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Global Practical Stabilization for Integrator Chain with Actuator
Saturation and Input Additive Disturbances
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Abstract—In this paper, we revisit the problem of distur-
bance rejection for an integrator chain system with actuator
saturation and input additive disturbances. The goal is to
design a nonlinear state feedback law to globally practically
stabilize the closed-loop system, which means that any closed-
loop system trajectory will converge to any arbitrarily small
closed set where the origin is inside. The numerical examples
will show the effectiveness of the proposed control design.

I. INTRODUCTION AND PRELIMINARY RESULTS

In this paper, we will revisit the problem of global practical
stabilization for an integrator chain system with actuator
saturation and input additive disturbances. The system we
will consider in this paper is

LTn = Tp-1
TIpn—1 = Tn-2

To =

I = o(u+v),

where © € R is the control input and v is the disturbance
whose magnitude is bounded, i.e., |v| < d, d > 0. o is the
standard saturation function,

o(u) = sign(u) min(1, |ul). (1)

Stabilization of the integrator chain system with actuator
saturation had been a popular research topic. In [6], it had
been proved that the global stabilization can not be achieved
via linear state feedback law. Hence, in [4], a linear state
feedback law is introduced by applying low gain design
technique to achieve semi-global stabilization, ¢.e., for any
pre-defined arbitrarily large set, any system trajectory starting
from this set will converge to the origin asymptotically. A
nonlinear state feedback law has been explicitly constructed
to achieve the global stabilization in [7], which means that
any system trajectory will be driven to the origin as time
goes to oo.

As the problem of stabilization has been solved for the
integrator chain system with actuator saturation, system
robustness has been a naturally arisen problem for the
integrator chain system with not only actuator saturation but
also disturbances. In this paper, we will consider that there
are input additive disturbances in the system and propose a
nonlinear state feedback law to achieve the global practical
stabilization, ¢.e., any system trajectory will converge to
a pre-defined arbitrarily small closed set where the origin
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resides inside in a finite time. Actually, this problem has been
already addressed by some researchers. In [5], semi-global
practical stabilization problem is solved for (1) through linear
state feedback law. The same system is considered in [3]
and global practical stabilization is achieved. However, the
proposed control law needs to solve an state dependent
Algebraic Riccati equation online and it will add complexity
in the real system implementation. In our recent work [1]
and [2], we propose a parameterized state feedback law for
the system (1) with 2 and 3 dimensions respectively. For any
large disturbance, all system trajectories will converge to a
pre-defined arbitrarily small closed set with the origin inside
through tuning the parameter. In this paper, we will extend
the main result in [1] and [2] to the general case (1). The
proposed control law in this paper is in the following format,

u(t) — (fiz1(t) + faza(t) + op, (fazs(t)+
o+ op, (fara(t)))), 2

V2 1 [V2e(l+d+ D;3)+1
fl = 77f2:7 )
2¢ € 2

1
fi = EaDz > 1766 (Ovl)a

op,(u),i € [3,n] is defined as
op,(u) = sign(u) min(D;, |ul). 3)

When D; = 1, op,(u) becomes the standard saturation
function, o(u). Before showing the preliminary results in
[1] and [2], we will show some notations first.

For a given positive definite matrix P € R**? and a
positive scalar p, denote

(P p) = {o = | 51 ] s @ = o) Pla - aw) < 5.

X2

x1 and x2 are states of (1) and g € R? is a constant vector.
Let € and d are positive numbers, define

L(xo,d) = {x: [ i; } ;

_d-1<[ A fo ](x—xo)§d+1},

V2e(1+d)+1 V2
2

P(e,d) := c(1+d)

vz N
2 2

Li(a,b) :={z;:a <x; <ba<b,ieclln]},

x; is the state of (1), ¢ € [1,n]. Z and 0 denote respectively
the two dimensional identity matrix and the two dimensional
Zero vector.
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Lemma 1: [1] Consider the system (1) with n = 2, the
control law (2) becomes

u=—(fiz1 + foz2).

Choose a p* such that e(P(e,d),0, p*) is the smallest set
with

L£(0,d)(e(Z,0,26*(1 + d)*d)
C £(0,d)()e(Pea, 0, p).

Denote §2(0,d,e¢) = £(0,d)(e(P(e, d),0,p*). Under the
proposed state feedback law, any system trajectory will enter
into (0,d,€) in a finite time. Also, as e approaches to 0,
Q(0,d, €) shrinks towards the origin.

Fig. 1.

e(P(e, d),0, p*), £(0,d) and Q(0, d, €)

Lemma 2: [2] Consider the system of (1) with n = 3 and
then the control law becomes

u = —(fix1 + foxz + op, (f323)).

For any given d, there exists an € € (0,1), D5 > 0 and
k3 > 1 such that, for any € € (0,€¢5) and D3 > D3, all
trajectories of the closed-loop third order system (1) will
enter ys in a finite time and remain there thereafter, where

X3 = {meRS: [ zl } € Q(0,d + D3, ¢),
2

xr3 € [13(-]€§l)367 k§D3€)} .

Obviously, x3 will shrink to the origin as e approaches to 0.

The remainder of the paper is organized as follows.
Section II shows the global practical stabilization of the con-
sidered system. Section III will demonstrate the effectiveness
of the proposed control law by numerical examples. The
concluding remark will be drawn in Section IV.

II. MAIN RESULTS

In this section, we will address the global practical sta-
bilization of the system (1) under the control law (2). We
will first consider the fourth order system of (1) and then
extend the result to the general case by using the method of
mathematical induction.

Theorem 1: Consider the system (1) with the control law
(2), for any given d and any given arbitrarily small set
Xn € R" containing the origin inside its interior, there exists
an €, € (0,1) and D} > 0,4 € [3,n], such that, for any
e € (0,e) and D; > D7, all trajectories of the closed-loop
system (1) will enter x,, in a finite time and remain there
thereafter, and Y, will shrink to the origin as ¢ goes to oc.
Proof: First, we will consider the case of n = 4. Then the
system (1) becomes

Ty = @3
T3 = Io
To = I3
1 = ou+v), 4

and the control law (2) becomes

u = —(fir1 + foxs + op, (f3x3 + op,(fawa))).  (5)

For the system (4), we will prove that there exists
ks > 1 and k; > 1 such that z3 and x4 of (4)
will be bounded in L3(—k3(D3 + Dy)e, k3(Ds + Dy)e)
and L4(—kj}Dye, kjDye). By Theorem 1 of [1], we know
T

i) }

that will enter € Q(0,d + D3,€e) in a finite

z

time, therefore we will assume that is already

inside ©(0,d + Ds,¢) in the following analysis. Since
|UD4 (f4.7j4)| < Dy, if 23 > % (D3 + D4) = (Dg + D4)6,
then op, (fszs + op,(fazs)) = Ds. By the proof of The-
orem 1 in [2], we can prove that x3 will finally return to
(D3 + Dy)e in a finite time after it is over (D3 4+ Dy)e.
As x3 = (D3 + Dy)e and x5 > 0, then x3 will deviate
from (D3 + D4)e toward to co. Denote the time x3 starts to
increase from (D3 + Dy)e as tog. Once again, by following
the proof of Theorem 1 in [2], there exists 75 and J5, which
are functions of D3 and d and can be denoted as

Tg = gQ(Dg,d) > O7 (52 = lg(Dg,d) > O,

such that if x3 keeps above (D3 4+ Dy)e during the time
[to, to + Ta], T2 < —d2€ at the time ¢ > to + T5. Since
2o becomes negative when t € (to,to + T»), x3 will start
to decrease until it reaches to (D3 + Dy)e again. Since

[ il } € Q0,d + Ds,e), there exists ko > 0 such that
2

|xa| < koe. Because 3 = x9, the maximal increase for
x3 starting from (D3 + Dg)e will be less than Thkoe.
Symmetrically, we can conclude the same result if z3 <
—(D3 + Dy)e. Select ks > 1+ gji’ji, then we can prove
that x5 € L3(—]€3(D3 + l)4>€7 k‘3(D3 + D4)6).
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Next, we will show that x4 € L4(—k}Dye, k}Dye). If
Ty > ?44 = Dye, 04(fazq) = D4. Hence, the control law
(2) becomes

u= —(fiz1 + foxs + op, (f323 + D4)). (6)

By the state transformation

i‘l = X

Ty = T2 (N
~ _ D4

T3 = T3+ L

the dynamic of 1, £ and 23 will be

3 = I3

Xro = I
o(— (fiZ1 + faZ2 +0op, (f373)) +1v).  (8)

By Theorem 1 of [2], there exists a k3 > 1 such that 3 will
enter into the set [—k3Dse, ki Dse] in a finite time, which
means that x3 € [(—k% D3 — Dy)e, (k3 D3 — Dy)e]. So choose
Dy > ki Ds, then z3 will be negative if it is inside the set
Lg((fk;;Dg - D4)E, (k§D3 - D4)6). Since i‘4 = I3, it can
be shown that, as 3 becomes negative, x4 will decrease until
it reaches to 24 = Dye. As 4 = Dye and x5 > 0, we know
that x4 will deviate from Dje toward to oo for a period of
time. In this case, the system (4) can be transformed into
(8). Since Dy > k3Ds3 > Ds, then (8) becomes

xr1 =

Tz = To

T

o(= (fiZ1 + f2Z2 + D3) +v),

we already know that, withing the time period, T5, T2 = x2
will become negative from being positive, and also 2o =
To < —dg€ if T3 is kept positive, which means that z3 >
(=D4 + D3)e. In the above analysis, we have shown that
x3 € L3(—k3(Ds + D4)e, k3(D3s + Dy)e). Therefore, the
maximal time for x3 to be negative is

k3(D3 + Dy)

2
T3 is a constant if D3, D, and d are chosen. Furthermore,
the maximal deviation from Dye for x4 can be estimated
by T3ks(Ds + Dg)e. Select ki > T3ks(Ds + Dy), it can
be proved that the maximal deviation is proportional to € if
Dy, D5 and d are set. And this result holds if z, < —Dye.
Hence, x4 will enter into the set L4(—kj}Dye, ki Dye) in a
finite time. So far, we have proved that, if d is given and D3
and D, are correctly selected, any trajectory of (4) will enter
into an arbitrarily small close set x4 with the origin inside
by tuning the parameter ¢, where

8
N
I

r1 =

T3 =T + = g3(Ds3, Dy4,d) > 0.

X4 = {xGRS:{il]GQ(O,dJng,E),
2

w3 € L3(—k3s(Ds + Dy)e, k3(D3 + Dy)e),
S L4(—kZD4€, kZD4€)} .

In the following, we will prove the main result for the
general system (1).

We will use mathematical induction method. Therefore,
we assume that for the following system

j:m—l = Tm-2

Tm—-2 = ITm-3

.fg = I

T = o(u+v),m>4,

with the control

— (fiz1(t) + faw2(t) + opy (faas(t) + - -
+0Dm_1(fm71xmfl(t)))) ) 9

u =

and

Tm—1

Tm—2

i‘g = X1

o(u+v),m >4, (10)

with the control

u =

— (fiz1(t) + faw2(t) + op, (faza(t) + -
+op,, (fmxm(t))))7

if d is given and D;,i € [3,m — 1], are correctly selected,
then there exist k; > 1,k > 1,i € [3,m—1] and k¥, _5 > 1
such that any system trajectory of (9) will enter into the set

X’HL713

Y

Xm—1 = {Jj S Rm_l : |: il :l S Q(O,d+ D3,€)7
2

x; € Li(—=ki(D; + Diy1)€, ki(Di + Djit1)e),
i€ [3,m—2],

Tm—1 € mel(_k:nlemflﬁ k;;lele)} )

and if o1 (fir1Tig1+- - +Em—1(frm—12m—1)) > Djy1 or
it1(fir1Tip1 + -+ om-1(fm—1Tm-1)) < —Dj41, there
exists a closed set in which x; < (=D;41 + kfD;)e < 0 or
x; > (Diy1 — kID;)e > 0, and z; will enter into the set in
the time which is less than

T; = gi(D3, Dy, -+, D;, D;iy1,d) > 0,i € [3,m — 2].

Obviously, T; > T;_;. Moreover, if D,, > k), _1Dp_1,
there exists k; > 1,7 € [3,m—1], k¥, > 1 and k,,, > 1 such

m
that any system trajectory of (10) will enter into the set Xy,

Xm = {xERm: [ il } € Q(0,d + Ds,¢),
2

x; € LZ(—kZ(D1 + Di+1)6, kz(Dz + Di+1)€),1’ c [3, m — 1],
T € Ly (=K}, Dme, k, Dme)}.

If z,,, > Dye or x,, < —Dy,€, x,,,_1 Will be less than
—D,, + k), _1Dn—_1 from being positive or be greater than
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D,, — k} _1Dp_1 from being negative within the time,
Tmfla

Tm—l == gm—l(D33D47 e 5DM—13DM7d)'

As € becomes smaller, X,,—1 and x,, will shrink to the
origin. Then we will consider the m + 1-dimensional system
(1) and it is

j:m-&-l = Tm
Ty = Tyt
.’i)‘g = X
1 = o(u+v), (12)
and the control u is
u = —(fizi(t) + fowa(t) + ops(fawa(t) +---
+O-D'm+1 (fm"l‘lxm"!‘l (t)))> . (13)

In the next, we will prove that there exists a k,, > 1 such
that x,,, of (12) will enter into the set Ly,(—km(Dm +
Dyyi1)€ k(D + Dyt )€) in a finite time. We will prove
it for the case of x,, > (D, + Dy,+1)€e and the case of
Zm < —(Dyy+ Dypt1)e€ can be symmetrically proved. Since
|Tm+1 (fmt1Zmt1)] < Dmgts if e > (D + Dingr)e,
then oy (fm®m + Oms1(fm+1Zm+1)) = Dim. By the state
transformation

I = I
52'2 = T2
Tm—1 = Tm-1 +Dm; (14)

the dynamic of &;,¢ € [1, m — 1] will become

Tm—1

= Ipm-2
im—Z = jm—S
To = I1
1 = o(u+v),

and the control law is

— (f171(t) + foia(t) + op, (fsds(t) + -
+O—Dm71(fm71jm71(t)))) .

u =

By the assumption, we know that Z,,_; will enter into
the set [—k) _1Dm_16,k* _1Dp_1€] in a finite time and
remain there as long as z,, > (D;,—1 + Dp)e. Since
Dy, > k} _1Dp—1, xm—1 will be negative if x,,_1 €
Lm—l((_k;kn_le—l _Dm)ea (k;kn_1Dm—1 _Dm)e)a which
means that x,, will decrease until it reaches to (D,, +
Dyy1)e. As 2y = (D + Dipg1)e and z,,—1 > 0, by
the assumption, we have that the maximal time for x,,_;
to be less than (—D,,, + k,_1Dy—1)€ is Tp,—1. And then

the maximal deviation for z,, from D,, + D,,4+1 will be
Tmflkmfl(Dmfl + Dm)é Let

Tmflkmfl(Dmfl + Dm)
Dm + Dm+1

km =1+ P
then it can be proved that z,, will enter into the set
Ly (=km(Dm + Dpg1)€, ki (D + Dipg1)e).

In the next, we will show that there exists a

ma1 > 1 such that ;41 of (12) will enter into
the set Ly1(—k) 1 Dmy16, k) 1 Dimyre) in a finite
time and remain there thereafter. As z,,4+1 > Dpq16,
Om+1(frm+1Tm+1) = Dim41. Then by the assumption, x,,
will enter into the set L, ((—k}, Dy — Dimt1)e, (5, Dy —
Dy,y1)e) as long as 41 > D16 Choose Dyyq >
k¥, Dy, then x,, will be negative if z,, € L, ((—k}, Dy, —
Dm+1)€, (k;@Dm — D,,L+1)e). Since J.L‘m_;,_l = Tms Tm+1
will decrease until it reaches to D, 1€. If 2,41 = Dyyy1€
and x,, > 0, 41 will increase from D,, 1€ and stop
increasing until z,, < 0. we know that the maximal time
for x,,,—1 entering into the the set where z,,—1 < (=D, +
k¥, _1Dm—1)e is Tp,—1. Then the maximal time T, for z,,
being negative is
k3 (Dm + D)

mo1 ¥t Dm _Dm—l ’

T, =

Hence the maximal increase for z,, from D,,;1e will
bg km(Dw + Dyyy1)Time. Choose kY., > 1 +
MD"”;—W, then z,,41 will enter into the set
Li1(=k} 1 Dimyr6, k) Dinyae). Also, as Dy,i €
[3,m + 1] are chosen and d is given, all time T},¢ € [3,m]
will be fixed. So any trajectory will enter into the set ;41

2
xT; € Lz(sz(Di —+ Di+1)€7 kz(Dz —+ Di+1)€)a
i€ [3,m],

Tm+1 € Lm+1(_k/’:;1+1Dm+16; k:n+1Dm+1€)} 5

Xm+1 = {xERm'Hs { il ] € Q(0,d + D3, e),

and x,,+1 Will shrink toward to the origin as € is decrease
to 0.

III. EXAMPLES

We consider the 5-th order system of (1). Let D5 =
10, Dy = 5 and D3 = 2, and choose the distur-
bance, d = 0.1 % sin(t). Set the initial condition as
[ 0.01 0.01 0.01 0.01 0.01 ]T. Fig.2-4 and Fig.3-5
show the simulation of the states x;,% € [1, 5] and the control
input with € = 0.001 and e = 0.0005 respectively. It can be
seen that the states will driven into a smaller state space set
as ¢ decreases. The first picture in Fig. 3 and Fig. 5 shows
the general picture of the control input. The second picture in
these figures shows the control input at the beginning time
of the simulation. It can be seen that the control input is
beyond the saturation limit and then decrease to be within
the saturation limit very quickly and stay there forever.
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Fig. 2. the state z;,7 € [1,5], e = 0.001
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Fig. 4. the control input u, e = 0.001.
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Fig. 5. the control input u, € = 0.0005.

IV. CONCLUSIONS

In this paper, global practical stabilization is achieved for
an integrator chain system with actuator saturation and input
additive disturbances. Under the proposed control law, any
system trajectory will be driven into a pre-defined arbitrarily
small closed set with the origin inside in a finite time and
remain there thereafter.

3807



