some results on the describing func-
tion analysis of the Twisting and Sub-optimal algorithms
from [2] and [3], which apply to the stated purpose of the
present analysis.

A. Twisting algorithm and its Describing Function

The twisting algorithm is defined as

u = —cysign(y) — casign(y), 3)

where c; > co > 0 are parameters of the algorithm.

Considering (3), we can present the system with the
Twisting algorithm as the following diagram, where it is
assumed that D = 0.
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Fig. 3. Diagram of twisting algorithm.
The describing function for the Twisting algorithm can be
derived (considering Fig. 3) as follows [1]:

where a; is the amplitude of the input to the nonlinearity
(amplitude of output y), as = Qa; and Q is the frequency
of y(t).

Now, to obtain the periodic solution in the system y(¢) (or
chattering parameters) the harmonic balance equation must
be considered and solved:

1

N(al) ’
where W (jw) is the frequency response (Nyquist plot) of

the plant. Then considering (4), one can rewrite the harmonic
balance equation as follows:

1 may ¢ —jeo
N(a1) 4 (d+3)

W (jw) = — 5)

(6)
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Therefore, both the amplitude a; and the frequency {2
of chattering can be found from the point of intersection
of the Nyquist plot of the plant and the negative reciprocal
describing function of the Twisting algorithm (as in Fig. 4).
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Fig. 4. DF analysis of Twisting

Once we have obtained the parameters of chattering ,
we can now compute the equivalent gains of the relays
(with respect to the propagation of constant or averaged
components of the motion) using the following formula:

2
knTwl = ﬂ
Tay
262
knTws = 7
Tw2 o) @)

The model of the system, in which the relays are replaced
with equivalent gains, describes the dynamics with respect to
the averaged motions in the system. It will be used below for
analysis of propagation of constant (or slow varying) control
inputs and disturbances through the system.

B. Sub-Optimal algorithm and its Describing Function
The Sub-optimal algorithm is defined as follows:

®)

where ¢ (control magnitude) and S (anticipation parameter)
are the controller parameters and y,y; is the latest “singular
point” of y, i.e., the value of y at the most recent time instant
tyi (1= 1,2,...) where y(t) = 0. This algorithm can be
presented as a relay with variable hysteresis - as shown in
Fig. 5.

u = —c-sign(y — Bym:)

W(s)

I~
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Fig. 5. Diagram of Sub-Optimal algorithm

However, the describing function for Sub-Optimal is the
describing function of a relay with hysteresis the value of
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Fig. 6. DF analysis of Sub-Optimal

which is actually unknown. But assuming that during a
periodic motion, the extreme values of the output coincide,
in magnitude, with the amplitude of the oscillation, we can
obtain the describing function of the algorithm as follows:

4c

Ty

N(ay) =
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where b = Bym; and ay = yus. After some manipulations
(9) can be rewritten as follows:

N(ay)=:—;(\/1—52+jﬁ)

Like in the case of the Twisting algorithm, the parameters
of chattering in the system with the Sub-optimal algo-
rithm can be found from the harmonic balance equation
W (jw)N(a1) = —1, which can be rewritten as follows (see
also Fig. 6):

(10)
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The obtained equation can be easily solved for the fre-
quency of chattering, after which the amplitude a, is ob-
tained as follows:

4cW (59)
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The equivalent gain for the Sub-Optimal algorithm £, 51
is given by the following formula:

o 2c
" Tay/1 — B2

The replacement of the algorithm with the equivalent gain
provides one with the model of propagation of constant or
slow varying control inputs and disturbances through the
system.

IV. WAY OF COMPUTING THE EQUIVALENT GAIN

The main idea was to find an expression that relates the
equivalent gain value with the compensator, W, particularly
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with the design parameters, § and wg. Then with help of the
harmonic balance equation we obtained the next equation

We(jw)W (jw) = — (14)

1
N(a)
where transfer function of W, is presented above. Now
considering that the negative reciprocal of the describing
function for SOSM has real part and imaginary part, equation
(14) can be written as

[ReW.ReW — ImW ImW (jw)] +
J [ReWImW + ImW.ReW]

=—Re

1
N(a)
ReW and ImW are real part and imaginary part of sys-
tem(plant+parasitic dynamics), respectively. For W, (2) real
part and imaginary part are given as
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the characteristic frequency wq (reciprocal of the time con-
stant) of the compensator is selected from the following
consideration: the mid-frequency of the compensator wy,;q =
\/6w3 must coincide with the mid-frequency of the range
between the maximal frequency of the plant input and the
frequency of chattering:

_ 2
Wmid = 1/ dwg

wWo

V wmaw Q

wmawﬂ
)
where w,q, 1S the maximal frequency of the system band-
width and ) is the frequency of chattering.
Therefore, equating the real and imaginary parts of (15)
and considering that N(a) can be written as N(k,), we
obtain the following two equations

ReWQZ + p?ReW — ImWQogo% + ImWex

(16)

22032 + 2
- _ReN(lkn) (17)
ImWO3 + > ImW + ReW QoL — ReWoa
22Q0f + ¢?
- —ImN(lkn) (18)

where ReW = ReW (jQ0), ImW = ImW (jQ), & = /3
and ¢ = Vwpaz$. Then, replacing right part of (17) and
(18) by the negative reciprocal of the describing function of
a SOSM, there is a set of equations which can be solved for
finding the two variables desired, § and k.

Two SOSM, Twisting and Sub-optimal, are considered in
this work. The equations corresponding to this algorithms
are shown in following subsection.



A. Adjustment of equivalent gain for Twisting

Considering the right-hand part of (4) and the equivalent
gain (7) the negative reciprocal of the describing function
for Twisting as a function of k7, is:

1 . 26% . 2c1c9
Nkintw) 4w (@ +3) 7 dhnre (& + 2)

Then replacing (19) in (17) and (18) we can solve the set
of equations as shown below. The value of k,,7,, is obtained
from (17).

19)

knTU) =
20%ciz? + 2¢°c3

B

As one can see, for the Sub-optimal algorithm k4, does
not depend on parameter c. Therefore, we can conclude that
c does not “participate” in the disturbance rejection. The
only parameter that has an effect on that is 8. Unlike in
the Sub-optimal algorithm, in the Twisting algorithm the
two parameters, ¢; and cy, have effect on the disturbance
rejection.

In the following section we present an example of the
equivalent gain adjustment.

where B =

V. TEST EXAMPLE

Consider the following mass-spring-damper system of

4(c? + c3) [ReWQZ + @2 ReW — ImW QopL + ImWQepz| Education Control Products ECP, see Fig. 7

Via replacing k, 1., in (18), 6(or x2) is obtained as

{Z—ilmWrolcp — ReWQoga} 22

+ [ImWQg + ImW? + Z—jReWQg + z—fReWgo?] z
+ [ReWgo - i—jImWQW] -0 1)

In summary, the adjustment of the equivalent gain can be
done via the following steps:

1) With the steady state value (1) we compute the equiva-
lent gain k,,7,, which corresponds to the desired steady
state.

2) Select some initial value for frequency €2y (will be-
come mid frequency between (2 — ldecade and 2) and
compute ReW and ImW

3) Find the value of § through (21) and the values of step
2, and replace them in k7,

4) Compare the value of k,r, obtained with the value
desired at step 1, if k,1,, not is satisfactory, return to
step 2 to find the desired k,,7,-

B. Adjustment of equivalent gain for Suboptimal

For the case of Sub-optimal the developed approach is
similar to the case of the Twisting algorithm and the itera-
tions are similar; the only difference is the use of respective
equations for ks, and 4.

Considering (11), (13) and (17), write the expression for
knsub

knsub =
1 (1+8)Q82” + (1+8) ¢°
2 ReW Q2 + p2ReW — ImWrop% + ImWQqpx

(22)
and the expression for calculating ¢ is
[ReW Qo — BImW Qo]

— [ImWQF + ImW¢? + BReWQ§ + BReW ¢*] ©
+ [BImWQop — ReW Qo] =0 (23)
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Fig. 7. Mass-Spring-Damper system, ECP

The model of system of Fig. 7 is shown below

jl‘l = X2
. ki +k c k
Ty = ! 2 1— —1{E2 + —x3+ —uq
mq 1 1 1
jl‘g = X4 (24)
. ka ko + ks
Ty = —T1 — I3
mao mao
Yy = 3

The model is divided in two parts, with the objective
of having the principal and parasitic dynamics, z; and z2
are the dynamics of actuator(parasitic dynamics), u, is the
actuator input generated by the SOSM. The input of the plant
is 1 and, x3 and x4 are the position and velocity of mass,
respectively, then the output y is the position of the mass x3.
The maximum displacement of y is £3 (cm).

The values of the parameters of system ECP are, consid-
ering Fig.7 from left to right: damper coefficient ¢; = 15,
spring constant k1 = 800[2], mass m; = 1.28[kg], spring
constant ko = 800[%], mass me = 1.05[kg], and spring
constant ks = 450[2].

The objective of control is to keep the position of the mass
y in the equilibrium point despite the presence of disturbance
using the Twisting algorithm and Sub-optimal algorithm. The
equilibrium point is the position y = 0 (m).

The model of mass-spring-damper (24) can be obtained as
the next block diagram which is the control diagram of the
test, where u, is the actuator input, u is actuator output and
control input of the plant.
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Fig. 8. Block Diagram with mass-spring-damper system

Then, computed the equivalent gain k, of SOSM, the
steady state error of the output y for the disturbance d is
_ 952380 - d
~ 1011900 + 595.2381 - k,,
So that increasing the equivalent gain k,, of SOSM the effect

of the disturbance d in the plant can be attenuated.
The SOSM controllers used in the test are

Yss (25)

(26)
27)

=8 sign(y) — 6 - sign(y)
—10 - sign(y — 0.5ynr:)

UTw

Usub

The maximal frequency of the system input iS Wyez =
50.1(rad/sec), the amplitude of the oscillations, the fre-
quency of oscillations and the equivalent gain, for both ur,,
and wsyp, are shown in Fig. 9 and Fig. 10, respectively.

Let D = 1(cm) as the disturbance in the system. The
steady state values using (25) of the output of system are:

—8.3(mm)
—7.2(mm)

YssTw

YssSub

where yss7, 1S the steady state value for system controlled
by Twisting and ysssyp 1S the steady state value for Sub-
optimal.

Now, applying the proposed algorithm to the computing of
the equivalent gain, we start with Step 1. The desired values
are Ysstw = —7.1(mm), 15 percent down of the uncom-
pensated system and ysssup = —5.7(mm), 20 percent down
of the uncompensated system. Therefore, the equivalent gain
value required for the Twsiting and Sub-optimal algorithms
are k7. =~ 550 and k, s =~ 1100.

Step 2: the frequencies selected for finding ReW and
ImW are as follows: for Twisting 27,, = 31(rad/sec) and
for Sub-optimal Qg,, = 32(rad/sec). Step 3: the values
obtained in Step 2 give the following result: dp,, = 7.6830
for Twisting and dg,, = 4.6253 for Sub-optimal. The
corresponding compensators are

_0.007989s + 1

W, - 28

ere(8) = 5061385 1 1 (28)
0.01043s + 1

Wesu ) = g 2251 29

Step 4: the Fig. 9 and Fig. 10 show the equivalent gains
and oscillations parameters obtained with Wer,, and Wegyp,
respectively.
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In tables I and II the values of Fig. 9 and Fig. 10,
respectively, are compared with the desired values of steps
1 and 2.

It can be seen from the tables that the result of adjustment
of k,ry and k,sy, has a good approximation, because
the desired values are similar to the computed values. The
percentage of steady state error desired for each algorithm is
the percentage most big reach with the proposed algorithms.

The results of the simulations of steady oscillatory
modes(chattering) of the system controlled by Twisting and
Sub-optimal are in the table III.

A. Exprimental results

The disturbance constant is applied inclining the system,
see Fig. 11, then with the disturbance about the system, the
experiment is the next: the first 5 seconds the system without



TABLE I
COMPARISON TABLE OF ADJUSTMENT OF Ky, 74y

Values | YyssTw(mm)  knrw  Qrw(rad/sec)

Desired 7.1 550 31

Calculated (FD) —7.2 530.5 31.1
TABLE II

COMPARISON TABLE OF ADJUSTMENT OF k., 5,5

Values | ysssub(mm)  kpsup  Qsup(rad/sec)
Desired —5.7 1100 32
Calculated —5.9 1040.6 32.1

compensator is present, finally the compensator is activated
in the interval from 5 to 10 seconds. The experimental results
are present for both algorithms in the Fig. 12.

Fig. 11. Disturbed system
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Fig. 12.  Experimental results of steady state for Twisting (Above) and
Sub-optimal (below)

As can be seen, the experimental results show the effect of
compensator about the steady state of the system, there are
difference between the theoretical results, obtained with DF,
with the simulation and experimental results but the values
are close.

VI. CONCLUSIONS

The design of the equivalent gain for SOSM controlled
systems aimed at the adjustment of the loop gain for dis-
turbance rejection is proposed. This is done with the use
of a compensator. The way proposed allow to choose the
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TABLE III
COMPARISON TABLE OF ADJUSTMENT

Values | YssTw(mm)  ysssub(mm)
Simulation —5.4 -7
Experiment —5.2 —6.6

chattering frequency and steady state error considering the
operation desired of the system.

The provided example of design and simulations show
a good approximation between the theoretically predicted
performance, the performance assessed via simulations and
the experimental results.

This work has a logical direction of development: the
approximate method of analysis used in the present work can
be replaced with the exact LPRS (Locus of a perturbed relay
systems) method; and the same methodology can be extended
to other second-order sliding mode control algorithms.
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