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Dynamic Input Consensus using Integrators

Clark N. Taylor, Randal W. Beard and Jeffrey Humpherys

Abstract— The consensus or agreement problem enables a
team of agents to agree on certain information variables using a
low-bandwidth, dynamic, and sparsely-connected graph. How-
ever, most prior work on agreement protocols has focused on
converging to a single, static variable. In this paper, we propose
a consensus filter that accepts dynamically changing inputs at
each agent. We analyze several properties of this consensus
filter, proving the outputs of the filter converge to a low-pass
filtered version of the average of the inputs. Disagreement
portions of the inputs can be significantly attenuated through
judicious selection of filter parameters.

I. INTRODUCTION

The consensus problem, also called the agreement prob-
lem, is primarily concerned with algorithms and strate-
gies that enable a team of agents, usually moving robotic
agents, to agree on certain information variables using a
low-bandwidth, dynamic, sparsely connected, and potentially
noisy communication channel. Recent work on agreement
algorithms include [1] which considers flocking behavior,
where agents communicate their heading to physically close
neighbors. An important result shown in [1] is that if the
(bi-directional) communication topology is not switching
infinitely fast, and if the union of the communication graphs
over repeated time intervals is connected, then all agents
converge to the same heading. A similar result for directed
graphs is given in [2]. It is important to note that while these
works guarantee convergence, they do not specify the value
to which the network converges. An important contribution
along those lines is [3], where it is shown that a strongly
connected directed graph converges to the average of the
initial conditions of each agent if and only if the graph is
balanced, or in other words, when every agent has the same
number of incoming and outgoing communication links.
Since undirected graphs are balanced, this result implies that
average consensus is achieved in undirected graphs if the
graph is connected.

The agreement protocols proposed in [1], [2], [3] are
concerned with asymptotic agreement starting from initial
conditions. This framework works well if the agreement
problem is static, or rather, if the agents must agree on a
static variable. However, the standard agreement protocol
does not address the case where the agents must agree on
a dynamically changing quantity. In the case where there
is a single, globally known, or globally sensed reference
input, the agreement protocol can be modified to track the
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reference input if the network is connected [4]. However, it is
interesting to pose the agreement problem where each agent
has a different time varying reference input. Is it possible to
achieve consensus on the average of the inputs at each node?

This problem is addressed in [5], [6] where it is called the
dynamic consensus problem. In [5], the standard first order
agreement protocol is extended by adding an input where
the input to the agreement protocol at each node is the time
derivative of the reference input at each node. The analysis
of the convergence properties of their paper is carried out in
the frequency domain, where it is shown that if all of the
reference input signals are decaying to constant values, and
if the consensus protocol is initialized correctly (to zero),
then the nodes converge to the average of the reference
inputs. However, if there is persistent frequency content to
the reference input signals, or if the consensus protocol
is not initialized correctly, then there will be a bounded
steady state error. In [6] a second order agreement protocol
that uses an integrator is introduced to remove the need to
initialize the protocol to zero, and is shown to have additional
robustness properties. The analysis in [6] is conducted in the
time domain and applies to switching networks. However,
implementation requires each node to receive information
not only from its immediate neighbors, but also from its
neighbor’s neighbors.

This paper builds on the work of [5], [6] by proposing
an agreement protocol that uses a integrator in a way that
is similar to [6] but using only neighbor information, and
analyzes the convergence and Ls-gain properties of the
protocol in both the time and frequency domains.

Other work that is closely related to this paper is the
controllability and observability of graphs as discussed in
[7, Chapter 10], where some of the nodes are inputs that can
inject signals into the network, while the remaining nodes
execute the standard agreement protocol. Explicit conditions
for controllability and observability are developed and it
is shown that the system states converge. The protocol
developed in [7] is similar in structure to that proposed in [5].

We believe that dynamic or input consensus is an ex-
tremely useful notion for cooperative control. The input
consensus approach has a much more system theoretic feel,
where the effects of initial conditions are attenuated, and
the response to inputs is emphasized. We envision numerous
applications including the case where each agent is making
measurements of a dynamic world and sharing those mea-
surements across the network. The input-output perspective
allows us to talk of consensus filters, as opposed to consensus
protocols.

This paper is organized as follows. In Section II we
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describe the basic input consensus algorithm. In Section III
we analyze the properties of the algorithm, in particular its
convergence to consensus for constant and asymptotically
constant input. In Section IV we explore the filtering aspects
of our algorithm. In Section V we give simulation results,
and our conclusions are in Section VI.

II. INPUT CONSENSUS ALGORITHM

Let L be the Laplacian matrix associated with a simple
undirected graph G = (V, E) where V is the node set and
E is the (symmetric) edge set, and suppose that |V| = n.
The standard continuous-time consensus algorithm is given
by

2= —Lz. (1

As shown in [3], if the graph is connected, then z(t) —
1z, where z = L3 | 2;(0) is the average of the initial
conditions.

Suppose that there is a possibly time-varying input u; at
each node and suppose that the objective is to converge to
the average of the inputs. In this case we propose using the
agreement protocol given by

Z2=—krLz(t) — az(t) + Bu(t) — ’y/o Lz(t)dr, (2)

where «, (3, v, and k are positive, design constants. We first
note that Eq. (2) is a decentralized algorithm since each node
implements the scheme

4= Bui—az—y {H(Zz‘ - %) +7/0t(2i(7) - Zj(T))dT} ;

JEN;

where A; C V is the set of neighbors of node . The first
term in Eq. (2) is the standard consensus term and tends
to push the values at each node toward each other. The
second term in Eq. (2) is a damping term that is inserted
to remove the effect of the initial conditions of z. The third
term in Eq. (2) is the input at node 7. If the inputs at each
node are unique and persistent, then there will be a steady
state difference between the nodes. The final term in Eq. (2)
integrates the error and removes the bias.
By defining

(g ) e - ()

we see that Eq. (2) can be written in state space form as

Az + Bu
= (u,

(3a)
(3b)

Tz =

where
_(—(kL+al) —oI _(pI B
A( ; 0>,B<0>,C(I 0).

Taking the Laplace Transform, we separate into zero-state
and zero-input components

Z(s) = C(sI — A)"'BU(s) + C(sI — A)~*x(0),

where the transfer function T'(s) = C(sI — A)~' B is given
by
T(s) = Bs [s°I + (kL + al)s + L] . &)

Hence, we can further simplify Z(s) to get
Z(s) = s [T + (kL + al)s + 7L] " (8U(s)+2(0)). (5)

III. PROPERTIES

In this section we will derive some of the properties of
the input consensus protocol (2). We begin by relating the
eigenvalues and eigenvectors of A to the eigenvalues and
eigenvectors of L.

Since G is undirected, L is a symmetric matrix with
orthonormal eigenbasis Q@ = [q1,...,¢n] corresponding to
real eigenvalues A = diag(Ay,- -+, \,), thus satisfying L =
QAQ™. Without loss of generality, we use the convention
OZAISAQS"'S)\H'

Proposition III.1 Assume v # ka. Let A be an eigenvalue
of L with unit (pairwise orthogonal) eigenvector q. Then the
eigenvalues |1 of A take the form

a+ KA a4+ rA\?
pm R ()

and have corresponding left and right eigenvectors, £ and r,
respectively, of the form

¢ =(-pg" q")
_ <(fw + 7)61) ’
—(u+a)q
These form a complete set of eigenvectors, and thus A is

diagonalizable. Moreover each eigenvalue | has a corre-
sponding eigenprojection given by

(M(Iw + I = (kp+ ’Y)H>
p - _\pptall  A(pt o)l ®
o p(kp+) +v(p+ )

where 11 is the rank-one (orthogonal) eigenprojection of A
given by

(72)

(7b)

IT=qq". 9)

Thus, we can write A in terms of its spectral decomposition

A= Z ub,.

neo(A)

(10)

Proof: Given our space constraints, we relegate most
of the details to the reader. We remark that the characteristic
polynomial for A is given by

w2+ (o + KA+ M.

From this one can easily verify Eq. (6) and the relations
Ar = pr, (A = pf, and P,A = AP, = uP,. Note the
row-vector convention used for the left eigenvectors. [ ]

Remark IIL.2 In the case that v = ka, the matrix A will
have a Jordan block if kA — ol is singular, or rather \; =
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a/k for some \;. The results that follow can be extended to
include this case with a little more work.

Corollary IIL3 If the graph G is connected then there

is exactly one null eigenvalue of A, and the remaining
eigenvalues are in the open left half plane. Moreover,

_ (0 -2
Po(o H0>’

I, = -171

where

is the rank-one eigenprojection for \ = (.

Proof: Since G is connected, there is exactly one
null eigenvalue of L and the remaining eigenvalues of L
are positive. By inspection of Eq. (6), we see that all the
eigenvalues of A have negative real part except for the
positive root of the A = 0 case. Setting ;. = 0 in Eq. (8),
we determine Py. Finally, since ¢; € span(1) we have that
Q= ﬁl. This gives us the form of Il above. [ ]

Lemma II1.4 If G is connected, then the transfer func-
tion (4) can be written as

T(s) = o + Z 2T

Moreover in the limit, we have

M. (1)

—|—a f<a)\—|—a)s+'y)\

lim T'(s) = =Tlp.

s—0

LI

Proof:
T(s) = Bs [s$*] + (kL + al)s +vL]
= Bs [QT (s’ + (kA + al)s +vA)Q)]
= BsQ" [’ + (kA + al)s + vA] ! Q

n

=Y
s (A Ha)s A

—1

-1

For A\; = 0 we have
52 4 (kA1 + a)s + A = s(s + a).

Therefore T'(s) is given by Eq. (11). The s — 0 limit follows
trivially. [ ]

Lemma IIL5 Assume G is connected. If x(to) is the state
of Eq. (3) at time 1o, then for t > to, we have

t

z(t) = eA(t*t")P_:r(to)+P0x(t0)+/ e P_Bu(s)ds,
to

where P_ = I — Py is the projection onto the stable

eigenspace of A along the null space of A.

Proof: From the Variation of Constants Formula, we
have that

¢
z(t) = eAt0) g (tg) +/ e %) Bu(s) ds.

to

We project x(t) into the stable and center eigenspaces via P_
and Py by defining z_(t) := P_x(t) and z.(t) := Pyx(t).
Since I = P_ + Py, we have z(t) = (P- + Py)x(t) =
x_(t) + x.(t). Thus,

t
z_(t) =Pz (1) —|—/ et~ P_Bu(s) ds

to

t
zo(t) =270 Pa(to) +/ eA(=9) Py Bu(s) ds
to
One can verify that PyB = 0 and e?(!~*) Py = P,. Thus
x.(t) = Pox(to). Adding z.(t) and z_(t) back together
gives the result. n

Remark IIL.6 When ty = 0, we see that Pyx(0) = 0 since
the integrator term is set to zero in x(0); indeed this holds
as long as the initial integrator state averages to zero.

Lemma IIL.7 Let p_ be the stable eigenvalue with largest
real part, that is, closest to the imaginary axis; define
n = —Repu_. Then there exists a constant C > 0 such
that ||eA*P_|| < Ce™™, for all t > 0. The value 1 is called
the spectral gap of A.

Proof: Using Eq. (10), we can write
Z e’ p,.
neEa(A)
Combining with P_ yields
[eMPoI < D e Pl < Clett| = Ce
Re(p)<0

Theorem IIL.8 (Constant input) If G is connected, then
constant input produces consensus, more precisely, if u(t) =
c for some ¢ € R", then

. B
tlggo z(t) = alc, (12)
where ¢ = %Z c;, that is, € is the average value of c;.
Proof: From Lemma III.5, we have that
t
z(t) = eMP_xo + ( / eAt=9)p_ ds) Be. (13)
0

We claim that x(¢) converges as ¢ — oo, and thus so does
z(t). Since eA*P_ — 0 as t — oo, it suffices to show that

the integral
/ A= p_ds
0

exists. Note, however that

t t O
/ A= p || ds < C’/ e=1=5) g = 1 o=t
0 0 n
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which converges to C'/n as t — oo. Thus z(00) and z(c0)
exist. The result then follows from the Final Value Theorem.
From Lemma II1.4, we have

Jim z(t) = lim sZ(s) = lim sT (s )<2+Z(ﬂg)>

7HQC_ @ ( ) = élé.
Q «Q

Corollary IIL.9 The DC gain of the system is gHO.

Theorem II1.10 (Asymptotically constant input) Assume
G is connected. If the input u(t) converges exponentially to
a constant value ¢ € R"™, that is, there exists K,v > 0 so
that ||u(t) —c|| < Ke™"* for all t > 0, then Eq. (12) holds.

Proof: Let Z(t) denote the state function for the
constant input satisfying Eq. (13). The state function for the
asymptotically constant input takes the form

¢
z(t) = e P_xg +/ et =) P_Bu(s) ds.
0

It suffices to show that their difference converges to zero.
Note that

Jo(t) =30 = | [ 292 Bats) - )t
< / 1445 P_|||[Bl[[u(s) — c]| ds

t
§CK||B||/ e M=) Vs g
0

te—mt

n=v
=CK|B|[{ e —e
S
n—v
In either case, we have exponential convergence as ¢t — 0.

IV. INPUT CONSENSUS FILTERING

In the prior section, some of the fundamental properties
of our proposed consensus algorithm have been introduced.
However, we would like to shift from discussing a consensus
algorithm to analyzing the proposed system as a filter. To
understand the input consensus filter, we will discuss the
frequency-response and L, gain of the system.

Define @(t) = 2 37 | u;(t) to be the time varying aver-
age of the inputs at each node, and define e, (t) = u(t) —ul
to be the input disagreement function. Note from Eq. (11)
that the output of the system is

2(s) = [sfa 0
+252 (kA + )5+7AH>\}(u(s)1+eu(s))
- s—l—aa +z:s2 ,%)\—I—a)s—i—’y)\ Txeu(s).

Therefore, the output of the system can be decomposed into

a low pass filtered version of the average of the inputs, plus

a filtered version of the input disagreement function. It is

clear that the L£5-gain on the average of the inputs is 5/a.
Define the state disagreement function as

= - b u(s
ex(s) :=x(s) 1s+a (s).

Proposition IV.1 The Ly-gain from e, to e, is
_B
KXo +a’

where \o is second smallest eigenvalue of L, and is called
the algebraic connectivity of the graph G.

Proof: 1t is straight forward to show that the £,-gain
of the transfer function
Bs
$2 4 (KA + a)s + v\

Ti(s) =

is
g

KA +a’ (14)

and that the gain- maximizing frequency is w* = /yA;.
Since ¢/'q; = 0 for all i # j, the Lo-gain is found by
maximizing (14) over . [ ]

Note that the algebraic connectivity Ay describes the
degree of connectedness of a graph [8], [9], that is, Ay in-
creases as L becomes more connected. Therefore, increased
connectivity will reduce the effect of input disagreement on
the state.

If we define T1(s) = 3/(s + a) and Ty(s) = Bs/(s*> +
(kA2 + a)s + y\2), then Figures 1-4 show the Bode plots
of T1 and T5 as a function of \g, 7, «, and k respectively,
where 3 = «. Figure 1 clearly shows that the L£5-gain of 1%
decreases as a function of \s.

Figure 2 shows that while increasing v does not increase
the Lo-gain of T, it does cause the peaking frequency to
increase in a way that causes the gain of 75 to exceed the
gain of T} over a certain frequency range. The next result
ensures that the gain on the average of the inputs is always
greater than the gain on the input disagreement.

Proposition IV.2 [f the graph G is connected, then
Ty (jw)| > |T;(jw)|, for each i = 2,...,n and for every
wiff v < ko + K2\ /2.

Proof: Note that

Ty (jw)* > | T3 (jw) [
52 ﬁ2w2

a? 4+ w? ~ (YA — w?)2 + (k) + a)?w?
= (v — w2+ (kA + ) 2w? > W (a? 4+ w?)
—  (2ra+ k2N — 29wt +920 >0 (15)

Since G is connected, then Eq. (15) holds for all w € R iff
v < ka4 K2\ /2. [
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Bode Diagram

Phase (deg)

10 107 10° 10
Frequency (rad/sec)

Fig. 1. Bode plot of 77 and T% as a function of As.

Bode Diagram

Magnitude (dB)

107 107 10° 10 10
Frequency (rad/sec)

Fig. 2. Bode plot of 77 and 75 as a function of .

Figure 4 shows that increasing ~ decreases the Lo-gain of
the input disagreement. We would like to be able to select
K to ensure a specified £s-gain, independent of the network
topology.

Proposition IV.3 If G is connected, a maximum input dis-
agreement Lo-gain of 10™% can be achieved by setting
10°8

k=373 cos(mw/n)"

Proof: From Equation (14), the £5-gain on the input
disagreement is Py w Noting that the algebraic connec-
tivity Ao is smallest for a string topology, where, as shown
in [10], A2 = 2 — 2cos(m/n), we obtain:

B
KXo + «

=10"¢
B —a
k(2 —2cos(m/n)) + « =10

e o l0-a
- 2 cos(m/n)

Since « > 0, we have that

103

Z 2 —2cos(m/n)’ (16)

K

Bode Diagram

Magnitude (dB)

Phase (deg)

Frequency (rad/sec)

Fig. 3. Bode plot of 77 and 75 as a function of o.

Bode Diagram

Frequency (rad/sec)

Fig. 4. Bode plot of T7 and 75 as a function of &.

V. SIMULATION RESULTS

To illustrate the properties described above, we simulated
an 8-node system pictured in Figure 5. The parameters
selected for the input consensus algorithm were o = 1 and
[ = a. k was selected according to Eq. (16) to achieve an
Lo-gain on the disagreement input of % (i.e., a = 0.699,
K = 65.7). The parameter v was chosen as «k/2 to ensure
it met the condition specified in Proposition IV.2. The inputs
to the eight nodes were corrupted with noise (sine waves
with random frequency and phase) as shown in Figure 6.

The outputs of the input consensus filter for the example
system are shown in Figure 7. This graph demonstrates
several important features of the input consensus filter,
including:

e Robustness to initial conditions: To demonstrate the
performance of the system with respect to initial condi-
tions, the initial information states of the 8 nodes were
set to —4, —3,. .., 3, respectively. Note that the outputs
of the nodes quickly converge to the same value despite
the widely varying input conditions.

o Low-pass filtering of input average: The outputs of the
input consensus filter closely follow a low-pass filtered
version of the input average. For comparison, note the
input average denoted by the thick line in Figure 6.

o Attenuation of input disagreement: For comparison of
the input and output disagreement, the axes in Figures 6
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Fig. 5. Graph used to demonstrate the characteristics of input consensus.

Fig. 6. The inputs to the eight node graph over time, with the true average
denoted by the thick black line in the middle of the inputs.

and 7 are set to the same scale. Note that despite the
large input disagreement, the output disagreement is
barely visible after convergence from initial conditions.

In addition to illustrating these general properties of the
input consensus filter, Figure 7 also demonstrates that the
filter meets or exceeds the design constraints used to select
the parameters for the filter. While the parameters were
selected to have a maximum disagreement gain of %, the
output disagreement is significantly more attenuated. This
extra attenuation is due to two principle factors. First, «
was selected using the Ay for an 8-node string graph as
described in Eq. (16) while the true A, is approximately three
times larger. Second, the L5 gain is computed using the ¢,
portion of the input disagreement. For an n-element graph,
however, this vector is orthogonal to n — 2 other components
of the input disagreement, each of which experience higher
attenuation than the component associated with go. These
two effects cause the realized attenuation to exceed the
design constraint of % for this system.

Fig. 7.
graph.

The outputs of the input consensus algorithm on the eight node

VI. CONCLUSIONS

This paper proposes a new network agreement protocol for
systems with inputs at each node. The basic idea, similar to
that proposed in [6], is to introduce an integrator that removes
the steady-state error between nodes. We used both time
and frequency domain techniques to analyze the properties
of the protocol. The advantage of our consensus filtering
approach is that initial conditions on the information state
are forgotten, the average is over a time varying input at each
node, and only neighbor information is required. In addition,
the effect of the input disagreement can be significantly
attenuated by judicious selection of the tuning parameters.
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