2011 American Control Conference
on O'Farrell Street, San Francisco, CA, USA
June 29 - July 01, 2011

Unbiased Minimum-variance Filtering for Delayed Input Reconstruction
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Abstract— The unknown inputs in a dynamical system may
represent unknown external drivers, input uncertainty, state
uncertainty, or instrument faults and thus unknown-input
reconstruction has several important applications. In this paper,
we consider delayed state estimation and input reconstruction.
That is, we develop filters that recursively use current measure-
ments to estimate past states and reconstruct past inputs. By
introducing this delay, recursive input reconstruction is viable
for a potentially broader class of systems.

1. INTRODUCTION

State estimation for system with unknown inputs have
been widely considered (see [4], [9], [10] and references
therin). The unknown inputs in a dynamical system may
represent unknown external drivers, input uncertainty, state
uncertainty, or instrument faults. Thus unknown-input recon-
struction has several important applications in uncertainty
estimation and fault detection. Input reconstruction also
has applications in filtering and coding theory. In some
early work, input reconstruction is achieved through sys-
tem inversion [12], [8]. More recently, methods for input
reconstruction using optimal filters are developed in [13],
[6], [5], [3]. Unbiased minimum-variance filters for discrete-
time stochastic systems with arbitrary unknown inputs are
considered in [7], [4], [9], [10]. However, all of these
approaches use current measurements to estimate the states
or reconstruct the input at the same time step, and apply
to a restricted class of systems. Recent results on input and
state observability suggest that by allowing a delay in the
estimation process, input reconstruction is possible for a
broader class of systems [2], [11]. Therefore, in this note we
consider recursive state estimation and input reconstruction
at time step k using measurements at time step k + 1.

2. FILTER

Consider the state space system:

Tht1 = Axy + Buy + Hey, + wy, 2.1

yr = Cxg + Dug + vg 2.2)

rp € R™ up € R™, yi € Rl, er € RP, are the state, known
input, measurement, unknown input vectors, respectively,
wr € R™ and v, € R! are zero-mean white process and
measurement noise, respectively, and A € R"*" B €
R™*™m H ¢ R™P C ¢ R>*" D ¢ R*™, Without loss
of generality, we assume [ < n and p < n.

First we consider the simplifications B = 0, and D = 0.
Note that the filter derivation is independent of B and D
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matrices, and thus the assumption of non-zero B and D
matrices is for convenience alone. Next, without loss of
generality, we assume rank(H) = p.

For the state-space system (2.1), (2.2), we consider a filter
of the form

Trks1r = Tk + L (Ukt1 — CRrpapp)s (2.3)

where

N . N 2
Tre = ATk, Trpap = A"Tp_ 1k (24

The unique feature of the above filter equations is that
estimates are computed with a delay as newer data is used
to estimate older states. That is, Ty ;1 is the state estimate
at time step k given data up to time step k + 1.

Finally, we define the state estimation error as

A A
€k = Tk — Tpjg1, (2.5)
and the error covariance matrix as
a T
Pk|k+1 = E[€k€k ] (26)

3. UNBIASEDNESS

Definition 3.1. The filter (2.3), (2.4) is unbiased if Ty 511
is an unbiased estimate of the state xy.

Definition 3.1 implies that the filter (2.3), (2.4) is unbiased
if and only if E[zy — Z4)x41] = 0. Next, we note that
€k =Tk — T|h+41
=(A — LyCA%)ep_1 + (H — LyCAH)ep_,
— LyCHey + wi—1 — Lk (CAwg_;
+ Cwg + Vg11) 3.1

Theorem 3.1. Let L; be such that the filter (2.3), (2.4)
is unbiased. Then

H—-L;CAH =0, (3.2)

and
L,.CH =0. (3.3)

Proof: By definition, filter (2.3), (2.4) is unbiased if and
only if E[z), — &4441] = Elex] = 0. Then it follows from
(3.1) that

Elex] =E[(A — L,CA*)ep_1 + (H — Li,CAH)ep_,
— L ,CHey, + w1 — Lk(OAwk—l

+ Cwg + vg41)] = 0. (3.4)

Since (3.4) must hold for arbitrary e, and eg_;, it follows
that (3.2) and (3.3) must hold. O
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Corollary 3.1. Let L be such that the filter (2.3), (2.4)
is unbiased. Then, the following conditions hold
i) p<l,
ii) rank(CAH) = p,
iii) rank(CH) <1 —p,
iv) rank(Lg) > p, for all k.

Proof. Since the filter (2.3), (2.4) is unbiased, it follows
from Theorem 3.1 that (3.2) holds and hence

LyCAH = H. (3.5)

Since rank(H) = p, it then follows from (3.5) that 7v) holds
and

rank(CAH) > p. 3.6)

Since CAH € R™?_ it follows from (3.6) that statement
i) holds. Furthermore, it follows from (3.6) and 4) that
statement 4¢) holds.

Finally to prove #i7), since (3.3) holds, it follows from [1,
Proposition 2.5.9, p. 106] that

rank(Ly) + rank(CH) < rank(Ly,CH) + 1

1. (3.7)

Furthermore, using iv), (3.7) becomes
p+rank(CH) </,
that is, rank(CH) <[ — p. O

Corollary 3.2. Let Lj be such that the filter (2.3), (2.4)
is unbiased, and let [ = p. Then, CH = 0 and rank(Ly) = p
for all k.

4. MINIMUM-VARIANCE GAIN

Next, we determine the filter gain L;, that yields unbiased
minimum-variance estimates Ty ;11 of the states xy.

Fact 4.1. Let L; be such that the filter (2.3), (2.4) is
unbiased. Then

Pyjpi1 = (A= LCA®)Py_q (A — LiyCA*)T
+ (I — LyCA)Qp_1(I — L,CA)T

+ LiOQrO LY + Ly Ry 1 LY 4.1

Next, define the cost function J as the trace of the error
covariance matrix

J(Ly) = ttE[erer] = trPpjp1- 4.2)

To derive the unbiased minimum-variance filter gain,
we minimize the objective function (4.2) subject to the
constraints (3.2) and (3.3). Since from Corollary 3.1,
rank(CH) < I — p, we first consider the simpler case in
which CH = 0. In this case, (3.3) is trivially satisfied, thus
the only constraint on the filter gain is (3.2).

Theorem 4.1. Suppose CH =
minimum-variance gain Ly is

Ly = [ThATCT + @, (CAH)"] S Y,

0 then the unbiased

4.3)

where
Ti £ Qor + AP, 1 AT, @.4)
Sk 2 CAT,ATCT + CQWCT + Ry, (4.5)
o), 2 [H - T,A™CTS; ' CAH| (CAH) S CAH) ™

4.6)
5. INPUT RECONSTRUCTION

The filter derived in the previous section provides unbiased
minimum-variance estimates of states. Next, we consider
using these estimates to reconstruct the unknown inputs.

Proposition 5.1. Let CH = 0, and let Zyx41 be an
unbiased estimate of x;. Then

. A R
ér—1 = (CAH)'CALk(yrs1 — CZhy1pr) 5.1

is an unbiased estimate of ej_q.
Proof. Refer to [10].

6. CONCLUSIONS

In this paper, we developed an unbiased minimum-
variance filter that recursively use current measurements to
estimate past states and reconstruct past inputs. Future work
will focus on both a more general form of this filter when
CH # 0, and for arbitrary delays, that is using measurements
at time st%) k + [ to estimate states and unknown-inputs at
time step k.

REFERENCES

[1] D. S. Bernstein. Matrix Mathematics: Theory, Facts, and Formulas.
Princeton University Press, second edition, 2009.

[2] C. Beilsa Campos and H. J. Palanthandalam-Madapusi. Delayed input
and state observability. In Proc. Conf. Dec. Contr., Cancun, Mexico,
December 2008.

[3] M. Corless and J. Tu. State and input estimation for a class of uncertain
systems. Automatica, 34(6):757-764, 1998.

[4] S. Gillijns and B. De Moor. Unbiased minimum-variance input and
state estimation for linear discrete-time stochastic systems. Internal
Report ESAT-SISTA/TR 05-228, Katholieke Universiteit Leuven, Leu-
ven, Belgium, November 2005.

[5] J. D. Glover. The linear estimation of completely unknown systems.
IEEE Trans. on Automatic Contr., pages 766-767, December 1969.

[6] M. Hou and R. J. Patton. Input observability and input reconstruction.
Automatica, 34(6):789-794, 1998.

[7] P. K. Kitanidis. Unbiased Minimum-variance Linear State Estimation.
Automatica, 23(6):775-578, 1987.

[8] P. J. Moylan. Stable inversion of linear systems.
Automatic Contr., pages 74-78, February 1977.

[9] H. Palanthandalam-Madapusi, S. Gillijns, B. De Moore, and D. S.
Bernstein. System identification for nonlinear model updating. In
Proc. of Amer. Contr. Conf., Minneapolis, MN, June 2006.

[10] H. J. Palanthandalam-Madapusi and D. S. Benrstein. Unbiased
minimum-variance filtering for input reconstruction. In Proc. of Amer.
Contr. Conf., pages 5712 — 5717, New York, NY, July 2007.

[11] S. Kirtikar and H. Palanthandalam-Madapusi and E. Zattoni and D. S.
Bernstein. [-delay input reconstruction for discrete-time linear systems.
Circuits, Systems, and Signal Processing, to appear, 2010.

[12] M. K. Sain and J. L. Massey. Invertibility of linear time-invariant
dynamical systems. IEEE Trans. on Automatic Contr., AC-14(2):141—
149, April 1969.

[13] Y. Xiong and M. Saif. Unknown disturbance inputs estimation based
on a state functional observer design. Automatica, 39:1389-1398,
2003

IEEE Trans. on

4860



