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Control of Synchronization for Multi-Agent Systems in
Acceleration Motion with Additional Analysis of Formation
Control

Haopeng Zhang, Kalana Pothuvila, Qing Hui, Ran Yang, and Jordan M. Berg

Abstract— The synchronization control of multi-agent sys-
tems plays a significant role in military and civil applications.
This paper investigates the acceleration motion of multi-agent
systems — unlike other synchronization protocols, we introduce
the constant value into the protocol, which acts as the accelera-
tion of the agents. Furthermore, we expand the acceleration
protocol into the formation control protocol, by which the
multi-agents can achieve the desired formations. Simulations
are provided for both protocols, and additionally we adopt
the Amigobots as our experiment environment to verify our
theoretical results. Compared with the Matlab simulations,
we conclude that, under the proposed protocols, the system
goes to acceleration synchronization or desired formation with
acceptable error.

I. INTRODUCTION

Synchronization control for multi-agent systems has at-
tracted more and more attention and research for its wide
applications in military and civil aspects [1]-[4], including
UAV’s (Unmanned Air Vehicles) and UGV’s (Unmanned
Ground Vehicles), distributed wireless sensor networks, and
swarms of heterogeneous air and space vehicles. The main
research in this area has been focusing on synchronization
protocol design. Many different design approaches have
been proposed to guarantee synchronization of multi-agent
systems under different circumstances. Specifically, in [5]
an observation-based synchronization protocol was presented
and a necessary and sufficient condition was provided to
guarantee the system synchronization. [12] adopted the
leader-follower mode to investigate the synchronization prob-
lem for multi-agent systems. The pinning control approach
for the synchronization of multi-agent systems was inves-
tigated in [13] in which a general criterion for ensuring
network synchronization has been derived.

In this paper, two problems are investigated. Firstly, the
averaging problem is discussed in large volumes of litera-
ture, but there is still one simple question remaining: can
we achieve the desired synchronization value, not just the
average for the multi-agent system? The second question is,
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can we achieve the desired formation for the multi-agent
system by a little change in the synchronization protocol?
With these questions in mind, we propose a novel syn-
chronization protocol to achieve the acceleration motion in
synchronization for the multi-agent system characterized by
double integrators. Under our protocol, the agents approach
the same acceleration motion by analyzing the zero-state
and zero-input effect for the system. Moreover, unlike other
synchronization [14] protocols, under which the velocity of
the synchronization is the average of the initial velocities
of each agent, we can adjust the synchronization velocity by
adjusting the constant in our protocol. Furthermore, based on
the proposed protocol, we present a formation protocol under
which the system can achieve the desired formation. Not
merely restricted to one dimension, we expand the protocols
into the x-y plane, and even x-y-z space.

Additionally, we adopt the Amigobots as our experiment
environment to test the acceleration synchronization protocol
and formation protocol for the multi-agent system, but due
to the limit of the robots, a one-dimensional experiment is
investigated. The corresponding Matlab simulations are also
provided which display the exact synchronization or forma-
tion for the agents. The robots move into synchronization
with acceptable error, thus verifying the theoretical analysis
of the protocol. Moreover, the Matlab simulations in the x-
y-z space are provided.

The organization of the rest of paper is as follows: the
basic graph theory is introduced in Section II, and in Section
II, the acceleration synchronization protocol is proposed
and fully analyzed; in Section III, we adjust the proposed
protocol into the formation protocol. Finally, the Amigobots
experiment and Matlab simulation results are shown in
Section IV, and Section V concludes the paper.

II. MATHEMATICAL PRELIMINARIES

Graph theory is a powerful tool for investigating net-
worked systems. In this paper, we use graph-related notation
to describe our network model. More specifically, let ¢4 =
(7, &, /) denote an undirected graph with the set of vertices
¥ = {v1,v9,vs,...} and & C ¥ x ¥ which represents the set
of edges. The matrix .« with nonnegative adjacency elements
a;,; serves as the weighted adjacency matrix. The node index
of ¢ is denoted as a finite index set N = {1,2,3,...}. An
edge of ¢ is denoted by ¢, ; = (V;,V;) and the adjacency



elements associated with the edges are positive. We assume
€ € A= ;5 = 1 and Q5 = 0 forall i € 4.

The set of neighbors of the node V; is denoted by .4 =
{V; € ¥|(vi,vj) € &,j =1:M,j#i}. The degree matrix
of a graph ¢ is defined as

A = [0i4] (M
where
f - { Zjvzl aij, ifi=j,
“ 0, if i # j.
The Laplacian matrix of graph ¢ is defined by
L=A—-4. 2)

If there is a path from any node to any other node in
the graph, then we call the graph connected. In this paper,
we assume that the topology of the multi-agent system is
connected.

MAIN RESULT

Given a connected graph, according to Newtonian mechan-
ics, we adopt the same dynamic model as [9] for each agent:
x'i = Uy
. 3)
m;v; = U;
where x;,v;, m; are the position, velocity, and mass of the
node 4, respectively. Moreover, for a system of M agents,
we assume mj = mo = ... = my; = 1.

Definition 2.1: The synchronization problem in accelera-
tion motion for multi-agent systems is to find a control law
u; such that

vi(t) = %11%(0) + bt
) I I .7 L5
i) = 710 2(0) + 1 T0(0)t + Sbt? (4)

Le., the trajectory of each agent of the multi-agent sys-
tem is under the same equation of acceleration motion.
Here, 2(0) = [21(0) 22(0) zar(0)] " and v(0)
[v1(0)  v2(0) UM(O)]T, and z;(0), v;(0) are the ini-

tial states of the multi-agent system, 1 = [1 1 1] e
RM x1 .

The following theorem is one of the main results of the paper.

Theorem 2.1: Given a connected multi-agent system, the
system achieves synchronization in acceleration motion as
defined in Definition 2.1 under the following synchronization
protocol

M

wi= > aijlg(v; —vi) +k(w; — ;)] +b
j=1j#

(&)

with £ > 0, g > 0, a;; is the (i,j)th element of the matrix
o/, and b serves as the acceleration.
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With &; = [xi,vi]T and 1; [O,b]T, under the protocol
(5), we obtain the vector form for the multi-agent system

M
Ei=A&i+B > aij(&— &)+ (©6)
=1
where A = 0,1 ,B = 0,0 . Furthermore, define £ =
0,0 k,g

[£1E2-+-En| Then, the multi-agent system dynamics be-
come

E=dxE+ (N

where ® =)y @ A—L®Band ¢y =1y ® {g],where@)

denotes the Kronecker product.

To prove our main result, we investigate the the zero-state
effect and zero-input effect of the system.

A. Zero-input effect of the system

In this subsection, we will study the zero-input effect of
the system, in other words, the constant vector v is assumed
to be a zero vector. The following two lemmas are needed.

Lemma 2.1: The matrix & in the system (7) has the
following properties:

1. The matrix ® has the eigenvalue A = 0 with algebraic
multiplicity of two, which is denoted by A\¢ 1 = Agp 2 = 0.
2. Except for A\ 1 and Ag 2, all the other eigenvalues of ®
satisfy Re(Ag ;) < 0,i=3,---,2M.

Proof: Based on the fact that the eigenvalues of the
matrix L can be denoted by

O0=Ap1 <Ap2<Arz<---<ALm
and there exists an orthogonal matrix W such that

W' LW = diag{Ar1, AL2, -+, AL}
then it follows that

(W e L)W ® 1)
=Iy ®A—diag{iL 1, \L2, -, ALmM} @B

= diag{A, A — A\ 2B, -+ ;A — AL MB} (8)

Since the matrix A has two eigenvalues A4 1 = Aa2 =0, it
gives that A\g ;1 = A\p 2 =0. Fori =2,3,--- | M,

det(A — A\, ;B) = det [—A(Z,ig, —/\1L_,ik] =AL,ig#0
Thus,
rank(®) =rank(W' @ L)®(W ® 1))
=rank(A) + i/[: rank(A — A, ;B)
—142M — i1:)2

=2M —1 )



Furthermore, the characteristic polynomial of A — Ay ;B is
given as follows

s, 1
= det /\L_,ig, 5+/\L,ik

=524 /\L,ikS + )\Lyig

fi(s)
(10)
Put f;(s) =0, then

—)\LJ'k + \/(/\L,ik)2 — 4/\L,ig
S =
2

Since k,g > 0, it follows that Re(Ag ;) < 0 for i =
2,3,---,2M. ]

Lemma 2.2: let w, be the right eigenvector associated
with eigenvalue zero, and w; be the left eigenvector asso-
ciated with eigenvalue zero. Then,

1
we = —=lu & 1 0"

1
w, = \/—MIM o0 1" (11)

and the generalized right eigenvector and the generalized left
eigenvector of ®, denoted by v, and v; respectively, are

1 T
Up = \/—MIM & [—k/g 1}
1 T
v = —MIM ®[1 k/g] (12)
Proof: Note that
0,1 0,0
D x w, _([O,O]@)IM_L{:,Q]@L)
1 1
X(\/——llxM ® [O})
0,1 1 1
= [0,0] X [O] ® (IM\/—MllxM)"FOZ]W
= 021/ )
0,1 0,0
D x v, _([0,0]®IM_|:k,g_®L)
1 —k/g T
X(\/—MlM ® { 1 })
L 1 x Iy ® [1_
= NaTi M1 M 0]
= wy (13)
Similarly,
wl x ® = 0T, (14)
also, UZT(I) = wj;, which completes the proof. |

Then, we propose the state-input effect for the multi-agent
system.

Lemma 2.3: Consider the dynamic system (7) with ¢ = 0.
Then for any k, g > 0,

tligrnoo ¢(t) = limy—, 4 0 exp(P)((0) (15)
L1 2(0) + 211" 0(0)t
" %11’%7(0) (16)
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Proof: Based on Lemma 2.1 and 2.2, there must exist
a nonsingular matrix P such that & can be factored into the
Jordan canonical form

® =pjp!
0 1 0 0
0 0 0 0
—p |0 0 Aes 0 1 pt amn
0 0 0 Ao, 2M
where P = [w,, v, p3, -+, pau), Pt =
T
[Ulu wr, 43, ) (J2M] and p3,- - s P2M
(g3, ,qon) are the right (left) eigenvectors or
generalized right eigenvectors associated with eigenvalues
)\@,3, ce- ,/\@72]\4, respectively. Since )\@,3, .- ,/\@72]\4 < 0,
it follows that
Jim £(f) = lim exp(®)¢(0)
1y [1 =£][1 ¢][1 & T
=2 g g 1
M®{O 1“0 1] {0 1]® M
1117 1447
which completes the proof. [ ]

B. Zero-state effect of the system

To prove Theorem 2.1, we need to investigate the zero-
state effect of the system (7) in this subsection.

Lemma 2.4: Given a connected topology for the multi-
agent system, the zero-state effect of the system (7) is

1

t
. ligrn / exp[®(t — 7)|w dr = {2
Proof: (l)\Iote that

t

exp[®(t — 7)] dr

bt2
b } ® 1y (19)

lim

t——+o0

_p i -1
=P tl}+moo exp(J(t))P

| 4]

1,2
=[] [

0,t
1 1 1
+ |p3, P4, -, dia, , ey
[P paw] diag{ A3 Ao Ad2M
x [Q3 44 Q2M]
(20)
It is easy to verify that
t, 12 [of 1 T 1,12
Next we will prove
p3
. 1 1 1 p}
[p3ap4a"'7p2M} dzag{mu)\q),éla"'a)\@mw} .
ng
—k/g,0 0,1/g
_ 1 ’ )
s [ s B o



where

M -1 -1
Lu = -1 M

: .o =1

-1 -1 M

and S is a matrix satisfying SL = %L M, and all the row
sums of S and the column sums of S are zero.
First, we introduce two parameters « and (3. Note that

11 1 1 1
Pdiag{—, =, , p!
g{Oé B Aoz Aoa /\<I>2M}
deiag{a, 6, )\<I>,3; R )\<I>2M}P71
= 02ps (23)
On the other hand,
11 1 1 1
Pdiag{—, =, , p!
g{a B Aoz Aoa )\<1>2M}
) 11 T
= [wr v dzag{a, B} [or wi]
1 1 1
+ dia, , ey
s pau] diag] Ao,3 Ao Ad2M }
X [(J3 q4 qQM} 24)
and
Pdiag{a, ﬁ, )\@)3, PN )\@QM}P_l
—1
— o+ [w, v [‘8‘ p ] [ w]®  @5)
it is easy to verify that
1 _k/gu 0 07 1/9
(MLM(X)[ 1,0 :|+S®[070
. 11 T
+ [wr v, dzag{a, B} o wi]™)
-1
X (P + [wy  vr] [g 5} [vi wl}T)
= 021/ (26)

Then, together with (23) and (24), one can obtain (22).
Furthermore,

T
a3
[p37p47"'7p2M} diag{%ﬁaﬁa"'vm} :
T
o0
0
X1y ® [b] =02/ (27)
t, 5t [of 0 3bt2
D) l — |2
[wrvvr} [ O,t :| [w’rl“:| X 1M® |:b:| = |: bt ®1M (28)

Now, based on Lemma 2.1 and Lemma 2.2, Theorem 2.1 is
obvious. ]

From this point, we can solve the former first question, that
is, how we can achieve the desired consensus value, which
is defined here as the achievement of the desired velocity for
the multi-agent system. This desired velocity is stated by the
following theorem.
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Theorem 2.2: For the connected system (7), with k, g > 0
and a constant b # 0, a; ; as defined before, the multi-agent
system achieves desired velocity vy under the following
control protocol.

M
wi =CO{ Y aislg(v; —vi) +k(z; — )] +b} (29)
j=L#i
where
A O, lf te [td, OO),
ct) = { 1, otherwise, (30)
and
— L11%0(0

g = = w1l 00) 31)

. b .
Proof: According to Theorem 2.1, the system goes into
acceleration synchronization at time ¢, and the expression
of the velocity of each agent is

vi(t) = %11%(0)) + bt (32)

with tg > ts, and at time 4,
vi(ta) = vg (33)
and u;(t) = 0 for ¢ > tg4, so the desired consensus is
achieved. |

III. FORMATION CONTROL

To address the second question in regard to formation
control for multi-agent systems, in this section we propose
a formation control protocol which is the transformation of
our synchronization protocol presented before.

The formation control protocol for the multi-agent system
is:

M
wi= Y ai;lg(v; —vi) + bz — @i — )]
J=1,j7#i
where [; ; is the ideal distance between i and j. Here, we
try to control the formation for the multi-agent system via
the control of the distance between each agent.

We can obtain the compact vector form of the multi-agent

system,

(34)

E=DxE+Y (35)
where ® = Iy ® A — L ® B AB is as defined before and
P =L®R® 8 0 [0 0 0 11)2 0 11)3 0 ll)]\d.

Define d; ; = x; — z; and we have the following theorem.
Theorem 3.1: Given a connected multi-agent system (35),
under the formation control protocol (34), the system goes
to ’Ul(t) = ﬁ sz(o)dlg (t) = l”
Proof: For the zero-state effect for the system, because
of (21) and (22), we have

t,3¢2] ol 1 T
o] [0 [ 50 = a2
t, 22 0,0 t, 142
72 ’ — )9
®[ 0, ] . [079] _OMXM@)[ 0, }
0,0
X [O g} =02y (36)



Furthermore,

I:p37p47"'7p2M:| diag{ﬁa)\;Aa'“?Aq}le}
T
[93 q4 Q2M] X
_k 0 1
i 1
=|Le|® Y +se| 9|]|xv
L 0 0 0
M
0 I 00
= g
(sefo &)« (=25 3))
X[O 0 0 11)2 0 11,3 - 0 ll,M]T
0 1
=wrlu @ {0 0]
X[O 0 0 11)2 0 11,3 - 0 ll,M]T
_ M
= Wl Ej:2 I
+0 0 0 ha 0 g 0 lLiml G
Then, together with lemma 2.3, the theorem can follow
immediately. n

Furthermore, one can extend our synchronization protocol
and formation control protocol into the x-y plane; even x-y-z
space. Without losing generality, the X-Y mode is developed
here.

X-Y plane mode:

i’i ’Ugc
g = v
0t 4

where z;, y; is the position, v}, and v%’ is the x-axis velocity
and y-axis velocity, respectively. u? and u! are the control
inputs of the agent ¢ respectively. Furthermore, we propose
the x-y plane synchronization protocol for the multi-agent
system

=M aislgt (W — oF) R (g — )]+ b
= Ej]vil,jgéi aj,j [Qy(vjy —v!) + kY (y; — vi)] + b¥38)

where a; ; is defined as before, and g%, g¥, k%, kY are positive
constants.

Based on the Theorem (2.1), we can obtain the following
corollary.

Corollary 3.1: Given a connected multi-agent system (7),
the multi-agent system achieves acceleration synchronization
under the control protocol (38).

Furthermore, we propose the following x-y plane forma-
tion control protocol for the multi-agent system:

u

S oSy

u

M
uf = Y ailg" (W] —of) + k(v -z — 1F;)]
J=Li#i

M
u = (

J
vi —vl) F Ry -y = 1)1 (39)

> aigle?
J=Lj#i
Since the goal is to achieve a particular formation for the

multi-agent system, it is necessary for the multi-agent system

(a) Simulation of Velocity vs (b) Experiment of Velocity vs
Time Time

Fig. 1.  Comparison of the Simulation and Experimental Results for
System’s Velocity

(a) Simulation of Position vs (b) Experiment of Velocity vs
Time Time

Fig. 2. Comparison of the Simulation and Experimental Result for System’s
Position

to achieve the same velocity, so here, we assume 11Ty (0) =
1170%(0).

Based on Theorem (3.1), we can arrive at the following
corollary.

Corollary 3.2: Given a connected multi-agent system (7),
the system achieves the desired formation under the control
protocol (39).

IV. SIMULATION AND EXPERIMENTS

Given a connected topology, there are four agents in the
system and the topology is connected. Under our protocol
(5) with £k = 1, g = 2, and b = 2, Fig. 1 and Fig. 2
are the Matlab simulation results, i.e., the velocities and
positions vs time ¢, respectively. We can conclude that the
system goes into acceleration synchronization with the same
equation of motion. Moreover, we apply the protocol to
achieve the desired consensus velocity. As Fig. 1 shows, the

- - ...
- 4 "

(a) Initial Condition of the (b) Final Condition of the
Multi-Agent System’s synchro- Multi-Agent System’s synchro-

nization nization

Fig. 3. Amigobots Experiment Set-up
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is

(a) Formation simulation of (b) Formation experiment
Velocity vs Time of Velocity vs Time

Fig. 4.
formation

Compare of the Simulation and Experiment Result for System’s

(a) Formation simulation of (b) Formation Experiment
Position vs Time of Position vs Time

Fig. 5.
formation

Compare of the Simulation and Experiment Result for System’s

agents achieve the desired velocity vy = 0.225m/s using
our protocol (29).

The next goal is for the system to reach the desired for-
mation, which is achieved using proposed formation control
protocol (34). The desired formation is one in which the
distances between the position of each agent from agent 1
to agent 4 are the same. Fig. 4 displays the agent speeds
approaching the average of the initial speed values, and Fig.
5 displays the desired formation. Furthermore, the simulation
of the 3D formation is provided in Fig. 7.

In this paper, together with the simulation results, we adopt
the Amigobot mobile robots as our experiment environment
to verify our theoretical analysis. The same multi-agent

(a) Initial Condition of the (b) Final Condition of the
Multi-Agent  System’s forma- Multi-Agent System’s forma-
tion tion

Fig. 6.  Amigobots Experiment Set-up

(a) Multi-Agent System’s 3D for- (b) Multi-Agent System’s 3D for-
mation control mation control

Fig. 7. 3D formation control for the multi-agent system

graph topology is investigated in the experiment. Under
synchronization protocol (29) and formation protocol (34), in
Fig. 1, Fig. 2, Fig. 4 and Fig. 5, we compare the experimental
results with the Matlab simulations. Fig. 3 and Fig. 6 are
photographs of the experiment set-ups having implemented
the synchronization and formation protocols, respectively.

V. CONCLUSION

This paper investigates the synchronization problem as it
relates to acceleration motion as well as the formation control
problem for multi-agent systems. Regarding our proposed
synchronization protocol, the agents of the system move
with the same equation of motion. Also, we provide an
application of this protocol, the result being that we can
obtain the desired consensus velocity instead of the average
of the initial velocities of the agents. Regarding our proposed
formation protocol, the desired formation can be achieved.
Both control protocols can be extended from a single axis
to 3D space, yet no discrepancies are encountered. The
Amigobots experiments and the Matlab simulations also
verify our theoretical analysis.
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