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Distributed Multi-Agent Coordination: A Comparison
Lemma Based Approach

Yongcan Cao and Wei Ren

Abstract— In this paper, we focus on the study of distributed
multi-agent coordination, including leaderless consensus and
consensus tracking, by using a comparison lemma based ap-
proach. First, we investigate and present general comparison
lemmas for vector differential equations that are represented
in terms of upper right-hand derivatives. By using the general
comparison lemmas, the stability of linear/nonlinear closed-loop
systems can be guaranteed given that some properly designed
linear/nonlinear systems are stable. This provides an important
tool in the stability analysis of linear/nonlinear closed-loop
systems by making use of known results in linear/nonlinear
systems. Second, we apply the general comparison lemmas in
the stability analysis of two distributed multi-agent coordination
problems, namely, leaderless consensus and consensus tracking.
We propose general nonlinear distributed algorithms and derive
mild conditions to guarantee convergence by using the general
comparison lemmas.

I. INTRODUCTION

The research on distributed multi-agent coordination, in-
cluding consensus [1]-[3], formation control [4], [5], flock-
ing [6]—[8], has been a very active research topic. The objec-
tive of distributed multi-agent coordination is to have a group
of agents achieve a global group behavior when each agent
in the group receives and acts on information from its local
neighbors. Although distributed multi-agent coordination is
practical and demonstrates a number of advantages, such as
high scalability and robustness, over centralized multi-agent
coordination where all agents know the global objective,
the nature of distributed multi-agent coordination also brings
challenges in the design and analysis of proper distributed
control algorithms due to the unavailability of the global
objective to all agents.

We next briefly review some existing research in dis-
tributed multi-agent coordination. More details on the exist-
ing research in distributed multi-agent coordination can be
found in [9]-[12], to name a few. One interesting research
topic in distributed multi-agent coordination is leaderless
consensus whose objective is to design distributed algorithms
such that a group of agents can agree on some state of inter-
est. Leaderless consensus has been studied for both single-
integrator kinematics [1], [3], [13] and double-integrator
dynamics [14]-[16]. The other interesting research topic in
distributed multi-agent coordination is consensus tracking
whose objective is to design distributed algorithms such that
a group of agents can follow a desired (moving) target.
Consensus tracking has been studied for single-integrator
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kinematics [17], [18] and double-integrator dynamics [8],
[19]. It is worthwhile to mention that the stability analysis
in the previous papers is mainly based on algebraic graph
theory, matrix theory, and Lyapunov stability theory.

Although the stability analysis tools used in the aforemen-
tioned papers are very useful and interesting, the stability
analysis is often given for a specific closed-loop system
under a specific distributed algorithm. That is, the same ap-
proach might not be applied for another closed-loop system
under a different distributed algorithm. In this paper, we
try to present an important approach - a comparison lemma
based approach - which can be used to analyze the stability of
a series of closed-loop systems satisfying certain properties.
By using the comparison lemma based approach, the stability
of linear/nonlinear closed-loop systems can be guaranteed
given that some properly designed linear/nonlinear systems
are stable. This provides an important tool in the stability
analysis of linear/nonlinear closed-loop systems by making
use of known results in linear/nonlinear systems. To better
motivate the proposed comparison lemma approach, we
study two distributed multi-agent coordination problems,
namely, leaderless consensus and consensus tracking. We
propose general nonlinear distributed algorithms to solve
leaderless consensus and consensus tracking and derive mild
conditions to guarantee stability by using the general com-
parison lemmas.

II. PRELIMINARIES
A. Graph Theory Notions

For a team consisting of n agents, the interaction among
all agents can be modeled by a directed graph G = (V, W),
where V = {v1,v2, -+ ,v,} and W C V2 represent, respec-
tively, the agent set and the edge set. Each edge denoted as
(vi,vj) means that agent j can access the state information
(i.e., position) of agent 7. A directed path is a sequence of
edges in a directed graph of the form (vy,v2), (v2,v3), -,
where v; € V. A directed graph has a directed spanning
tree if there exists at least one agent that has directed
paths to all other agents. The union of a set of directed
graphs G;,,---,G;, is a directed graph with the edge set
given by the union of the edge sets of the directed graphs
G j=1,,m

Mathematically, the interaction graph can be represented
by two matrices, namely, adjacency matrix and Laplacian
matrix. The adjacency matrix A = [a;;] € R"*™ is defined
such that a;; > 0 if agent 4 can receive the state information
from agent j and a;; = 0 otherwise. The (nonsymmetric)
Laplacian matrix £ = [¢;;] € R™*"™ is defined such that
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i = Z?:L#i a;; and £;; = —aij, i # j.. It is easy to ver.ify
that £ has at least one zero eigenvalue with a corresponding
eigenvector 1,,, where 1,, is an all-one column vector.

B. Notations

We use R to denote the set of real number. We use 0,4 €
RP*? and 0,, € R™ to denote, respectively, p X ¢ zero matrix
and n x 1 zero vector. For two real matrices A € RP*? and
B € RP*9, A > B (respectively, A > B) means that each
component of A — B is positive (respectively, nonnegative).
||| is used to denote the 2-norm. & is used to denote the
empty set. Letting f : [0,00) — J C R™ be a continuous
function, the upper right-hand derivative of f(¢) is given by

D* f(t) = limsup,, o+ 5[f(t +h) — f(t)]-
III. COMPARISON LEMMAS FOR VECTOR DIFFERENTIAL
EQUATIONS

In this section, we will present several comparison lemmas
for vector differential equations. Before moving on, we need
the comparison lemma for scalar differential equations.

Lemma 3.1: [20, Comparison Lemma] Consider the
scalar differential equation 2 = f(t,2), z(to) = po, where
f(t,z) is continuous in ¢ and locally Lipschitz in z for all
t>0andall z € J CR. Let [ty,T) (T could be infinity)
be the maximal interval of existence of the solution z, and
suppose that z € J for all ¢ € [tp,T). Let w be a continuous
function whose upper right-hand derivative D w satisfies the
differential inequality DVw < f(t,w), w(ty) < ug, where
w e Jforallt € [tg,T). Thenw(t) < z(t) forall t € [to, T).

Note that Lemma 3.1 can only be applied to scalar
differential equations. We next present comparison lemmas
which can be used for vector differential equations. Before
moving on, we need the following lemma.

Lemma 3.2: [20, Theorem 3.5] Let f (¢, x, A) be continu-
ous in (¢,x, \) and locally Lipschitz in 2 (uniformly in ¢ and
) on [tg, t1]x X {[]A = Xo|| < ¢}, where J C R™ is an open
connected set. Let y(¢, \o) be a solution of & = f(¢,z, Ao)
with y(to, A\o) = yo € J. Suppose that y(¢, \g) is defined
and belongs to J for all ¢ € [ty,t1]. Then, given € > 0, there
is 6 > 0 such that if ||zo —yoll < d and ||]A — Ao|| < 0,
then there is a unique solution z(¢,\) of & = f(t,x,)\)
defined on [tg, t1], with z(to, \) = 2o, and z(¢, \) satisfies
[I2(t, A) — y(t, Xo)|| < € for all ¢ € [to,t1].

With Lemma 3.2, we next present the comparison lemma
for vector differential equations.

Lemma 3.3: Consider the following vector differential
equation

z2=f(t,2), z(to) = po,
where z = [z1,--,2|T € RP, f(t,z) =
[fi(t,2), -+, fp(t,2)]" is defined such that f;(t,2), i =
1,---,p, is continuous in ¢ and locally Lipschitz in
zi, © = 1,--- p,forallt > 0 and all z € J C RP. Let

[to,T) (T could be infinity) be the maximal interval of
existence of the solution z, and suppose that z € J for all
t € [to,T). Let w € RP be a continuous function whose
upper right-hand derivative D*w satisfies the inequality

D+OJ S f(tuw)u (U(to) S Ho,

where w € J for all ¢ € [ty,T). Then w(t) < z(t) for all
t e [to, T)

Proof: The proof is motivated by that of Lemma 3.1
(see [20]). Consider the following vector differential equation

T = f(t, $) + )\, LL‘(tQ) = Z(to) (1)

for i = 1,---,p, where z € RP and X\ = [\, , AT is
a positive constant vector. For ¢ € [to, t1], where t1 > ¢, it
follows from Lemma 3.2 that for any ¢ > 0, there is § > 0
such that if || A]| < d, (1) has a unique solution {(¢, \) defined
on [to,t1] and ||E(t, \) — z(¢)|| < €, Vt € [to,t1]. Therefore,
we have that

Hfl(tv )\) - Zl(t)” < G,Vt S [to, tl]' (2)

Claim 1: w;(t) < &(t,A) for all ¢ € [to,t1]. We prove
this by contradiction. Assume that there exist times a,b €
(to,t1] such that w;(a) = &(a, A) and w;(t) > &(t, \) for
a < t < b. Accordingly, we have that w;(t) — w;(a) >
&i(t, N)—=&ia, A),Vt € (a,b], which implies that D w;(a) >
D*&i(a,A) = &i(a,§) = fi(a,§) + A > fi(a,§). This
contradicts the inequality DVw < f(t,w).

Claim 2: w;(t) < z(t) for all t € [to,t1]. Again, we
prove this by contradiction. Assume that there exists a €
(to, t1] such that w;(a) > z(a). Letting € = M and
using (2), we obtain that

wi(a) = &i(a,A) =wi(a) — zi(a) + zi(a) — &i(a, A)
=2e+ zi(a) — &(a, \) > e,

which contradicts the statement of Claim 1. |

In Lemma 3.3, it is assumed that z is continuously
differentiable. We next present a general comparison lemma
for vector differential equations where z is continuous with
the upper right-hand derivative of z, Dz, well defined for
t € [0,7T") while Z might not be well defined for all ¢ € [0, T).

Lemma 3.4: Suppose that F(t,z) : [to,T) x J C R?
RY, is a continuous function satisfying that

DTF = f(t,2),

where z € RP, and f(t, z) is piecewise continuous in ¢ and
is locally Lipschitz in z when f(¢,2) is continuous at t.
Let G(t,w) : [to,T) x J C RP +— R? be a continuous
function whose upper right-hand derivative DTG satisfies
the differential inequality

DTG < f(t,w), G[to,w(te)] < Flto, 2(to)].

Then G(t) < F(t) for all ¢ € [to,T).
Proof: The proof of the lemma can be divided into three
cases:

Case 1: ¢ = p. Without loss of generality, assume that
f(t,z) is continuous in ¢ for t € [t;,t;11), ¢ =0,1,.... For
t € [to,t1), consider a new vector differential equation given
by

T = f(t, ,T), 1‘(t0) = F[f07 Z(to)]. (3)

Because DTF = f(t,2z) < f(t,2) and F(ty) = x(to) <
x(to) are trivially satisfied, it follows from Lemma 3.3 that
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F(t) < z(t) for all ¢ € [to,t1). Noting also that DT (—F) =
—f(t,z) < —f(t,z) and —F(tg) = —x(tg) < —x(ty) are
trivially satisfied, it follows from Lemma 3.3 that —F(t) <
—x(t) for all t € [tg,?1). Combining the two arguments
shows that F(t) = xz(t) for all ¢ € [to,¢1). Note that
DTG < f(t,w) and Glto, 2(to)] < Flto,w(to)] = x(to)-
It thus follows from Lemma 3.3 that G(t) < z(t) for all
t € [to,t1). Because F(t) = z(t) for all ¢t € [to, 1), it
follows that G(t) < F(t) for all t € [tg,t1). Because F(t)
is a continuous function, by employing a similar analysis for
t € [titix1), i =1,..., it can be shown that G(t) < F(t)
forall ¢ € [t;,ti11), ¢ = 1,.... Therefore G(t) < F\(t) for
all t € [to, T).

Case 20 1 < ¢ < p. Define F 2 V2 K
G2 [GT,17_]". By letting F and G play the role of,
respectively, I and G, it follows from a similar analysis
to that of the case when ¢ = p that G(t) < F(t) for
all t € [to,T), which implies that G(t) < F(t) for all
te [to, T)

Case 3: ¢ > p. Note that there exists a positive integer
m such that ¢ = mp + g4, where 0 < qq < p is a
nonnegative integer. When ¢4 = 0, G and F' can be written
as G = [GT,...,GT]T and F = [F{,...,FL]T, where
G; € RP and F; € R? for all i = 1,...,m. By applying
the result of Case 1 repeatedly, we have G;(t) < F;(t),Vi =
1,...,m, for all t € [ty,T). This implies G(t) < F(t) for
all t € [to,T). When g4 # 0, G and F can be written as G =
GT,....GL.GT T and F = [FT,....FT,FT T,
where G; € RP and F; € RP for all ¢ = 1,...,m, and
Gm+y1 € R% and F,,41 € R9. By applying the result
of Case 1 repeatedly, we also have G;(t) < F;(t),Vi =
1,...,m, for all ¢t € [ty,T). By applying the result of Case
2, we have Gp,41(t) < F,41(t) for all ¢ € [to,T"). This
implies G(t) < F(t) for all ¢ € [to,T).

Combining the previous cases completes the proof. |

The proposed comparison lemmas provide a powerful tool
in the stability analysis of nonlinear closed-loop systems.
Due to the existence of nonlinear mechanics, the stability
analysis of nonlinear closed-loop systems is much more chal-
lenging than that of linear systems. By using the comparison
lemmas, the stability of nonlinear closed-loop systems can be
guaranteed given that some properly designed linear systems
are stable. This provides an important tool in the stability
analysis of nonlinear closed-loop systems by making use of
known results in linear systems.

and

IV. CONSENSUS WITH NONLINEAR MECHANICS

In this section, we focus on the study of leaderless consen-
sus and consensus tracking for single-integrator kinematics
with nonlinear mechanics. We consider a team of n agents
with single-integrator kinematics given by

i‘i:uiu i:]w"'una (4)

where 7; € R™ and u; € R™ represent, respectively, the
state and the control input for the ith agent. Let r;;) € R

be the kth component of r; for k = 1,-- -, m. Define r(, 2

[Py s T

A. Leaderless Consensus

The objective of leaderless consensus is to design wu;
such that ||7;(¢) — r;(¢)|| — 0 as ¢ — oo. Compared with
the commonly used leaderless consensus algorithms in [1],
[21], [22], we propose the following nonlinear leaderless
consensus algorithm for (4) as

u’t:_Za’lj(t)fl,j(taTlarj)a Zzlv , 1, (5)
j=1

where a;;(t) is the (4, j)th entry of the adjacency matrix A(t)
associated with the interaction graph G(t) characterizing the
interaction among the n agents at time ¢, and f; ;(t,r;,7;) =
[fij(t iy, mi))s oo s fig (8, Ti(m),rj(m))]T is  defined
such that:

If |ri(k) — max; rj(k)| > o and |ri(k) — min; rj(k)‘ > o,

e1(t) > e, Ti(k) > Tji(k)>
fiitrigy,mi) = —€2t) <=6 Tiw) <Tjm),
0, r =1y,

(6)

or

fig (i), mion) =
st(O)(rir) — i) = (i) = Tik))s  Tik) > Tick) s
=2 (riky — k) < S(Pick) — Tik))s Tick) < Tick)s
0, Ti(k) = Tj(k)>

(N

where ¢1(t), e2(t), <1(t), and ¢2(t) are continuous in ¢, and
o, €, and ¢ are any positive constant scalars.

If ‘ri(k) — max; rj(k)| < o or ‘Ti(k) — min; rj(k)| < o,
Jii (i), 7)) satisfies (7).

Remark 4.1: The leaderless consensus algorithm proposed
in [1], [21], [22] is a special case of (5) when f; ;(t,x,y) =
T —y.

The closed-loop system of (4) using (5) is given by

Fo= =Y ay(t)fi (triry), i=1- . (8)
=1

Note that the existence of the solution to (8) can be guaran-
teed by Proposition 3 in [23].

We next present the main result for leaderless consensus
with nonlinear mechanics.

Theorem 4.2: Suppose that there exists positive £ such that

the directed graph associated with f:“ A(t)dt has a directed
spanning tree for any ¢ > 0 and a;;(t) is lower-bounded and
upper-bounded if a;;(t) # 0. Using (5) for (4), consensus is
reached ultimately. That is, for all r;(0), ||r;(t) — 7;(¢)|]| = 0
as t — oo.

Proof: In order to show that ||7;(t) — r;(t)|| — 0 as t — oo,
it is equivalent to show that |r;( (t) — ;) (t)| — 0 for all
k=1,---,m,ast — oco. Consider the nonnegative function
F(t, T(k)) = max; (k) — min; Ti(k)- Note that F(t, T(k)) is
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continuous if max; ;) and min; ;) are continuous. The
upper right-hand derivative of F'(t, 7)) is given by

D+F(t, T‘(k))

1
=lim sup —[F(t + h, T(k) (t + h)) —

h—0*t

F(t,ruy(t))]

1
=lim sup {E [max Ti(k) (t 4+ h) — max Ti(k) ()]

h—0t

1. .
- [min ;) (t + h) — minr;y, (t)]}

= max
i€arg max ri(y)

DFrigy =

max
i€arg minry(x)

D+T‘i(k).

Considering the properties of f; ;(¢,z,y) in (6) and (7), it
follows that max;carg max DFr;) < 0 because 7y <
0,Vi € argmax (), when r;(; increases to be greater than
max 7). Similarly, maxiearg minr, D*r;) > 0 because
Titky > 0,V € argminryy), when ry;,) decreases to be
smaller than min r;,). Therefore, D+F(t,r(k)) < 0. By
letting F'(t, 7)) play the role of w, 2(0) = max; () (0) —
min; 75 (0), and f(¢,z) = 0 in Lemma 3.1, it then
follows from Lemma 3.1 that F'(Z, 7)) = max; 7 (t) —
min; 75 (t) < max; r;()(0) — min; 74 (0), V¢ > 0. Not-
ing that | (t) — i ()| < F(t, 7)), it follows that
|TZ(Ak) t) — Ti(k) (t)‘ < max; (k) (0) — min, Ti(k)( ). Define

n = min{s, fo <k>(0) TR } where € and ¢ are
defined in, respectively, (6) and (7). It then follows from (8)
that

D+F(t, T(k)) < max Z a” z(k) i(k))
1Earg max (k)
— max Z aii(O)n(rigy — rigy) |

i€arg minr;(x)

where we have used the properties of f; ;(¢,2,y) in (6)
and (7) and the fact that max;r;j) is a nonincreas-
ing function, max; Ti(k) is a nondecreasing function, and
maxiri(k) > Tj(k) and miniri(k) < Tj(k) for allj =
1, ,n.

Consider the closed-loop dynamics

= aii(tm& - &),
i=1

where &;(0) = 74)(0) and a;(t) is defined as in (8).
With (9), consider the nonnegative function G(t,¢) 2

max; & — min; &;. It can be computed that

- Z aij(t)n(§

R (9)

max
i€arg max§;

DTG(t,§) = —&)

— max
i€arg min §;

- Z aij (t)n(& — &)

Note that DV F(t,ry)) < DTG(t,rx)). When &(0) =
Ti(k) (0), it follows that F(O T‘(k)( )) G(O, T(k )( )) It then
follows from Lemma 3.4 that F(¢t) < G(t). Given (9), if
there exists positive t such that the directed graph associated

with f t+t t)dt has a directed spanning tree for any ¢ > 0,
then it follows from Theorem 1 in [22] that G(t) — 0 as t —
oo. Note from the definition of F'(¢) that F'(¢t) > 0 for all t >
0. It then follows from the fact F'(¢t) < G(t) that F'(t) — 0 as
t — oo, which implies that max; ;) (t) —min; 74 (t) — 0
as t — oo. Therefore, (t) =i (t)| = 0 as t — oco.
This completes the proof.

Remark 4.3: Note that in [22], the closed-loop system
is given by (9) when n = 1. Compared with the linear
algorithm proposed in [22], we propose a more general
nonlinear algorithm (5). Furthermore, the stability of some
algorithms cannot be guaranteed by the results in [22] while
can be guaranteed by Theorem 4.2. For instance, when
fij(t, x,y) satisfies (6), we can get that aij(t)fi)j (t,z,y) =
s () 2L (0 — ) or asj (8 (1,2, ) = —asy(8) 2 (o -
y). By considering a;;(t) |;1£t) or a;;(t) le £2| as b;;(t)
(corresponding to a;;(t) in [22]), it follows that b;;(t) is
not upper-bounded if a;;(t) > 0 is lower-bounded and
|x — y| approaches zero, which contradicts the assumption
in [22] that a;;(t) is both lower-bounded and upper-bounded
if a;;(t) # 0. Therefore, the results presented in this section
extend the results in [22].

Remark 4.4: Another interesting observation is that the
computation of D*F(t, 7)) and DYG(t, 7)) only relies
on a(t), i € argmin;ryy Jargmax;rpy, j € N,
based on the proof of Theorem 4.2. For some special initial
states and interaction graphs, DV F(t, 7)) < DT G(t, 7))
holds even if f; ;(t,x,y) does not satisfy (6) or (7). For
example, consider a group of three agents, labeled as 1, 2,
and 3 in a one-dimensional space, with r(0) = [1,2,3]%.
Let agent 3 be a neighbor of agent 1 with a;3 = 1 and
fis(t,z,y) = x — y for a period of time ¢* such that
ro(t*) = 2. Then let agent 2 be a neighbor of agents 1 and
3 with a1 = 1, a3z = 1, and fl,g(t,x,y) = f1)3(t,$,y) =
x —y for t > t*. According to [22], consensus can be
achieved ultimately. Alternatively, consider the case when
the interaction graph and f; ; (¢, =, y) are the same except that
f1.3(t,z,y) = 0 fort > t*. Note that although f1 3(¢,x,y) =
0 does not satisfy (6) or (7), DT F(t,7() < DT G(t, 7))
holds for all ¢ > 0. Note also that the interaction graph
satisfies the conditions in Theorem 4.2, which implies that
consensus can be achieved ultimately.

B. Consensus Tracking

In this subsection, we assume that in addition to the n
agents, also called followers 1 to n, there exists a leader,
labeled as agent 0. Note that the leader could be physical or
virtual. We assume that || D rg|| < 5. Let G be the directed
graph for the n followers and the leader.

For a group of n followers with the dynamics given by (4),
we propose the following distributed consensus tracking
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algorithm as

n
U; = _azaij(t)fi,j(t7ri7rj)

Jj=0

— Bsgn | > aij(t)fij(triry) | i=1,--+ 0 (10)

Jj=0

where « and /3 are nonnegative constant scalars, sgn(-)
is the signum function defined componentwise, a;j(t) is
the (7,j)th entry of the adjacency matrix A(t) associated
with G(t) characterizing the interaction among the n
followers and the leader at time t, and f; ;(t,r;,7;) =
[fii iy i) s Fig (6 Tigmy s Tem))) T is
defined such that for z,y € R, fi;(tz,y)
satisfies (6) or (7), ¢ 1,---,n, 4 = 1,---,n,
and  fiolt,7i,75) [fio(t,riy,mi0))s -
fiyo(t,ri(m),rj(m))]T is defined such that for z,y € R,
fio(t,z,y) satisfies (6) or (7) or

2

=€(t) > e >,
fi,O(taxay) = _62(t) < =€, T < Y, (11)
€ [_62(t)a €1 (t)]a r=y.

The objective of (10) is to guarantee that ||r;(¢) — 7o (¢)|| —
0ast— oo.
Define 7; = r; — r¢. Using (10), (4) can be written as

= —azaij(t)fi,j(taTiaTj) -B

J=0

sn | Y ai () fij(trisr)| =70, i=1,---,n. (12)
7=0

Note that (12) is a nonlinear time-varying system and it is
generally difficult to analyze the stability. We next study
the stability of (12) by using the comparison lemmas in
Section III.

Theorem 4.5: Suppose that the leader in the directed

graph G(t) has directed paths to followers 1 to n. For (15),
when o > 0 and 3 > =, 7(t) = 0y, as t — o0.
Proof: To show that 7;(t) — 0,,, as t — o0, it is equivalent to
show that max; ‘Fi(k)| —0ast—ooforallk=1,--- m.
Consider the nonnegative function F(t, 7)) = max; |Fi(k) |
For the case when F'(t*,7(;y) = 0, it follows that ;) (t*) =
0. For ¢t > t*, note that 7&1‘(1@) (t) < 0 if 74 (t) increases
to be greater than 0. Therefore, 7 (t) is a nonincreasing
function. Similarly, 7;)(t) is a nondecreasing function.
Therefore, 7;(;,y(t) = 0 for any ¢ > t* when F(t*, 7)) = 0.
We next focus on studying the case when F'(t, 7)) # 0.

When F(t,7)) # 0, the upper right-hand derivative of
F(t,7x)) is given by

D+F(t,f(k))
1
=lim sup E[F(t + h, (k) (t+ h)) — F(t, T(k) )]

h—0t

. 1 _ .
= 11}{1;501? 7 {mlax }Ti(k) (t+ h)| — max }7’1'(19) (t)ﬂ )

We next study DF F(t,7 ) in the following three cases:
Case 1: max; ‘Fi(k)| = max; T'yx). Then there exists at
least one agent, labeled as j, such that Tiky > 0 and
max; |7i(k)| = (k). In this case, it can be computed that
DY F(t,7(x)) = MaXicargmax, Fie D*#;(). Note that for
any agent j satisfying that 7y = max; 7, fj(k) <0
if 7;(;) increases to be greater than max; ). Therefore,
max; |7:i(k)‘ is a nonincreasing function.

Case 2: max; |Fi(k) = —min; 7(x). Then there exists at
least one agent, labeled as h, such that 7y < 0 and
max; |7:i(k)‘ = —Th(x)- In this case, it can be computed that
DY F(t, 7)) = MaXicarg min, Fay —D™* 7). Note that for
any agent h satisfying that 7p,x) = min; 7(x), th(;@) >0
if 75(ry decreases to be smaller than max; 7;(x). Therefore,
max; |7:i(k)‘ is a nonincreasing function.

Case 3: max; 7:1‘(1@)| = max; Iy = — min; 7). Then
there exist at least one agent, labeled as j, such that 7;) > 0
and max; ‘7:1‘(1@)| = Tju) and at least one agent, labeled
as h, such that 7,y < 0 and max; |fi(k)‘ = —Th(k)-
In this case, it can be computed that DV F(t, 7)) =
MaXicarg max; 7;(),j€arg ming 7;(x) {D+7zi(k)u _D+7:j(k) } By
following the analysis in Cases 1 and 2, it follows that
max; ’ﬂ(k)‘ is a nonincreasing function.

Define 7 e min{g, )|}, where € and ¢ are

max; |7 (k) (0
defined in, respectively, (6) and (7). Let D+r0(k) be the kth
component of Drq. For Case 1, it can be computed that

D+F(t, f(k)) = max D+7:i(k)

i€arg max; 7;

<  max { —a Y ay(On(Fig) — Fi)
=0

i€arg max; (k)

— PBsgn Zaij(t)n(ﬂ'(k) — i) | — D+7‘o(k)}, (13)
3=0

where we have used the properties of f; ;(¢,x,y) in (6)
and (7) and the fact that max; r;(3) is a nonincreasing func-
tion, max; Fz-(k) is a nondecreasing function, max; Fz-(k) >
Tjk) forall j=1,--- n, and 7o) = 0. For Case 2, it can
also be computed that

D+F(t, f(k)) = max

i€arg min; 7 (x)

n
< ATy — T
= cargmin ik {O‘; aij (ON(Fiky — Tjk))

—D+fi(k)

+ Bsgn Zaij(t)ﬁ(ﬁ(k) — i) | + D+To<k)}- (14)
=0

For Case 3, it can be computed that DT F(t, 7)) satis-
fies (13) and (14).
Consider the closed-loop dynamics given by

ti=—a D ag (& — &) — Bsen | > ai(tn(é — &)
=0 p

_D+T0(k)7 z:17 s (15)
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where &;(0) = Ti(k)(0). Define G(t, £) 2 max; ’51‘, where
E=1[&, - ,§n] We also study DTG(t,€) in three cases:
Case 1: max; 51 = max; 51 Then there exists at least one

&

agent j such that &; > 0 and max;
can be computed that

= ¢;. In this case, it

max

n
| ) e anE - &)
i€arg max; &; =0

- ﬁsgn Z az_]

D+G(t7 é) =

5]) - D+7’0(k)

= —min; éz Then there exists at least one

&

&
agent h such that éh < 0 and max;
it can be computed that

Case 2: max;

= —éh. In this case,

DTG(t,€) = ax

zEarg min; &

O‘Zaw -&)

+ Psgn Zam §J) —|—D+T0(k)
7=0
Case 3: max; 51’ = max; éz = — min; g] Then there exist

at least one agent, labeled as j, such that fj > 0 and

&

max; = éj and at least one agent, labeled as h, such
that éh < 0 and max; §~1 = —§~h. In this case, it can be
computed that

DTG(t,€) = max {D*&,—-D%éE;}.

i€arg max; §;,j€arg min; &;

Note that DJ’_F(t,f(k)) < D+G(t,f(k)). When T(k) (0) =
£(0) lie, F(0,7)(0)) = G(0,7(4)(0))], it then follows
from Lemma 3.4 that F'(t) < G(t) for any ¢ > 0. Given (9),
if the directed graph G(t¢) has a directed spanning tree, then
it follows from Theorem 3.1 in [24] that G(t) — 0 as
t — oo. Note from the definition of F'(t) that F'(t) > 0
for all ¢ > 0. It then follows from the fact F(t) < G(t)
that F(t) — 0 as t — oo. Therefore, we have that
max; 7k (t) = min; 7 (t) = 0 as £ — oo, which implies
that 7 (t) — 0 as t — oo. This completes the proof. M

V. CONCLUSION

This paper studied distributed multi-agent coordination
by using a comparison lemma based approach. First, we
presented general comparison lemmas for vector differential
equations. Then the application of the general comparison
lemmas was illustrated by studying leaderless consensus
and consensus tracking. Compared with the traditional ap-
proaches used in the stability analysis, the comparison lemma
based approach provides an important tool in the stability
analysis, especially for nonlinear closed-loop systems, by
making use of known results in linear/nonlinear systems.
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