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Reconstruction of actuator fault for a class of nonlinear systems using
sliding mode observer

Jian Zhang, Akshya Kumar Swain and Sing Kiong Nguang

Abstract— The present paper proposes a sliding mode ob-
server (SMO) for detection and isolation of actuator faults
for a class of uncertain nonlinear systems (Lipschitz nonlinear
systems). The sufficient condition of stability of the proposed
SMO has been derived and expressed as Linear Matrix Inequal-
ities (LMIs). The design parameters of the proposed SMO are
determined by using LMI techniques. The constraint of the
switching gain has been determined such that the proposed
SMO satisfies the reachability condition. Then the equivalent
output error injection is employed to reconstruct the actuator
fault based on the structure of the uncertainty. The effectiveness
of the proposed SMO in reconstructing actuator fault has been
illustrated considering an example of a single-link flexible joint
robot system and has been found to be satisfactory even with
the presence of sensor noise.

I. INTRODUCTION

Fault detection and isolation (FDI) has received consid-
erable attention during the last two decades and the related
literature can be found in [1]-[4] and the references there in.
The approaches of FDI developed in the past can essentially
be grouped into two main categories such as: signal-based
FDI and model-based FDI. Signal-based FDI approaches
employ statistical operations on the measurements or train
some artificial network to extract the information regarding
faults. The model-based FDI approaches generally compare
the actual system’s behavior with the predicted or esti-
mated behavior based on its mathematical model [5]-[8].
The difference of these behaviors, referred to as residuals
are very sensitive to any faults and therefore being used
for fault detection. An alarm is triggered when the actual
process behavior deviates from its expected behavior; more
precisely, when the residuals exceed some predefined thresh-
olds. However, due to the high dependence of the residual
generation FDI to the corresponding mathematical models,
any discrepancies between the actual process and its model
can cause a misleading alarm, which often make the FDI
ineffective.

One of the method to deal with the system uncertainty
is to use the idea of sliding mode techniques. Sliding mode
theory has been recognized as a promising robust control
approach to confront uncertain or perturbed systems [9]—
[11]. Several authors have reported sliding mode observer
design methods. In [10], a discontinuous observer strategy
has been used where the error between the estimated and
measured outputs is forced to exhibit a sliding mode and
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measurement noise effects are reduced. Walcott and Zak
used a Lyapunov-based approach to formulate an observer
design where asymptotic stability can be obtained under
certain assumptions in the presence of bounded nonlinearities
or uncertainties [12]. Early work of applying the SMO for
FDI was shown in [13] where a sliding mode observer
approach is considered with the assumption that the states
of the system are available. Hermans and Zarrop attempted
to design an observer such that in the presence of a fault the
sliding motion was destroyed [14]. However, the observer
proposed in [15], which is similar to that of [12] can maintain
the sliding mode even after the presence of faults. The
actuator fault can therefore be reconstructed by the so-called
equivalent output injection under certain conditions. Later it
was extended to sensor fault reconstruction in [16]. Notice
that the precise fault reconstruction shown in [15] and [16]
was only for linear systems without uncertaintiecs. When
there are uncertainties, [17] provides a method to reconstruct
faults for linear systems. It should be emphasized that the
above work only consider linear systems. For nonlinear
systems, the synthesis and computation of the switching
gain of the SMO are much more difficult. In [18], an
actuator fault detection and isolation scheme for a class of
nonlinear systems with certain uncertainties was considered.
[19] designed an adaptive method to update the sliding mode
observer gain for counteracting uncertainty, so the upper
bound of the uncertainty was not needed. In [20], a bank
of observers were designed to isolate actuator faults for both
linear and nonlinear systems. LMI techniques were used in
[21] to design the SMO for a class of nonlinear systems with
uncertainties.

In this paper, a different type of observer, based on prin-
ciples of sliding mode has been proposed for reconstruction
of actuator faults for nonlinear Lipschitz systems. The main
contribution of the present work are the following: 1. The
discontinuous switching component which induces a sliding
motion and has been used for linear systems in [15] has been
extended to nonlinear systems; 2. A new sufficient condition
for the existence and stability of the SMO is derived and
expressed in LMI form and 3. Actuator fault reconstruction
has been carried out.

The paper is organized as follows: Section-II briefly de-
scribes the mathematical preliminaries required for designing
SMO. Section-III describes the design procedure of the
proposed SMO and derives the stability condition based on
Lyapunov approach. The constraint of the switching gain is
determined which satisfies the reachability condition. The
procedure of reconstructing the actuator fault is presented in
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section-IV. The results of simulation considering the example
of single-link flexible joint robot system is shown in section-
V with conclusions in section-VI.

II. PROBLEM FORMULATION

Consider a nonlinear system described by

&(t) = Az(t) + f(x,t) + Bu(t) + EAY(x,t) + Dfo(t)
y(t) = Ca(t) (1)

where x € R", v € R™ and y € R? denote respectively
the state variables, inputs and outputs ; A € R"*", B €
RHX'HL’ C E RPXTL, D E RTLX(] and E E RTLXT(q S p <
n) are known constant matrices with C' and D both being
of full rank and the nonlinear term f(x,t) is assumed to
be known. The unknown nonlinear term As(x,t) models
lumped uncertainties and disturbances experienced by the
system; the unknown function f, () represents actuator faults
that is assumed to be bounded by a known function:

[fa(®I < p(t) @)

Assumption 1. The matrix pair (A, C) is detectable.
It follows the assumption that there exists a matrix L &
R™*P such that A — LC is stable, and thus for any @@ > 0
the Lyapunov equation

(A-LC)YT'P+P(A-LC) = -Q 3)

has an unique solution P > 0 [18].
Assume that P € R™*" @ € R™*" are in the form:

PP Q1 Q2 ]
P = R = 4
{ Py P } “ [ QF Qs @
It follows from P > 0 and Q > 0 that P, €

R=pP)X(n=p) 5 (0 Py € RP*P > 0, Q, € R("—P)x(n=p) >
0 and Q3 € RP*P > (.

Assumption 2. The nonlinear term f(x,t) is assumed to
be known and Lipschitz about x uniformly, i.e., Vz,z € X,

If(z,t) = f(@, )] < Lgllz — 2] )
where Ly is the known Lipschitz constant.

Assumption 3. The function At(x,t) representing the
structured modeling uncertainty is unknown but bounded,
and it satisfies

1Az, )] < &(x,1) (6)

where bounding function &(z,¢) is known and Lipschitz
about x uniformly, i.e., |(z,t) — £(Z,1)]| < Le.

Assumption 4. There exist arbitrary matrices F; € R™*P
and F, € R7*P such that:

ET I3
o |k e 2
Assumption 4 implies that rank[D E] < p. This property

allows to decouple the dynamics of the observer error from
the system uncertainty and fault.

Without loss of generality, it is assumed that the output
matrix C' has the form:

C=[0 I, ] ®)

However, if C' does not have such a structure, there
always exists a nonsingular transformation matrix 7, such
that CT,' = [0 I,] since it has full row rank [22]. Assume
that the triple (A, E, D) has the following structure:

A A E D
=la nlelm]e-(n] @

where 4 € RP*x(n=p) B ¢ RM=P)X" and Dy €

R("=P)*4_Then system (1) can be rewritten as:

&1 = Avxy + Ao + fi(z, 1) + Biu(t) + E1AY + Dy f,

&9 = Azxy + Agwo + fo(x,t) + Bau(t) + E2Av + Daf,
Yy = T2 (10)

where © = col(x1,x2) with 1 € R*P, fi(x,t) € R" P is

the first n—p rows of f(x,t) and fi(x,t) € R™ P represents
the remaining rows.

Lemma 1. If P and ) have been partitioned as in (4),
then the following two conclusions are obvious :
1) P/ PyEy+ By =0and P PyDy+ Dy =0 if (7) is
satisfied;
2) The matrix A; + Py 'P;As is stable if Lyapunov
equation (3) is satisfied.

Proof. See [18]

III. SLIDING MODE OBSERVER DESIGN

The design of sliding mode observer begins by introducing
a new linear change of coordinates z = T'x so as to impose
specific structures on the uncertainty and fault distribution
matrices, where

re[ e R

S L (11)

Using the conclusion (1) of Lemma 1, the system (10) can
be transformed into the the new coordinate system z as :
3 = Aj2q + Agzo + Blu(t)
+ fU(T 7 2,t) + Py Pafo(T 7 2,1)
39 = Aszy + Agzo + Bgu(t)
+ fo(T7 ' 2,t) + B2 AY(T ' 2,t) + Da fa

Y=z

(12)

where

-1 _ _ Bl
rars [ A By [ 2]

ree] oo 2]
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A = A 4+ P[P A3
Ay = Ay — Ay PTIPy + PPy (Ay — A3PTPy)
Az = Ay
Ay = Ay — AP P
Based on the transformed system (12), the present study
proposes the follwing sliding mode observer described as :
5 = A3 + Agzy + Blu(t)
+ A(T712,8) + PU Py fo (T 2,1)
2y = As21 + Asdy + Boul(t)
+ fo(T712,t) + (Ag — Ag)ey +v

g =z

(13)

where 21, 25 and g denote respectively the estimated states
and output; 2 := col(21,y); Ag € RP*P is a stable design
matrix; e, = y — ¢ and the discontinuous vector v is defined
by

(14

Poey .
_ k(t,y,u)m if |le,|| > 0.0001
0 otherwise

where Py € RP*P is the symmetric definite Lyapunov matrix
for Ap. 0.0001 in (14) is the threshold on the norm of e,
that can be chosen arbitrarily small. Note that the similar
form of the discontinuous vector v has been used in linear
systems [15]. In the present study it has been extended to
nonlinear systems. The positive scalar function k(-) : Ry X
RP x R™ — R4 satisfies:

k> || BallE(T7 2, 8) + || Bal|Lelea]

+D:2llp+ Ly llexll +n (15)

where 7 is a positive constant.

If the state estimation errors are defined as e; = 21 — 21
and ey = 29 — Z9, then the state estimation error dynamical
system can be obtained as:

év=Arer+ [ Lipy Pr'P ] (F(T712,t) — f(T712,1))
(16)
éy = 14381 + Aoey + fQ(T_lz,t) — fg(T_le:,t)

+ EsAY(T ™ 2,t) + Dofy — v (17)

For error system (16)-(17), consider a sliding surface

S = {(e1,¢y)le, = 0} (18)

The objective of the study is to derive the sufficient
condition for the stability of the SMO of (13). This requires
the analysis of the dynamical behavior of the state estimation
error ey (t).

Lemma 2. Consider the system descried in (12) and
the observer described in (13). Let ag and cg be pos-
itive constants such that |e4?| < coem %t If aqp >
coLf|[ In—p PPy ]|, where L£; is the Lipschitz con-

stant given in (5), then the bound of the state estimation
error eq(t) is independent of the system input and output
and satisfies:

lex(®)]l < coller(O)llexp{(coLylll In—p Pr P2 Jll-ao)t}
(19)
Proof. From (16). we can obtain:
er(t) = etite (0) +/t ML, PR |
(f (T‘lz,T)O— f(T7"2,7))dr

From the fact that 2 := col(Z,y), we have:

= ]| e e

(20)

T~z — T3

Therefore
£ (T 2t) = f (T2 t) || < L llea ]

Using (5) and the triangle inequality, we can obtain that
for any t > 0

(22)

lex() < coe ™" flex (0)]| + coe ™" L -
t
H[ In—p P1_1P2 ]H/ 0T ||61(T)||d7' (23)
0
Applying Gronwall-Bellman inequality [23] to (23) with

o = colleaO) ult) = e ea(t)] and 5(t) =
coLy ”[ Inp PI'Py |||, we can obtain

e Jley (1) < colle1(0)] exp {coLf H [ I P1_1P2 ]H t}
(24)

Multiplying both sides of the above inequality by e~90?,
(19) can be obtained.

Remark 1. ag and ¢y are positive constants chosen to
ensure that [e/1f|| < cpe ¢, According to conclusion (2)
of Lemma 1, /L is stable. Therefore such constants ag and
co always exist [23]. Since e; is bounded, we can assume
that

leall <~ (25)

Proposition 1. Under the Assumption 1-4, the system (16)-
(17) is asymptotically stable if there exist matrices Py > 0,
P, >0, Ay, P, and a positive scalar « satisfying M :=

ATP + P Ay + 2P PF + a(Ly)*I AT Py
PyAs AL Py + PyAo
<0 (26)
Where/L:Al—FPl_ngAg,Pl:Pl[In,p Pflpg}

Proof. Assume V;(e;) = ef Pre; and Va(e,) = e] Poey,.
Consider V(e,e,) = Vi(er1) + Va(ey) as a Lyapunov
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candidate. The time derivative of Vi, V5 along the trajectories
of system (16)-(17) can be shown to be equal to:

3 T T .
Vi = el Piei + el Piéy

= 6?(;1{]31 + Pllel)el + 26?]51 (f(Tflz, t) _
27)

Since the inequality 2X7Y < éXTX +aYTY is true
for any scalar a > 0, then
. ~ ~ 1 _
Vi < e (A] Pi + PiAy)e; + EelTPlPlTel
+a(f(T 2t — (T '5,0)"
: (f(Tilth) - f(Tile’/at))
~ ~ 1 _
S 6{(A{P1 + P1A1)€1 + EelTPlplTel
+a(Ly)?[lea]?
. _ 1. _
=ef <A{P1 + P A+ EP1P1T + Oz(ﬁf)2]np> e1
(28)

va = efA?;Poey + 6§POA361 + eg(AgPO + Pvo)ey
+265130 <f2(T_1zvt) - fZ(T_lévt)) (29)
+ 2e) PoEs A(T ™" 2,t) + 2¢] PyDa fo — 2¢] Pyv

From the Cauchy-Schwartz inequality and (15), we can
impose a bound on the last four terms of (29).

2e, Po (fo(T 7 2,t) — fo(T7'2,1))
+ 2e, PyE; Ay (T~ "2, t) + 2¢) PoDa fo — 2¢) Pov
< 2||Poey|l (Ly, ler]l + 1 B2l (T 2, 1) + || Da|l p — k)
<~ Pocy | (30)
Therefore we can derive that
V = Vl + V2
~ ~ 1 - _
<el (AlTPl + PA, + a131131T + a(,cf)QInp) e1
+ €{A§P0€y + 65POA361 + GZ(AgPQ + Pvo)ey
-2k HPOey”

~ N 1. _
<ef (AlTpl +PiAy+ PP+ a(z:f)Z‘[,L_p) el

+ B{Agpoey + 65POA361 + 65(A§P0 + Pvo)ey
=eT'Me

<0 31)

It follows that e — 0 exponentially, namely, the error
dynamical system (16)-(17) is asymptotically stable.

Remark 2. The inequality (26) can be transformed into the
following LMI problem: find matrices Py, P;, P>, Y and a
scalar « such that:

@ + Oé(ﬂf)2ln7p Pl P2 AgTPO
pr —al,_ 0 0
PI 0 —al, 0 <062
PyAs 0 0 Y+YT

where © := A,{Pl +P1A1 +A§PE+P2A3 and Y = Pvo.
If L; is known, then the problem of finding Py, P, %, Y
to satisfy (32) is a standard LMI feasibility problem.

After getting the sufficient condition for the error system

F(T7'2,1))16)-(17) to be asymptotically stable, the next objective is to

determine the scalar gain function k(-) in (14) such that the
system can be driven to the sliding surface S in finite time
and a sliding motion can be maintained.

Proposition 2. Under the Assumption 1-4, the error system
(16)-(17) is driven to the sliding surface (18) in finite time
if the gain k() is chosen to satisfy

k= (|43l + | B2l Le + L, )y + 1Dzl
B E(T7 2,8) + 0

where |le1|| < v (25), 7o is a positive scalar.

(33)

Proof. Consider a Lyapunov candidate function Vs (e, ) =
I'p
ey 0€y-

Vy = engPoey + 6;1;P0A3€1 + eg(AgPo + PyAp)ey,
+2e) Py (f2(T 7 2,t) — fo(T7'2,1))
+ 2e) PoEs Ap(T "2, t) + 2¢] PyDa fo — 2¢) Pyv
< e{AgPoey + 6§POA3€1
+2ey Py (f2(T 7 2,t) — fo(T7'2,1))
+ 2e) PoEs Ap(T "2, t) + 2¢] PoyDa fo — 2¢) Pyv
< 2||Poey || (|4s]lllexll + Ly, lex]l + | B2l £(T" 2, 1)

+[|D2l p = k) (34)
From (33) and (34) it follows that
Vs < =230 [Poey | < =297 Amin(P)V2 > (33)

where Ap,in(Po) is the smallest eigenvalue of Py. This
shows that the reachability condition [10] is satisfied. As
a consequence, an ideal sliding motion will take place on
the surface S and after some finite time %,

e1 =é; =0, Vit >t (36)

IV. RECONSTRUCTION OF ACTUATOR FAULT

Given a sliding mode observer which satisfies (26) and
(33), the task in this section is to reconstruct the actuator
fault using the so-called equivalent output injection [15].

Assumption 5. There exists a nonsingular matrix G €
RP*P such that

G| E» Dy |

(37

H, H,
0 Hs

where H; € RP~D*" and Hy € R1%Y is nonsingular.

Remark 3. The matrix structure G in Assumption 5
guarantees that the actuator can be distinguished from the
system uncertainty, which makes actuator fault reconstruc-
tion possible.
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Multiplying both sides of (17) by G, yields
Gey = GA361 + GAoey + G (fg(T_lz,t) — fQ(T_l,’/37t))

o, H AY(T12,1)
A A

After reaching the sliding surface, the sliding motion will be
maintained thereafter, i.e., e, = 0 and é, = 0, therefore (38)
becomes

0=GAse; + G (fo(T "'2,t) — fo(T7'2,1))

H Hy | [ AW(T '2,0)
+ [ o ] [ . ] Gy (39)

where v, is the equivalent output error injection signal rep-
resenting the average behavior of the discontinuous function
v. Since limy .o, €1 = 0, fo(T12,t)— fo(T~12,t) will also
tends to zero. This implies (from (39)) that

fa - H:),_IGQ'Ueq

(3%

as t — oo (40)

where G2 represents the last ¢ rows of G.
The equivalent output error injection signal can be approx-
imated as:

Pye
Veqg = k(tayvu)| 0y (41)

|Poeyll + 6

where ¢ is a small positive scalar to reduce the chattering
effect. It can be shown that v, can be approximated to any
degree of accuracy by (41) for a small enough choice of §.
The actuator fault can accordingly be approximated by

Poey

L k(t, g, u) Hy YGy—- 05U
Jom k(b y W Hy" Coqp e s

(42)

V. SIMULATION RESULTS

The example of a single-link flexible joint robot system
has been considered to demonstrate the effectiveness of the
proposed SMO in reconstructing actuator faults. A dynamical
model for the robot can be described by ( [21], [24])

B, = 4.6 x 1072m, k; = ks = 1.8 x 10"*Nm/rad and
K, =8x1072Nm/V.

To illustrate the effectiveness of the prosed SMO and
to reconstruct the actuator faults, a nonlinear uncertainty
is added to the system which satisfies the bound |[[¢)] <
0.023(sinf2)?. For the illustration purpose, a linear state
feedback controller v = [—-14.1 — 25.6 — 16.2 — 12.1]z has
been utilized to stabilize the system. Suppose that a fault
fa occurs in the input channel, where f, = 0.05¢ (t < 2)
and f, = 0.5sin(2xt) (2 < t). Therefore the fault distribu-
tion matrix D will be equal to the input matrix. Reorder
the system variables and let @ = col(xy,xa,23,24) :=
col(02,ws,01,w1), then the output distribution matrix C
becomes:

Notice that C' does not have the form in (8). A nonsingular
transformation matrix 7, = [1000;1100;0010;0 00 1]

is therefore introduced to obtain C7. ' = [0 I,] and
accordingly
—1.0000 1.0000 0 0
A= —20.3548 1.0000 19.3548 0
o 0 0 0 1.0000
48.6486 0 —48.6486 —12.4324
0
j— —_ - 3 _ )
fz) = 19.3548(x4 1‘33 33.1935sinx,
486486(331 - 1‘3)3
0 0
1 0
C=[0 Izs],E=|  |.D= 0
0 21.6216

Imposing the stability constraint described in (26), and
formulating the problem in a LMI framework gives the

0 = w following solutions:

. 1 B, K, K,

W = —(k1(02 — 01) + k2(02 — 01)%) — —“w1 + —Lwi + —Tu a = 4.7220
J1 J1 J1

by — w, Py = 32719

1
s = (1 (B — 01) + k205 — 60)) — ™ ging,
2

J: Jo

+¢(01aw1762)w27t) (43)

where 6, and w; are the motor position and velocity, respec-
tively; 62 and wo are the link position and velocity; J; is
the inertia of the DC motor, J5 is the inertia of the link,
2h is the length of the link while m; represents its mass,
B, is the viscous friction, k£ and ko are positive constants
and K is the amplifier gain. It is assumed that the motor
position, motor velocity and the sum of link velocity and
link position can be measured. The values of the parameters
used in this simulation are: J; = 3.7 x 10 3kg - m?,
Jo = 9.3x1073kg-m?, h = 1.5 x 107 'm, m = 0.21kg,

Py =] —0.0018 0 —0.0001 |

[0.1210 0 0
Py = 0 46859 0
0 0  0.0519
[ —28.4926 0 0
Ag = 0 —0.5000 0
0 0 —63.2322

It is verified that the conclusion of Lemma 1 and Proposi-
tion 1 are all satisfied. The transformation matrix 7" is deter-
mined and the system is transformed into a new coordinate z
and all the parameters of the proposed SMO (13) are obtained
. The simulation results are shown in Fig-1, Fig-2 and Fig-
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Fault signal

Time

Fig. 1. Fault signal

0.6

041

0.2

Reconstructed fault signal
IS
) o
ﬁ

Time

Fig. 2. Reconstructed fault signal

3. From the figures, it can be seen that the fault signal can
accurately be reconstructed using the proposed sliding mode
observer even in the presence of sensor noise.

VI. CONCLUSIONS

A new scheme for robust fault estimation for a class of
nonlinear Lipschitz system using a sliding mode observer has
been proposed in this work. The stability and reachability
condition of the proposed sliding mode observer has been
studied. The design parameters of the observer are obtained
by LMI techniques. Under certain conditions, the actuator

0.8

Reconstructed fault signal with sensor noise

Time

Fig. 3. Reconstructed fault signal with sensor noise of 30dB

fault can be reconstructed to any degree of accuracy even in
the presence of nonlinear uncertainties. The effectiveness of
the proposed SMO has been demonstrated considering the

example of a single-link flexible joint robot system.
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