
 

 

  

Abstract— In this paper, Trajectory Linearization Control 

(TLC) is used to design a six degree-of-freedom, autonomous, 

trajectory-tracking controller for a fixed-wing vehicle 

dynamics model. TLC combines an open-loop dynamic inverse 

of the plant dynamics with a closed-loop tracking-error 

regulator that accounts for model mismatch, disturbances, and 

excitation of internal dynamics. Feedback gains are obtained 

symbolically as a function of the nominal trajectory, thus 

avoiding the use of gain scheduling, and enabling operation 

across the full flight-envelope without the need for mode-

switching. The design method is presented, and trajectory-

tracking simulation results are given for a climbing, bank-to-

turn maneuver. 

I. INTRODUCTION 

ue to the highly nonlinear and time-varying nature of 

flight dynamics in maneuvering trajectory-tracking, 

nonlinear solutions have been heavily researched in the 

past several decades. Linear time-invariant (LTI) methods 

have well-known limitations, and conventional autopilots are 

typically limited to point-to-point flight plans (waypoint 

tracking), multiple-mode operation, and specially pre-

defined trajectories. There are many factors currently driving 

the need for full-envelope, autonomous flight control 

systems. The rapidly-growing use of unmanned air vehicles 

(UAV) has focused attention on the need for autonomous 

attitude and trajectory tracking [1]. For air vehicles, loss-of-

control remains the number one cause for loss-of-vehicle 

mishaps for commercial flights [2]. Plans for the next 

generation airspace will rely heavily on effective, affordable 

solutions to increased air traffic density, as well as stricter 

safety requirements that can be validated and certified. 

Advanced guidance and control architectures and algorithms 

are needed to cope with off-nominal flight conditions and 

vehicle subsystem failures. Military aircraft pose significant 

challenges, including fast-varying and unsteady systems, 

aggressive maneuvers, and rapidly changing environments. 

Advances in airframe design and materials driven by 
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pressure and temperature requirements have led to relatively 

lightweight aircraft with significant flex modes. Vehicles in 

this class exhibit heavy coupling between aerodynamics, 

propulsion, and structural modes that takes the control 

problem a significant step further [3]. 

Gain scheduling has been used toward trajectory tracking 

for systems with dynamics that change sufficiently slowly, 

and that do not encounter highly-variable flight conditions. 

Controllers are designed at multiple operating points, and 

can be scheduled along a trajectory on, for example, altitude 

and Mach number. Some main results on gain scheduling are 

presented in [4,5], and additional theoretical developments 

are presented in [6]. Linear Parameter-Varying (LPV) 

system theory is described in [7] as a natural extension of 

gain scheduling, and applications include control of a 

longitudinal dynamics model of the Lockheed P2V-7 aircraft 

[8], and missile autopilots in conjunction with H
∞
 [9]. 

 Modern nonlinear control techniques such as feedback 

linearization and dynamic inversion (DI) have been effective 

for some classes of vehicles by cancelling the nonlinearity 

via a coordinate transformation and state feedback, or by 

constructing a dynamic inverse of the nonlinear plant [10-

12].  LTI tracking-error dynamics can be formulated after 

the nonlinear cancellation, and controlled by LTI controllers. 

A drawback of this type of control scheme is that the 

nonlinearity cancellation is accomplished within the 

feedback control loop, and therefore imperfect cancellation 

due to sensor dynamics or modeling errors would result in 

nonlinear dynamics that cannot be adequately compensated 

by the LTI controller. 

In Ref. [13], Eigenstructure Assignment [14], DI, and µ-

Synthesis [15-16] are compared in detail. Adaptive Control 

is described in [17], and flight control applications often 

combine adaptation with other tools such as Backstepping 

and Neural Networks [18-20], Sliding Mode Control [21], 

and DI [22]. An alternative approach to trajectory-tracking is 

path-following control, a method that reduces the relative 

importance of the trajectory’s time-dimension [23]. 

Nonlinear tracking and decoupling control by trajectory 

linearization can be viewed as ideal, gain-scheduled 

controllers designed at every point on the trajectory [24]. 

The trajectory command is embedded in the controller gains 

by analytical (symbolic) design. Therefore, TLC provides 

robust stability without slowly-varying constraints on the 

command trajectories, interpolation of controller gains, or 

trajectory-dependent redesigns. TLC approximately cancels 

the plant nonlinearity in an open-loop fashion. This provides 
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agile tracking response and reduced tracking-error that 

facilitates linearization of the nonlinear, time-varying 

tracking-error dynamics for linear time-varying (LTV) 

stabilization using PD-spectral theory [25,26]. Exponential 

stability of the tracking-error signal is thereby guaranteed 

[31]. An introduction to PD-Spectral theory is given in [32], 

and the TLC concept is illustrated in Figure 1. 

 
Figure 1. Trajectory Linearization concept 

Figure 2 shows some of the platforms that have been 

simulated and/or tested previously, and the models and TLC 

controller designs are described in [27-30]. The X-33 model 

included the full range of aerodynamics, though the design 

was limited to 3DOF attitude control. Both a 3DOF and a 

6DOF design have been synthesized for the Delta-UFO, but 

this type of tri-propeller hovercraft vehicle is a slow-flyer 

that is not subject to aerodynamics beyond parasitic drag. 

The longitudinal dynamics model of a hypersonic scramjet 

developed at Wright Patterson Air Force Base fully accounts 

for aerodynamics, but does not include lateral/directional 

motion (note that the vehicle depicted in the figure is the 

NASA X-43A, a prototype vehicle similar in concept). The 

design procedure had not yet addressed an aircraft model 

with both significant aerodynamic effects and full freedom 

of motion. There remained a need to develop a 6DOF flight 

control system for fixed-wing vehicles experiencing the full-

range of aerodynamics, and over the full flight-envelope. 

 

 
Figure 2: Clockwise from upper left: NASA X-33 Launch 

Vehicle, Quansar 3DOF UFO, 6DOF Delta-UFO, NASA X-43A.  
 

In this paper, a 6DOF, trajectory-tracking TLC design for 

a single engine, general aviation aircraft model is presented, 

including a control allocation strategy using force/torque- 

model inversion to calculate control effector settings. 

Simulation results are given for a nominal, climbing, bank-

to-turn maneuver. 

II. TECHNICAL PRELIMINARIES 

An Earth-fixed reference frame will be considered an 

inertial frame for the purposes of this study. This is a good 

approximation for a Cessna 182 flying at 5000 ft, for 

example. The inertial frame is defined with positive xe 

pointing due north, positive ye pointing due east, and positive 

ze pointing toward the center of the Earth. The origin is some 

fixed point on the Earth’s surface that can be specified if 

necessary. The body-frame is defined with positive xb 

pointing forward, along and parallel to the fuselage of the 

aircraft, and positive yb aligned with the right wing and 

forming a 90° angle. zb lies in the aircraft plane of symmetry 

and completes a right-handed coordinate system. The 

standard Euler angles �, �, and � relate the inertial and 

body-frame velocities as indicated in equation (7). The Local 

Horizon frame has its origin located at the aircraft center-of-

gravity (cg), and remains aligned with the Earth-fixed frame 

so that the angles σ (bank), γ (flight path), and χ (heading) 

represent the aircraft’s inertial attitude.  

The forces and moments are approximated according to 

standard build-up methods using dimensionless coefficients 

obtained from the literature. Numerical values used for the 

current study have been adapted from [33], and the forces 

and moments are calculated according to equations (1) - (6).  
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The thrust vector T is assumed parallel to xb, passing 

through the cg so that Ty=Tz=0. The thrust force is therefore 

written simply as T, and is obtained using a proportional 

thrust law given by T=Tmaxδτ. The twelve nonlinear, flat-

earth equations of motion for a rigid-body are given in the 

body-fixed frame as equations (7) - (10). This formulation is 

convenient for obtaining the nominal states by matrix 

inversion or matrix algebra (a shorthand notation is used to 

write the state equations in which S� � sin θ, C� � cosψ, 

etc.). Note that F in equation (8) refers to the total applied 

force on the aircraft.  
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Figure 3. Simulink Implementation of 6DOF, TLC Controller 

 

Translational Kinematics: 
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The inertial constants in (10) are defined in the appendix. 

III. 6DOF TLC DESIGN FOR FIXED-WING VEHICLE 

TLC combines nonlinear dynamic inversion as an open-

loop controller with LTV feedback stabilization as a closed-

loop controller as shown in Figure 1. The overall design 

consists of four loops as shown in Figure 3, each with a 

similar structure. The control allocation blocks perform 

force/torque model inversions and Euler-angle command 

calculations. A second-order pseudo-differentiator 

represented by the transfer function  

 ( )
2

2 2
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n n
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G s

s s

ω

ζω ω
=

+ +
 (11) 

is implemented to realize the derivatives of the nominal 

states wherever it is needed, as well as to provide command 

filtering. The force commands are allocated in the guidance 

loop to the thrust coefficient δτ, and the virtual controls α 

(angle-of-attack) and β (sideslip angle). In the attitude loop, 

moment commands are allocated to the control surfaces �� 

(ailerons),  �� (elevator), and �� (rudder). 

1) 6DOF Trajectory Generation 

The current implementation is driven by commanding 

flight-path and heading angles, as well as total velocity. The 

inertial and Local Horizon frames are related by 
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and it is straightforward to translate to position commands in 

inertial space. Using the TLC architecture, any set of vehicle 

states may be commanded, and a nominal trajectory for the 

overall state vector will be calculated and tracked. 

2) Guidance Tracking Controller 

The guidance tracking controller is shown as Loops 1 & 2 

in Figure 3. The nominal force required to achieve the 

desired translational motion is calculated in the upper path, 

and feedback control is provided in the lower path. Outputs 

of the nominal and feedback controllers are ��� and ��,���� 
respectively.  
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Outer Loop Guidance Control 

The nominal body velocity is obtained by dynamic 

inversion of the translational kinematics (7) at the current 

time step. The Euler rotation matrix is evaluated at ��� as 

determined by the guidance allocation at the previous time 

step, and using (11) to calculate the nominal inertial 

velocity, the nominal body velocity is 

 ( )1

1 0B
−=V Γ P

�
. (13) 

Feedback control is implemented by first defining the 

position error as  !�� �  "!#" −  �%&, and then linearizing 

along the nominal trajectory. The linearized, closed-loop 

error dynamics is written as 

 ( )err 1 0 ctrlB=P Γ V� ,  (14) 

and an LTV proportional-integral (PI) controller is 

synthesized using PD-spectral assignment (see Ref. [26] or 

[31] for details). As an illustration, consider the second-

order LTV differential equation representing the desired 

closed-loop tracking error dynamics of the i
th

 loop,  j
th
 

channel given by 
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The PD-eigenvalues are chosen by specifying the desired 

closed-loop dynamics as 
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where the ratio on the right side of (16) accounts for the 

time-varying, closed-loop dynamics. When this term is 

identically zero (i.e., '( are constant), the ordinary synthesis 

formula for second-order systems is obtained. It is noted that 

the current design employs time-invariant closed-loop 

tracking-error dynamics, and this simplifies the presentation 

from that standpoint. Time-varying dynamics can be used 

for adaptation or other purposes.  

The PI control law is written next as 
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with the body velocity loop gain matrices obtained 
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The total body  velocity command is then  

) � )* + )����. 
Inner Loop Guidance Control 

The inner-loop, nominal guidance controller calculates the 

nominal force by inversion of the translational dynamics (8), 

using (11) to calculate )*- . Inserting nominal values of . as 

calculated at the previous time step, the result is 
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The tracking error of the closed-loop, translational 

dynamics is next defined as )!�� � )"!#" − )�%&, and the 

linearized error dynamics is written as 
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The LTV stabilizing control law is  
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and the controller gain matrices are written as 
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The total commanded force is thus ��%& � ��� + ��,����. 

3) Control Allocation 

The TLC algorithm yields both a nominal force 

component ��/ 
in the open-loop feedforward path, and a 

closed-loop feedback control component ��,���� calculated by 

the LTV tracking-error controller. Allocation is performed 

separately for the nominal and total (��� + ��,���� ) commands 

to avoid unnecessary feedback loops in the feedforward 

controller. 

Nominal Guidance Control Allocation 

The nominal guidance allocation takes ��� as input and 

calculates the thrust coefficient �1̅, and the virtual controls 2� 

and 3̅
 
required at the next time step to track the nominal 

trajectory. Values from the previous time-step 42�5, 3̅56 are 

used to generate the aerodynamic and thrust commands by 

inversion of the force model (1) - (3). 

The total force on the aircraft can be written as a sum of 

aerodynamic, thrust, and gravitational forces. Using the 

engine and control surfaces, some of these components can 

be adjusted, but some cannot. It is not possible to completely 

eliminate the drag force no matter what the vehicle 

orientation, and so a baseline value is chosen as the drag 

experienced at zero-alpha, zero-beta. The zero-alpha lift 

value is defined similarly, and these base values are 

subtracted from the total nominal force prior to allocation. 

A bank-to-turn (BTT) approach is adopted in this design 

to minimize undesirable sideslip, and this maneuver involves 

rolling the aircraft and aligning the lift vector to provide the 

centripetal acceleration. This then requires increased 
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elevator to offset the loss of lift and increased g-force in the 

turn, as well as some rudder to maintain heading angle. The 

control allocation design uses the virtual controls 2 and 3 to 

realize the lift and sideforce, and calculates the required 

thrust coefficient �1	based on those results. The aerodynamic 

coefficients are converted to the body-frame, and forces are 

approximated as 
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and the nominal gravitational components are subtracted out 

along with components due zero-alpha aerodynamics. The 

remaining forces are dependent on the states being 

controlled, and care is taken to avoid introducing 

unnecessary feedback paths in the nominal open-loop 

controller. The lift and side forces are allocated to 2 and 3 

as 
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,
Y

Y

QSC
β

β =  (25) 

and the thrust force is allocated to the thrust coefficient 

using 
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Nominal Euler Angles 

The nominal Euler angles are obtained by simultaneously 

satisfying roll-angle and rate-of-climb constraints [34]. The 

roll angle is given by  
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The required pitch-angle �̅ is obtained next using the rate-of-

climb constraint equation given by 
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The yaw angle �� is obtained by first calculating the bank 

angle as an intermediate variable using 
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and then finally 
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where 
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B. Attitude Tracking Control 

The attitude loop controller is shown as Loops 3 and 4 in 

Figure 3. The nominal moments required to achieve the 

desired attitudes are calculated in the upper path, and 

feedback control is performed in the lower path. The outputs 

of the nominal and feedback controllers are summed and 

passed to the attitude allocation subsystem. 

1) Outer Loop Attitude Control 

Outer loop, nominal attitude control is achieved starting 

with dynamic inversion of the rotational kinematics 

equations (10), followed by evaluation at the nominal flight 

condition, giving 

 ( )1

3 0B
−=Ω Γ Γ

�
. (28) 

The Euler angle tracking error is next defined as �!�� �
�"!#" − ��%&, with the linearized tracking error dynamics 

given by 

 ( )err 3 0 ctrlB=Γ Γ Ω� . (29) 

The PI control law for the attitude outer-loop is written as 
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with the controller gain matrices synthesized as 
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2) Inner Loop Attitude Control 

Inner loop control starts with dynamic inversion of the 

rotational dynamics equation (10), giving 

 ( )1

4 4m
B f−  = −

 
T Ω Ω

�
. (31) 

The body-rate error is defined next as .!�� � ."!#" −.�%&, 

and the PI control law for the attitude inner loop is written as 

 ( ) ( ) ( )
0

m,ctrl P4 err I4 err

t

t
t t dσ σ= −Κ − Κ ∫T Ω Ω . (32) 
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The 3 × 3 controller gain matrices are given by 

( ) ( )412P4,11
p r

xx pq pq xz pt I I q I I q Lk α= + − +  

( ) ( )P4,21 2 q q

yy pp prk t I I p I r= +  

( ) ( )412P4,31
p r

xz pq zz pq pk t I I q I I q Nα= − + + +  

( ) ( ) ( )P4,12
p p r r

xx pq pr xz pq qrk t I I p I r I I p I r= + − +  

( ) 422P4,22 yy q
k t I Mα= +  

( ) ( ) ( )P4,23
p p r r

xz pq qr zz pq qrk t I I p I r I I p I r= − + + +  

( ) ( )432P4,31
p r

xx qr xz qr rk t I I q I I q Lα= − + +  

( ) ( )P4,32 2 q q

yy rr prk t I I r I p= +  

( ) ( )432P4,33
p r

xz qr zz qr rk t I I q I I q Nα= − + + +  

 

 ( )

411 431

I4 421

411 431

0

0 0 ,

0

xx xz

yy

xz zz

I I

t I

I I

α α

α

α α

− 
 
 Κ =
 
 −   

 

and the total output of the attitude controller is 

 
m,com m m,ctrl= −T T T . (33) 

C. Attitude Control Allocation 

Control surface deflections that will generate the 

commanded moments are calculated by the attitude 

allocation subsystem. Allocation is performed by inverting 

the torque model given by (4) - (6) at :;,�%&, 2�%&, and 

3�%&. The moment equations are then written in terms of the 

Jacobian, so that 

 

 ( )
0

,com / com ,com

,com com ,com

,com com ,com

0

0 0

0

a r

e

a r

m l l a

m m m m e

m n n n r

L QSbC QSbC QSbC

M QSc C C QScC

N QSbC QSbC QSbC

β δ δ

α δ

β δ δ

β δ

α δ

β δ

=

−     
     
 − +    
     
     −      

 
1

1

2

0

0 0

0

a r

e

a r

l l

m

n n

QSbC QSbC

QSc CU J

QSbC QSbC

δ δ

δ

δ δ

−

−

 
 
 = =
 
 
   

 

and inversion gives the effector setting commands 

 

 ( )
0

,com / com,com

,com com,com

,com com,com

ma

m m me

m nr

L QSbC

M QSc C CU

N QSbC

β

α

β

βδ

αδ

βδ

=

−  
  
 − + 
  
   −   

. (34) 

IV. TESTS & SIMULATION RESULTS 

The 6DOF controller and single-engine aircraft dynamics 

model are implemented using the nonlinear equations of 

motion (7) - (10), the aerodynamic force/torque model given 

by (1) - (6), and a proportional thrust law < � <&=>�1.  The 

twelve aircraft states, given by 

 ( ) ,
e e e

x y z u v w p q rφ θ ψ  

are tracked, and each of the three control surfaces and the 

constant speed propeller are implemented with actuator 

dynamics given by 

 ( )
10

10
G s

s
=

+
. (35) 

Referring back to Figure 3, the 6DOF controller and 

aircraft model are implemented using MATLAB/Simulink. 

Each of the four control loops shown in the figure are 

constructed similarly, and consist of a dynamic pseudo-

inverse, and an LTV tracking-error controller. Nominal 

trajectory tracking is tested using a climbing, coordinated-

turn command. Controller parameters are given in Tables 1 

and 2, and simulation results are given in Figure 4 – 9 

 

Table 1. TLC Guidance Loop Controller Parameters 

 outer loop ( 1i = ) inner loop ( 2i = ) 

 x  y  z  u  v  w  

n
ω  0.075 0.005 0.098 0.390 0.036 0.390 

n
ζ  1.414 1.414 1.414 1.414 1.414 1.414 

,diffn
ω  1.250 1.250 1.250 5.000 5.000 5.000 

,diffn
ζ  1.414 1.414 1.414 1.414 1.414 1.414 

  

 

Table 2. TLC Attitude Loop Controller Parameter 

 outer loop ( ) inner loop ( ) 

 � θ ψ
 

p
 

q
 

r 

n
ω  0.600 2.200 0.600 9.600 9.600 6.000 

n
ζ  1.414 1.414 1.414 2.82 1.414 1.414 

,diffn
ω  20.00 20.00 20.00 80.00 96.00 80.00 

,diffn
ζ  1.414 1.414 1.414 1.414 1.414 1.414 

 

 In the simulation, the aircraft is initially flying at a trim 

condition, with ?@,�%& = 165	ft/s, and D�%& = E�%& = 0°. A 

climbing, 360º turn is commanded at H = 200J, with 

commanded turn-rate E-�%& = 1	KLM/J and commanded 

flight path angle D�%& = 1°. After a full circle the overall 

command returns to straight and level. Figure 4 is a 3D plot 

of the commanded and actual aircraft trajectories. Figures 5-

9 show the time history of the twelve state-variables, as well 

as the velocity magnitude, flight path angle, and heading 

angle. In the figures, the solid blue lines are the nominal 

commands (the results of the pseudoinversion), the red dot-

dashed lines are the total commands (nominal plus feedback 

control), and the green dotted lines are the calculated vehicle 

response. The figures show that all of the vehicle states are 

tracked closely throughout the duration of the maneuver. 

Also, the velocity magnitude remains constant to within less 

than 2 ft/s, and the flight path and heading angles track very 

closely. 

3i = 4i =
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Figure 4. 360º Climbing Turn: Trajectory Tracking 

 

 
Figure 5.  Velocity Magnitude,  Flight Path  & Heading Angles  

 

 
Figure 6. Inertial Position Tracking 

 
Figure 7. Body Velocity Tracking 

 

 
Figure 8. Attitude Tracking 

 
Figure 9. Body Rate Tracking 

V. CONCLUSION 

This paper describes an autonomous, 6DOF, trajectory-

tracking flight control design for a fixed-wing aircraft flight 

dynamics model. Forces and moments are calculated using 

standard build-up methods, and coefficients have been 
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obtained for a typical general aviation (such as a Cessna 

182) from the literature. The TLC controller generates a 

nominal twelve-state trajectory, and calculates nominal force 

and torque commands by dynamic inversion of the nonlinear 

equations of motion. An LTV tracking error regulator 

provides robustness to model uncertainty and error. Control 

allocation is performed by inversion of the force/torque 

model using nominal guidance, feedback guidance, and 

attitude components. Nominal trajectory results have been 

presented for a climbing, 360º, bank-to-turn maneuver 

showing the effectiveness of the TLC design. 
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APPENDIX 

The moment of inertia constants used in equation (10) are 

defined as: 
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