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Adaptive Operational Space Control of Redundant Robot Manipulators

Keng Peng Tee and Rui Yan

Abstract— The operation space formulation requires model
certainty to completely decouple the null space and operational
space dynamics. In this paper, we present an adaptive opera-
tional space control for redundant robots that does not require
exact knowledge of the robot inertial parameters. The use of
the inertia matrix as the weighting matrix in the generalized
inverse of the Jacobian leads to nonlinearly parameterized task
space dynamics. We show that the nonlinear parametrization
can be expressed as ratios of linearly parameterized numerator
and denominator terms. Based on this, we construct a control
Lyapunov function to eliminate some of the denominator terms
during control design, leaving behind a linearly parameterized
form that can be easily compensated for. For uncertainties that
cannot be transformed into linearly parameterized form, we
consider them as time-varying uncertainties and dominate them
based on the fact that they are bounded, without knowledge
of the bounds. Asymptotic tracking performance of the end-
effector is achieved. Simulation results are shown to illustrate
the control performance.

I. INTRODUCTION

Task space formulation of robot dynamics is appealing as
it permits intuitive specification of desired robot behavior
with respect to the external environment, and facilitates the
design of feedback control to achieve the desired behavior.
For non-redundant robot manipulators, the Jacobian matrix
is, in general, invertible, thus allowing end-effector velocities
to be mapped to joint velocities. Furthermore, the task
space dynamics are linearly parameterized, facilitating the
design of adaptive control in the task space via familiar
techniques [1], [2], [3], [4]. However, redundant robots pose
a much more difficult problem, as the Jacobian matrix is
non-invertible. To tackle this problem, one of many forms
of generalized inverse can be used to map end-effector
velocities to joint velocities.

The operational space control formulation [5] uses the
inertia matrix as the weighting matrix in the generalized
inverse of the Jacobian. This choice of weighting matrix
minimizes the instantaneous kinetic energy as well as the
acceleration energy, and leads to a unique dynamically
consistent inverse that decouples the operational space from
the null space dynamics [5], [6]. The approach essentially
overcomes the limitations of inverse kinematics based redun-
dancy resolution, including the neglect of robot dynamics
when specifying desired joint motion, and the presence of
joint space drift when the end-effector is repeatedly tracing
a closed path in task space [7].

However, operation space formulation requires model cer-
tainty to completely decouple null space and operational
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space forces. In the presence of model uncertainties, degrada-
tion of control performance has been shown and analyzed [8],
[9]. To improve control performance, multi-rate operational
control [9] has been proposed, in which joint command
is computed using the operational space formulation in an
outer loop, and the joint space robot dynamics is feedback
linearized in an inner loop. Other methods of adaptive task
space control for redundant robots, but which depart from
the operational space control formulation [5], can be found
in [10], [11], [12]. These methods employ some forms of
pseudo-inverse for kinematic resolution of the desired joint
trajectories, followed by control of robot dynamics to track
the desired joint trajectories.

In this paper, we present an adaptive operational space
control that does not require exact knowledge of the ro-
bot inertial parameters. The key challenge is that the task
space dynamics for redundant robots induced by the inertia-
weighted generalized inverse Jacobian (i.e. under the oper-
ational space control formulation) is nonlinearly parameter-
ized. As such, standard adaptive control approaches requiring
linear parametrization of robot dynamics, typically used
in non-redundant robots, cannot be applied for redundant
robots. By analyzing the structure of the inertia-weighted
generalized inverse, we show that the nonlinear parametriza-
tion can be expressed as fractions of linearly parameterized
terms. With this insight, we modify the control Lyapunov
function to eliminate some of the denominator terms during
Lyapunov synthesis, leaving behind linearly parameterized
numerator terms that can be easily compensated for. We also
employ robust domination design to dominate uncertainties
that cannot be transformed into linearly parameterized form.
In particular, we treat the terms as time-varying uncertainties,
and dominate them based on fact that they are bounded, but
without knowledge of good estimates of the bounds.

II. DYNAMICS OF REDUNDANT ROBOTS

Consider a kinematically redundant robot manipulator
described by:

M(q)i+C(q,4)q+G(q) =7 ¢))

where M (q) € R™*"™ is a symmetric positive definite matrix,
C(q,¢)g € R™ the Coriolis and centrifugal forces, G(q) €
R™ the gravitational forces, ¢ € R” the robot joint position,
and 7 € R" the joint force. The terms M(q), C(q, ¢), and
9(q) contain uncertain dynamic parameters.

The task is to control the end-effector position, z(t) €
R™, described by the forward kinematics z = F(g), to
track a desired trajectory x4(t) that is bounded and twice
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differentiable in time. The important kinematic relations
between the task and joint space are

J(q)q ' (2)
J(q)g+Jq (3)

j'/' =
{:E' =

where J(q) = dF(q)/dq is the Jacobian matrix.
Based on the idealized operational space formulation [5],
the applied joint force

JTQ)f + (I =TT )7, 4)

Tid =

where 7, € R™ is any null space torque designed to achieve
subtasks such as joint limit and singularity avoidance, I,, the
n X n identity matrix, and

j: M*lJT(JMfle)fl (5)

is the dynamically consistent generalized inverse that de-
couples the operational space dynamics from the null space
dynamics, and minimizes the instantaneous kinetic energy as
well as the acceleration energy [5], [6].

From (1), (3), and (4), the idealized operational space
dynamics can be written as:

Mi+ T (Cyg + G) = f (6)

where the coefficient matrices are defined as
M, = (M *JHt=J"'MJ (7)
c, = C—-MJJ (8)
fo=Jr ©9)

and the following properties hold.

Property 1: The inertia matrix M, is symmetric positive
definite.

Throughout this paper, we denote M,
element of the matrices M.

In the presence of uncertainty in the inertial parameters,
the generalized inverse .J correspondingly becomes uncer-
tain. An intuitive countermeasure is to replace (4) with

T f + (I, — JT )7,

as the (i,j)th

T =

(10)

where J is an estimate of J. In this case, complete de-
coupling is no longer achieved, since J is dependent on
the inertial parameters. As a result, the operational space

dynamics (1), (3), and (10) become

M,i+JN(Cl+G) = f+ TN,
= f_JTTn

—JTI")r,
(11)

where J = J — J. It is apparent that the mismatch between
J and J contributes directly to coupling of null space and
operational space dynamics.

It should also be noted that the left hand side of (11) is
nonlinearly parameterized due to the presence of M ' in J,
as seen in (5). As such, standard adaptive control approaches
for robot manipulators based on linear parametrization can-
not be applied to solve the adaptive operational space control
problem for redundant robot manipulators.

To apply joint force 7 according to (10), an estimate J of
the dynamically consistent generalized inverse ./, is required.
However, J is also nonlinearly parameterized as follows:

I a4 6)
= n\4q, Pn
d(g; ¢a)
with the scalar d and each element of the matrix .J,, linearly
parameterized:

(12)

d(q,a) = va(q)da (13)
(U (Q)¢n (L. (q)¢n

In(g,dn) = : : (14)
Vp,i (0) P Vo ()P

where 14(q) € R, g € R, ¢, (q) € R, ¢, € R, As
such, for any p € R", we have

TX(q,6n)p = Vg, p)dn

where 1,,(q, p) € R™*! is a regressor matrix.

Property 2: The scalar ¥4(q)¢q is always positive Vg €
R™.

Proof: From (5), we see that 1)4(q) ¢4 is the product of the
determinants of M and JMJT. Since M and JMJ7T are
both positive definite, it follows that ¥4(q)¢pq > 0 Vg € R™.
|

5)

Property 3: There exists a compact set Q; € Rl such
that ¥4(q) € Qg4 Vg € R™.

Property 4: Let det(e) be the determinant of (e). Then,
the denominator d in (13) is given by:

d = (det(M))* " det(JJT) (16)
Proof: Denote, by adj(e), the adjugate matrix of (e). From
(5), we have
J = M JtgmM-tgh)-t
adj(M)JT [ J adj(M)JT\ "
det (M) det (M)
adj(M)JTadj (J adj(M)JT)
det(J adj(M)JT)

Thus, from (12), we see that
d = det(J adj(M)JT)
= det(adj(M))det(JJT)
= (det(M))" " det(JJT)

a7)

and we conclude that Property 4 holds. m

III. ADAPTIVE OPERATIONAL SPACE CONTROL

In the previous section, two groups of nonlinearly para-
meterized uncertainties have been described, one appearing
in the generalized inverse .J in the applied torque (10),
and another in the left hand side of the operational space
dynamics (11). We tackle the former by using a modified
quadratic control Lyapunov function to directly handle the
nonlinear parametrization of J. On the other hand, the latter
is dealt with by first rearranging the dynamics into a linear
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time-varying parametrization form, followed by dominating
the time-varying, but bounded, parameters via an approach
similar to [13], [12].

We employ backstepping design methodology [14] to
construct an adaptive operational space control for robot
manipulator (1). In the first step, denote z = © — x4, v =

@ — a, and consider the quadratic function V; = (1/2)27z,
which has the time derivative
Vi=2T(v+a—ig) (18)
Design the stabilizing function as
a==Iqg— K,z (19)
where K, > 0, and we obtain
V1 = szKzz + 2Ty (20)

In the second step, we consider the quadratic function

d T 1 22 1~T —-17
‘/2 = V1+§l/ Mml/+%6 +§¢drd ¢d

1-p 1+ 1op g+
+50n o + 505 T5 0 1)
where (;) = (;) — (®), ¢4 a vector of unknown parameters
of JIG, Ty =T% > 0and I',, = T'Y > 0 are constant
matrices, v > 0 a constant, and d(g, ¢4) > 0, defined in
(13), is introduced to eliminate nonlinear parametrization,
since J,, = d.J is linearly parameterized.

The time derivative of V5 is given by

"/‘2 =

Tdlf — JT7, — J7(Cyd + G) — Myd]

d . d 1~x
+§VTMII/ + §VTM951/ +vT24+ 285
Y

FOITT b + I 6 + LT Ly — 2T K. 2
Substituting j j J and using the identity M, = JTMJ
leads to

Vo = VTdlf =T 7+ T (rn — Cyi — G — MJ &)
+%Mxl/] + gVTMxl/ Iy %Bﬁ

O bu - SIS G+ GIT N6y — 2Kz
Since dJT = JT', we have

Vo = VId(f - jTTn + %Mmy) + I (10 — Cyd

= d 1~=x
-G —-MJa&) + iMzV + 2]+ =33
Y
+OiT  Ga+ OLT b + OIT Mg — 27K 2
Now, we design the end-effector force as

f:jTTn+fu (22)

where JT = = (Yndn)/(adq) and f, is to be designed later.

This yields

Vv, = T[dfuijT(Tn*G) Y(g.4,é,v,9) + 4]
+1ﬁﬁ+¢§r ba+ BIT b+ 1T 0,
2K,z (23)
where
Y(q,4,6,v,¢) = Jy(Cyg+MJa)

1

fi(er +dM)vy  (24)

and ¢ is a vector of uncertain parameters. From (23), the
term J! (7, — G) is linearly parameterized in ¢,,, according
to (14) and the fact that G is also linear-in-the-parameters:

j;l;(Tn - G) = wn((b Tn)Pn + %(Q)% (25)

and thus, the parameters ¢, and ¢4, can be adaptively
estimated. However, the term Y is still nonlinearly parame-
terized with respect to ¢.

To circumvent this difficulty, we treat the matrices J?; MJ,
J,MI, sz, and Jj{ C, as time-varying uncertainties, and
dominating them based on the bounds of the time-varying
parameters. While J M .J is always bounded for all ¢ € R™,
dM,, dM,, and JT C, depend linearly on ¢. The latter does
not pose a problem as ¢ can be factored into the regressor.

To this end, define

A = —dM, —dM,

B = Jrc, (26)
and let a;; € R™ and b;; € R", for 4, j = 1, ..., m, be defined
such that

Tay; = Ay
i"b;; = Bjj 27
Thus, we write
—(dM, +dM,)v/2 = wv, q)04(t)
JnCoq = p(4)05(t)
JiMJa = Po(d)fo(t) (28)

where the regressors are defined in (29)-(30) with ® denoting
the Kronecker product. The time-varying parameters are
given by

0a(t) = [04,, - 04,17

04,(t) = [aﬁ, ,az-Tm]T, i=1,...m

O0p(t) = [05,, - 051"

Op,(t) = L, .., b01T, i=1,...m

QC(t) = [951’ 795 ]T

Oc,(t) = d[M,,,, ... My, ', i=1,...m (31

which evolve in compact sets €2g,, {29, and g, V¢ > 0

0a(t) € Qp, C R
Op(t) € Qp, C R™
Oc(t) € Q. CRM (32)
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(v®q) 0 ([¢%], [gd]) 0
0 (v®q) 0 ([¢%], [4d])
aT 0 0
a1 ("ez) a3 0
Ye(a) = : : Do, d= (6 )T (30)
ar(Mem-1) Go(" em_2) a1y O
dl(mem) d?(m_lem—l) dm—1(2€2) am
[6*) = (41, &, -~ ) [4] = (4142, drds, -+ 5 dn-1dn)
1 ifj=1
ko — e e _ J=1 C_
€ = (pla » Dy 7pk?)7 Pj { 0 otherwise °’ J 1727"'7k7
where {57 = m(m+1)/2 by virtue of the symmetry of M,.  where ¥y = [thn, %], bng = [67, 6717, K, > 0, and ¢ is

As a result, we can show that Y in (24) can be linearly
parameterized in terms of bounded time-varying parameters,
as follows:

Y =(q,v,a)0(t) (33)
where
VY= (Ya, B, Yc), 0= (9579£795)T

Since 0;(t) € [0;,0;] ¥t > 0, i = A, B,C, we obtain the
bound ||6(¢)|| < 8, where

<§:nmx(l,f)>uz

and L = 2l + mn(m + n). Note that 8 does not need to
be known, but it is adaptively estimated in the controller.
The parameterizations in (13), (25), (28) and (33) lead to:

(34)

(35)

Vo = V= futbaba + futbada + Yndn + ety — VO(t)
o+ §5@ T a4 T
+q~ST ;1559 —2TK.2
= _ZTK zv [fu"/}d(bd + ¢n¢n + ¢g¢g 1/19(75)

+2]+ ﬂﬂ+¢d(F Yoa — TV L)
+oIT;, L6 + oI, qbg —2TK,2
Considering the bound on 6(t) according to (35), we have
Va < v (fuwdqbd + Yndn + g +2) + VTP
+- ﬁﬁ+¢d(F Yoa — VIV ) + LT 6
+¢g p 1¢g —2TK.2 (36)
We design f, as follows:

f_ L (_Ky_z Py v
Y ada

I Tell6 + el
(37

- wng (ﬁng -

a positive constant satisfying

€ < Amin(Ky) (38)

Note that the third term on the right hand side adap-
tively compensates for i, ¢, and the fourth term dominates
llvT4]|3 in(36). The joint torque applied to the motors is
given by (10). Substituting (37) into (36) yields

7|2 52 122
T+ 7
+q (D da = vgv™ fu) + o5 (U 6 — vy v)
+(;3§(F;1g?)g - 1/151/) —2TK.2—vTK,v

WTolBelvl® s (1s . g
T+ (39 w.n)
+64 (Cg'a — v v fu) + 65 (T bn — v v)
T (05 0y — 0T w) — 2T Koz — T K, (39)

Va <

"l 8 —

IA

Since ab/(a + b) < a for any a,b > 0, it can be shown that

. ~(1=x ~ X
Vo < 5261 ul) + T b o)
+n (D 6 — ) + 6 (T by — g v)
—2TK,z— uT(K,, —eln)v (40)
where I, is the m x m identity matrix.
Finally, the adaptation laws are designed as
Bo= vyl @1
LT vT fu, if g € int(®)
P or if g € OP 0
5 and v, DT, > 0
0, otherwise
¢y = Tylv (43)
on = Tuihpv (44)
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where int(®) and J® are the interior and boundary of the
set ®, defined by

Q= m {¢a € R : pydq > 0}
Pa€EQq

and €y a compact set from Property 3. The projection
algorithm (42) guarantees that the following conditions are
satisfied:

(45)

< tada
> 05 (g a— i v fu)
Furthermore, by choosing 3(0) > 0, (41) ensures that 3(t) >

0Vt >D0.
Substituting (41)-(44) into (40), we obtain

Vo < —2TK,z— l/T(K,, —eln)v

0
0 (46)

(47)

which is negative semidefinite in light of (38). We are now
ready to summarize the main results.

Theorem 1: Consider a redundant robot manipulator (1)
subjected to the adaptive control law (10), (22), (37) and
(41)-(44). For 7,, € L, the origin of the end-effector error
system, (z,v) = 0, is uniformly asymptotically stable.

Proof: From the negative semidefiniteness of Vs in
(47), we conclude, by the LaSalle-Yoshizawa Theorem,
that the origin (z,v) = 0 is uniformly stable, and that
limy oo (=27 K.z — v (K, — ¢l,,,)v) = 0, which implies
that lim; o 2(t) = limy oo v(t) = 0. m

IV. SIMULATION

Consider a model of the dynamics of a 3-link robot with
3 actuated revolute joints [15] moving on a horizontal plane.
This configuration allows a single degree of redundancy
for position tracking tasks involving the end-effector. All
numerical values in this section are in S.I. units.

Specifically, we are concerned with tracking a desired
trajectory in operational space, described by:

zq,(t) = 0.1cos(t/4)
zq,(t) = 240.1sin(t/4)
For ease of illustration, we consider that the center of mass
of each link coincides with its corresponding joint, and that

the lengths of the links are all equal, specifically I; = 1.0,
1 =1,2,3. From Property 4, we obtain

Ya = [ds(q)cos*(q2),ds(q) cos®(q2),ds(q)] (48)

where d;(q) := det(J(q)JT (q)). For masses m; = mgy =
mg = 0.5, and moments of inertia I,,, = 1.5, I,,, = 1.0,
and I,,, = 0.5, we estimate the bounds for d; as 0 <
dj(q) < 8. Then, we have, from (48), the bounds for 4 as
0 < g, <8,7=1,2,3. As such, the projection algorithm
(42) is implemented with

d = {0ER%:0,+0,>0, 0, +05>0, 0+ 03 >0,
0146, +605>0, 6, >0, i =1,2,3} (49)

For simplicity, the null torque is specified as 7,, =
0.1sint, 7,, = 0.1cos(t), T,, = 0.02cost. The design

parameters are selected as K, = 2I, K, = 41, v = 0.5,
I'y=0.11,T,, = 0.81, ¢ = 1.6. The initial conditions for the
simulation are q(0) = (7/4,7/4,7/4)T, 4(0) = 0, B(0) =
0.01, ¢4(0) = (0.5,0.5,0.5)7, and ¢,,(0) = 0. Under these
design and initial conditions, the control law (10), (22), (37),
and the adaptation laws (41)-(44) are implemented.

0 20 40 60 80 100 120 140
time
Fig. 1. The tracking errors z and v converge to a neighborhood of 0.
Figure 1 shows that, under the proposed adaptive opera-
tional space control, the end-effector position tracking error
z = x — x4, and the velocity tracking error v = = — «,
both converge asymptotically to a small neighborhood of the
origin, despite the presence of uncertainty in the nonlinearly
parameterized model of redundant robot dynamics. The con-
troller has also successfully compensated for the perturbing
effects due to imperfect decoupling (11) of the operational
and null space dynamics arising from an imperfect model of
the dynamics.
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051

0.4

0.3

02"

Norm of parameter estimates

01F

. . . . . . .
0 20 40 60 80 100 120 140
time

Fig. 2. The norms of the parameter estimates are convergent.

The adaptation laws result in bounded parameter estimates,
as shown by the boundedness of their norms in Figure
2. Starting from some initial values, the estimates vary in
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response to transient error signals and eventually converge
to steady state values. Under the projection algorithm (42),
wdq’gd > 0 is always ensured.

Apart from end-effector motion, self-motion of the redun-
dant robot is also stable, as shown by the boundedness of the
joint velocities ¢ in Figure 3. Finally, the joint torques 7 are
bounded and smooth, as seen from Figure 4. The oscillations
in both ¢ and 7 are induced by the sinusoidal null space
torque 7,.

| 7
03§ 2
1 )
|
0.2 i
|
[
0.1H
gl
]

RS
)

A |
by RN

-0.1 ]
il vy
! ol
v !
_0.2}+ |
-0.3¢t . . |
0 50 100 150
time
Fig. 3. The joint velocities remain bounded.
0.8
1
“““““ To
0.6 - —-73 H

040 1

50 100 150
time

Fig. 4. The joint torques remain bounded.

V. CONCLUSIONS

This paper has presented an adaptive operational space
control for redundant robots. Based on the insight that the
nonlinear parametrization can be expressed as fractions of
linearly parameterized terms, we have modified the control
Lyapunov function to eliminate some of the denominator
terms during Lyapunov synthesis, leaving behind linearly
parameterized numerator terms that have been handled by
adaptive control. For the terms that cannot be transformed
into linearly parameterized form, we have treated them as

time-varying parameters, and employed robust domination
design to dominate them based on the bounds of the time-
varying parameters. We have shown, via theory and sim-
ulations, that asymptotic tracking performance of the end-
effector is achieved, and that all closed loop signals are
bounded. Future work will involve experimental verification
of the controller and investigation on the handling of multiple
sub-task criteria.
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