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Optimal Filtering for Ito-Stochastic Continuous-time Systems with
Multiple Delayed Measurements
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Abstract— This paper focuses on the problem of Kalman
filtering for Ito stochastic continuous-time systems with multiple
delayed measurements, for which very little work exist to date.
For an Ito-stochastic system, its stochastic differential and
integral have a significant place and are different from other
stochastic systems owing to the Wiener or the Brownian process.
In this paper, an It6 stochastic continuous-time system with
multiple delayed measurements is first reduced to a system with
delay free measurements by applying the stochastic analysis
and calculus of stochastic variables. Next, the Ito differentials
for the optimal filter and its error variance are derived.
Finally, through an illustrative example, the performance of
the designed optimal filter is verified.

I. INTRODUCTION

The problem of optimal filter design for both determin-
istic and stochastic systems has been the subject of many
systematic research studies for the last few decades. As a
dual problem of optimal control, the optimal filter design
problem with no delay in the measurements, has been well
studied, see references [1]-[5]. Standard Kalman or Kalman-
Bucy filter for systems with perfect model were studies in
the aforementioned references. The most famous result is
related to the case of linear state and observation equations,
which indicate the current moments of the estimate itself
and its variance. However, great many practical engineering
systems exhibit variety of random phenomenon as well as
delays. Yet, a significantly smaller number of authors have
studied the problem of optimal filter design for systems with
time delays and stochastic noise. Some of the publications
related to the robust filter problem for time delay systems are
[6]-[9]. Additionally, comprehensive reviews of theory and
algorithms for stochastic or time delay systems are given in
[5] and [10]-[13].

In recent years there have been two approaches for solving
the optimal filtering problem in stochastic systems with time
delays. One is to use reorganization innovation analysis ap-
proach along with the orthogonal projection lemma. Optimal
estimations over observations with multiple delays are treated
for discrete or continuous time system in [14] and [15] by
using this same idea. The Kalman filter is derived according
to the solution of standard Riccati equations. As a result,
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the method has also been applied successfully to Ho, fixed-
lag smoothing for time delay linear systems in [16] and
[17]. The other idea is to use the general expression for
the stochastic Ito differential of the optimal estimate and
the error variance. The general expression for the stochastic
Ito differential of the optimal estimate and the error variance
is first given for the optimal filtering problem in [5]. With
the application of that result, optimal linear filtering over
an observation with multiple delays is investigated and the
optimal filtering equations similar to the traditional Kalman-
Bucy ones [18], are obtained in [19] and [20]. Finally, the
optimal filtering problem for polynomial system states with
polynomial multiplicative noise over linear observations with
an arbitrary observation matrix is treated in [21]-[22].

This paper presents an optimal filter for linear continuous
time varying Ito stochastic system with current and multiple
delayed measurements in multiple channels, thus generaliz-
ing and developing the results in [15],[19] and [20] based on
the standard Kalman filter problem in [1]-[2] and [18]. It is
believed that this result has important applications to many
fields. The paper applies stochastic analysis and stochastic
calculus to solve the problem instead of reorganization in-
novation analysis approach. The optimal filtering problem is
treated proceeding from the general expression for stochastic
Ito differential of the optimal estimate and the error variance
[5]. At first, multiple delayed measurements are changed
into delay free measurements by solving stochastic linear
equations, a transformation of the observation equations
makes the original problem reduce to a new solvable one.
Then the optimal filter and the error variance equations are
derived by the formulas for Ito differential of the conditional
expectation of system state and the error variance based
on the given observations. It is concluded that time delays
in observations just cause a new stochastic item for the
system. Compared to the conventional Kalman-Bucy filter
of the standard system with free delay, there is no intrinsic
difference between the optimal filter except the adjustments
for delays in the estimate and variance equations. The effect
of delays on noise is considered in the adjustments rather
than in [19] and [20]. The performance of the designed
optimal filter is illustrated and verified by an example with
a time delay in the observation equation.

The rest of the paper is organized as follows. In Section
2, the optimal filter problem is formulated for a continuous-
time system with multiple channels and measurement delays.
A transformation of the observation equation is introduced
and a new delay free observation equation is obtained.
Then the Ito differentials for the optimal filter and the error
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variance equations are established by stochastic analysis and
stochastic calculus in section 3. The performance of the
presented optimal filter is illustrated and verified through an
example in Section 4. Finally, some conclusions are drawn
in Section 5.

II. PROBLEM FORMULATION

Let (92, F,P) be a complete probability space with an
increasing right continuous family of o—algebra F;,t >
to and let (B(t), Fi,t > to) and (n;(t), F,t > to) be
independent Wiener processes. The F;—measurable random
processes (z(t),y;(t),i = 0,1,---,1) are determined by a
linear continuous-time Ito stochastic differential equation for
the system state

dx(t) = F(t)x(t)dt + G(t)dB(t), z(to) = xo (1)
and linear stochastic differential equations with time delays
for the observation processes

dyi(t) = Hi(t),f(t — di)dt + d?’]l‘(t), dl Z O,i = 0, s ,l (2)

where random processes, x(t) € R™ represents the state,
yo(t) € R™° and y;(t) € R™ are the current and the de-
layed measurements respectively. F'(t), G(t), and H;(t) are
bounded time-varying matrices with appropriate dimensions.
B(t) and n;(t)(¢ = 0,1, --,1) are independent. Assume that
the delays are in an increasing order: tp = 0 = dyp < d; <
--- < dj, the initial condition g € R™ is a Gaussian vector
such that xg, B(t), and n;(t),i = 0,1, - - -, [ are independent,
E[zo] = 0, E[xozl] = M, where T is the transpose of a
vector or a matrix. Further, let

Elds(t)] =0,  E[dB)dBH)"] = W (t)dt,
Eldn;(t)] =0,  Eldn;(t)dmi(t)"] = Vi(t)dt.
Thus the vector random process [:(¢)”, yo(t)T, -,y (£)']7

is determined by the stochastic differential equations as
above.

Let y(¢) be the observation of systems (2) at time ¢, then
y(t) is given by

y(t) = {

The optimal filtering problem is to find the optimal esti-
mate Z(t|t) of the system state x(¢), based on the observation
process Y (t) = {y(7)|to < 7 < ¢}, that minimizes

i)}, di <t <diga;
t>d.

yi = col{yo(t),- -

yi = col{go(t), - m(t)}, ®)

J = Bl(x(t) — &(tt))" («(t) — 2(tlt)) | 7]

at every time moment t. Here FY means a o—algebra
generated by the observation process Y () in the interval
[0,¢] and J means the conditional expectation of a stochastic
process (x(t) — #(t))T (x(t) — £(t)) with respect to the
o—algebra F) generated by the observation process Y (t)
in the interval [to, t].

III. OPTIMAL FILTERING WITH DELAYED
OBSERVATIONS

For systems with delayed observations, to deal with the
time delay, a natural idea is to change the observation with
time delay into a new delay free observation. At moment ¢,
the relation between y; (t) and (t—d;) is known through (2).
Using the state equation (1), we aim to find a relationship
between y;(t) and x(t). Then the optimal estimate is easily
obtained by the conditional expectation #(t|t) = E[z(t)|FY]
of the system state x(¢) with respect to the o—algebra F}
generated by the observation process Y () in the interval

[to, t].
A. Problem Reduction

From [13], for all ¢y > 0 and £ measurable with respect to
Fi and E|€|? < oo there exists a unique continuous solution
x(t),t > tg, of the system (1), verifying x(to) = &. For
& = x, the solution of (1) with z(ty) = x¢ is

x(t) = ®(¢, to)xo + @(t,to)/t O (s, t0)G(s)dB(s) (4)

where ®(t,10),t > to is the fundamental matrix of solution
of the system (1), that is the solution of the matrix equation

dd(t, o)

S = P10 (L to)

and ®(tg,to) is an unit matrix.

Then there is a unique continuous solution x(t —d;) of the
system (1), verifying ¢t — d; > 0 and z(ty) = x¢ as follows:
x(t—dl) = ‘I)(t—di,to)xo

t—d;
+(I)(t—dl,t0)/ ‘I)_l(S,to)G(S)dﬂ(S)

to
Then we can obtain the following equation:
z(t) = ®(t,t—d)x(t—d;)
t
+O(t,t — d;) / O~ (s, t — d;)G(s)dB(s5)5)
t—d;
the fundamental matrix ®(¢,¢ — d;)(t > t —d; > 0) of

solution of the system (1) is invertible, ®(¢t,t — d;) =
exp ( ftt_di F(s)ds), then we can obtain

t
z(t —d;) = 7Nt t — dy)x(t) — / O (s, t —d;)G(s)dB(s)
t—d;
and the observation processes (2) can also be rewritten as
t
—Hi(t)/ fI)*l(s, t —d;)G(s)dB(s)dt,
t—d;
(6)
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Then introducing the following notations:

Ho(t)®~1(t,t — dop)
b — Hi(t)® 1(t,t — dy)
11 — L. )
H; ()~ (t, t — d;)
di <t <diy1;
bi(t) = (N
Ho(t)®1(t,t — dop)
bo — Hi()®71(t,t — dy)
1l — . )
H(t)®~1(t, t — d))
t>dy,
bo(t) = t
[ _HO(t) t—do (I)_l(sa t— dO)G(S)dﬂ(S) 1
bo; = —Hq(t) ft—dl O (s,t —d1)G(s)dB(s) 7
[ —Hi(t) [y, @7 (s, — di)G(s)dB(s) ]
di <t <diy1;
_(8)
[ —Ho(t) ft 4, @7 (8,1 —do)G(s)dB(s)
by = —Hi(t) ft dy s t_dl)G(S)dﬂ(S) 7
—H(t ft d (s,t —d;)G(s)dB(s) |
t>d,
- dno ]
d771 s <t <diy1;
_dm‘ .
v (t) = &)
o
Mtz
_dm .

and using the notation in (3), then the equations (2) are
changed into

dy(t) = (b1 (B)z(t) + bo(t)) dt + dV (1) (10)
where

E[dV (t)dV (t)'] = Rdt

T Ridt = diag{Vpdt,---,Vidt},t > d;.

Now we consider the optimal filtering problem for the
state equation (1) and the observation system (10) over
the observation process Y'(¢) in the interval [tg,¢] in the
following subsection.

B. Calculation of optimal filtering

As known [5], the best approximation of a random variable
using the results of measurements is given by the conditional
expectation relative to the results of measurements. The opti-
mal estimate Z(¢|t) in section 2 is obtained by the conditional
expectation E[z(t)|FY] of the system state z(¢) with respect
to the o—algebra F;” generated by the observation process

Y (t) in the interval [to,t], that is, 2(¢t[t) = E[z(¢)|F)].
And it is based on the formulas for the Ito differential of the
conditional expectation and estimation error variance.

Let us begin by denoting the estimation error variance

— & (t)t)) (a(t) — @ (t[t) 7| 7]

for the problem. Using the formula for the Ito differential of
the conditional expectation Z(t[t) = E(x(t)|F}) in [5] the
optimal filtering equations can be obtained

di(tlt) = Elde(t)|F ]+ E[z(t) (b (t)z(t)

+ bo(t) — Elbr (1) ()| F) )" | F)]

xR~ (dy(t) — ( [b1(t)(t) + bo(t)| F) 1)dt),
E(tolto) = Elx(to)|F] = (12)

And the formula for the Ito differential of the variance
P(t) in [5] can be used:

dP(t) = B[(x(t) — &(t|t)(F @) (t)"|F) dt
+ [ ()2 () (x(t) — &(t]t)"|F) Jdt
+GOW()G(H) dt — Bla(t)
(b (8)z(t) + bo(t) — Ebr (8)=(6)|F DT | ]
R B[by (£)x(t) + bo(t)
—E[bi(t)a ()| F |2 (t) | 7]
P(ty) = Ilo. (13)
Taking into account that
E [x(t)(2T(t) — 2(t[t)")|F))]
= E[(z(t) - 2(t)x)"|F))]
= E[(z(t) - 2(t)(x(t) — 2(t)"|F )] = P(1),
E [x(t) — &(t)|F)] =0, Blbo(t)|F] =0,

we transform formulae (12), (13) into the forms

di(t|t) = F)a(tt)dt
HP(Ob ()T + Ela(t)bo(t)T|F))
x R~ (dy(t) — by (t)(t]t)dt),
x(tolte) = Elx(to)| ] =0, (14)
P(t) = PMOFHT +FH)P(t)+GH)WHGH)T
—(P(B)b1 ()T + E [5(t)bo (1) | 7))
< R™Y(P(0)by (1) + E [2(t)bo ()T |FY])"
P(ty) = II,. (15)

Then we obtain the optimal filtering &(¢[¢) for the state
vector z(t) governed by the equation (1) based on the
observation process Y (t) = {y(7)|to < 7 < t}, satisfying
the equation (2): when d; <t < d;41,

di(tlt) = F®)z(t|t)dt + (P(t)bl;, + Elz(t)bos(t)T|F)])
R; Y (dy; — bya(t|t)dt),
Lf‘(t0|t0) = 0;
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P(t) = PF@)" +F< )P(t) + GOW (1)G(t)"
—(P(t)OT; + E [2(t)bos (1) 7| FY])
xRy L (P(t >b£- + B [a(t)bo: )T 1F )

P(ty) = T,
when ¢t > dj,
di(tlt) = F@®)2(t[t)dt + (P)b]; + E [2(0)bo(t)"|F)])
x Ry (dy; — bu(t|t)dt),
#(tolto) = O;
P(t) [P)F)T + F(t)P(t) + G)W (t)G(t)T
—(P(t)b]; + E [z(t)boi(t)"|F)])
<R (PO, + B [a0bo ()77 ])
P(ty) = Tl

where by; and by;, R; and R; are satisfied (7) and (11).
Let

That is, when d; <t < d;41,

di(tlt) = j:(t|t)dt+iA(j)H T V()™
=0
x (dys(6) = H(0@ (1t - dj) ety )
Li'(t0|t0) = 0; (16)
P(t) = POFt)T +F@)P(t)+GH)W(#)G(t)T
= AGH; )"V () H;()AG)T,
=0
Pty) = Th, (17)
when ¢t > d,
l
di(tlt) = F(6)a(tlt)dt + Y AG)H; () Vi(t)™
§=0
x (dy;(t) = H(0@ (1,0~ dj) (i)t
P(t) = POFt)T +F@)P(t)+GH)W(#)G(t)T
l
= AGH; )"V (6) T H()AG)T,
7=0
P(ty) = Tl. (19)

We can summarize the results obtained so far in the following
theorem.

Theorem: The optimal filter for the state with (1), over
the linear observations (2), is given by (14) for the optimal
estimate x(¢t) = E[x(¢)|FY] and (15) for the estimation er-
ror variance P(t) = E[(x(t) — % (t[t))(x(t) — %(t[t))" | FY].

G(s)W (s)G(s) ® (s, — dj)Tds.

Specially, when d; < t < d;4+1 and t > dj,
are given by (16)-(17) and (18)-(19).
Proof: The proof directly follows from the above.
Remark: In equations (16)-(19), the adjustments for de-
lays include a item that relates to state noise df3(s). The
effect of delays on state noise is considered in the paper,
however it did not appear in the aforementioned references.

IV. NUMERICAL EXAMPLE

This section presents an example of designing the optimal
filter for a linear state over linear observations with time
delays. It illustrates the results obtained in previous section.

Consider the system

x(t|t) and P(t)

dx(t) = Fz(t)dt + Gdw(t) (20)
dyl(t) = Hl,f(t — dl)dt + dni(t),i = O, 1 (21)
with
. 1(t) 1 1
o - [l el
Hy = = 0]

where w(t) and 7;(t ),z = 0,1 are white Gaussian noises,
which are the weak mean square derivatives of standard
Wiener processes independent of each other. E[dw(t)] = 0,
Eldw(t)dw(t)"] = dt; Bldn;(t)] = 0, Eldni(t)dni(t)"] =
dt, to = 0, x¢ is a Gaussian random variable, dy = 0,d; =
d,d > 0.

The initial values are assigned: z1(0) = 1,22(0) =
05,@1(0|0) = 0,:%2(0|0) = O, p11(0) = 1,p12(0) =
O,pgg(O) = 0.25.

The filter problem is to find the optimal estimate for the
state (20) and observation (21).

When 0 < ¢ < d, the optimal filter &(¢|t) of the system

dx(t) = Fz(t)dt + Gdw(t)
dy(t) = Hoz(t)dt + dv(t)
is the standard Kalman-Bucy filter
di(tlt) = Fa(t|t)dt
+P(t)Ho" Vot (1) [dyo(t) — Hod(t|t)dt],
2(0]0) = 0;
P(t) P(t)FT + FP(t) + GWGT
—Pt)HI'Vo~ (t)HoP(2),
PO) = {(1) 0.%5]
That is
dii(tlt) = [—6Z1(tt) + (1 — p12(t))Z2(t]t)] dt
—p12(t)dyo(t),
dia(t[t) = —(5+ paa(t))Z2(t[t)dt — paa(t)dyo(?),
£1(0[0) = 0,#2(0[0) = 0;
pr(t) = —pia(t)® — 12p11(t) + 2p12 + 1,
P12(t) = —pr2(t)paa(t) — 11p1a(t) + p2a(l),
Paa(t) = —paa(t)® — 10paa(t),
p11(0) = 1,p12(0) = 0,p22(0) = 0.25.
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When ¢ > d, we can obtain the system as follows:

dx(t) = Fzx(t)dt + Gdw(t)
dy(t) = (biz(t) + bo)dt + dv(t)
where
_ [ _ |1 -1
y(t) = z?(t)] b1 = [eﬁd _€6d+e5d] ;
b() = _ t 0 :|
| —Hy [,_y, @7 (st — d)Gdw(s) |’
[¢—6t =5t L bt _ 6t
o0 = | Culeo=|G

the optimal filter Z(¢|t) of the system (20)-(21) is

dzi(tlt) = [-621(t]t) + (1 — pra(t))22(¢]t)] dt
—p12(t)dyo ()
_|_[p11€6d _ p12(€6d _ e5d) _ %(eﬁd E_Gd)]
x (dyr () — ey (¢|t)dt) ,
dig(flt) = —(5 + ng(f))i‘g (flt)dt — pgg(f)dyo(t)
+[p1266d _ p22(66d _ 65d)]
x (dyi(t) — €S (t|t)dt)
#1(0[0) = 0,22(0]0) = 0;
where
pr(t) = —pi2(t)® —12p11(t) + 2p12 + 1
_[plleﬁd _ p12(66d _ 65d) _ i(eﬁd _ 676(1)]2
12 ’
P12(t) = —pra(t)p2a(t) — 11p12(t) + p2a(t)
_[plleﬁd — P12 (eﬁd _ 65d) _ i(EGd _ e—Gd)]
12
X [p1266d - p22(66d - 65d)]a
Poa(t) = —[p12e®? — paz(e®? — 74> — pas(t)?
—10paa(t),
p11(0) = 1,p12(0) = 0,p22(0) = 0.25.

The example displays the process of solving the filter prob-
lem of the stochastic system. It can be observed that the gain
of the optimal estimate Z(¢|t) has two parts: one is the same
as that of the standard Kalman-Bucy filter, the others is a
new one generated by the delays. The optimal filtering can
be expressed by differential equation. The error variance is
a solution of an ordinary differential equation. So the filter
of the stochastic system is figured out easily.

V. CONCLUSIONS AND FUTURE WORK

The paper presents the optimal filtering for the It6 stochas-
tic continuous-time system with multiple delayed measure-
ments. The optimal filtering is designed by the conditional
expectation of the system state over the observation pro-
cesses. The optimal filter and the error variance equations are
derived by the formulas for Ito differential of the conditional
expectation of system state and the error variance based on
the given observations. This result is theoretically proved

based on the stochastic analysis and Calculate and numeri-
cally verified. Compared to the conventional Kalman-Bacy
filter of the standard system with free delay in [18], the opti-
mal filter of the system with multiple delayed measurements
just adds one item involving a stochastic noise caused by time
delays in structure, but there is no intrinsic difference except
the adjustments of the delays in the estimate and variance
equations. An example is well explained to solve the optimal
estimate. Moreover the obtained results could be applied to
the controller problem of systems with time delays.
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