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Accelerated Gradient Methods for Networked Optimization

Euhanna Ghadimi, Mikael Johansson and Iman Shames

Abstract— This paper explores the use of accelerated gra-
dient methods in networked optimization. Optimal algorithm
parameters and associated convergence rates are derived for
distributed resource allocation and consensus problems, and the
practical performance of the accelerated gradient algorithms
are shown to outperform alternatives in the literature. Since
the optimal parameters for the accelerated gradient method
depends on upper and lower bounds of the Hessian, we study
how errors in these estimates influence the convergence rate
of the algorithm. This analysis identifies, among other things,
cases where erroneous estimates of the Hessian bounds cause
the accelerated method to have slower convergence than the
corresponding (non-accelerated) gradient method. An applica-
tion to Internet congestion control illustrates these issues.

I. INTRODUCTION

Distributed optimization has recently attracted a significant
attention from several different research communities. Exam-
ples include the work on network utility maximization for re-
source allocation in communication networks [1], distributed
coordination of multi-agent systems [2], and collaborative
estimation and event detection in wireless sensor networks
(WSNs) [3] and many others. The majority of these praxes
rely on the application of gradient or subgradient methods
to the dual formulation of the decision problem at hand
(cf. [1]). Although gradient methods are easy to implement
and require modest computations, they suffer from slow
convergence rates. In certain special cases, such as the cele-
brated development of distributed power control algorithms
for cellular phones [4], one can replace gradient methods
by fixed-point iterations and achieve improved convergence
rates. For other problems, such as average consensus [5],
a number of heuristic methods have been proposed that
improve the convergence rate of the standard method [6], [7].
However, we are not interested in techniques that apply only
in special cases. We would like to develop general-purpose
schemes that retain the simplicity and the applicability of the
gradient method while improving the convergence rates.

In the optimization literature, there are essentially two
ways of accelerating the convergence rate of the gradient
methods. One is to use higher-order methods, such as
Newton’s method [8]. Although distributed Newton methods
have recently been developed for special problem classes,
they impose large communication overhead. Another way to
improve convergence is to use multi-step methods [9], [8].
These methods only rely on gradient information (and can
hence often be implemented based on local information) but
use a history of past iterates to compute the next.
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This paper explores how multi-step methods can be used
in networked optimization. Our initial focus is to attempt to
accelerate the projected gradient method of [10]. We derive
optimal parameters for the algorithm and show how these
are directly related to the topology of the underlying com-
munication graph. Contrary to the gradient descent method,
which only needs an upper bound on the Hessian for finding
a step size that ensures convergence, the multi-step method
need both the upper and the lower bounds on the Hessian.
Due to this fact, we formally analyze the convergence and
compute the convergence rate in the presence of estimation
errors in the Hessian bounds. Later, we illustrate how the
technique allows us to derive accelerated consensus iterations
and demonstrate improved convergence rates relative to other
acceleration schemes proposed in the literature [11], [6].
Finally, we implement the techniques that we have developed
to accelerate the network flow control algorithm described in
[12]. We discuss how uncertainties in finding the bounds on
Hessian can affect the convergence rate of the algorithm.

The rest of the paper is organized as follows. In Section
II, we review distributed resource allocation and multi-step
gradient techniques. In Section III we present our accelerated
resource allocation algorithm with proofs of convergence
and performance comparison with the basic scaled gradient
method. In Section IV, robustness analysis of multi-step
algorithm in the presence of uncertainty is presented. Section
V is devoted to other applications and considers accelerated
consensus and network flow control. Conclusion remarks and
future work outlook are presented in Section VI.

II. PRELIMINARIES

We consider constrained optimization problems on a net-
work of nodes. The network is modeled as a graph 4 (¥ ,&)
with vertices (nodes) in the set ¥ = {1,2,..,n} and pairs
of nodes as edges in the set & C ¥ x ¥. We use A =
{J|(i,j) € &} to denote the set of neighbors of node i.

A. Resource Allocation Under Total Budget Constraint
Consider the following resource allocation problem

min, Y filx)

subject to Y7 | Xj = Xeor

(1)

Where Y7 | x; = x; is called the budget constraint, and f; are
real-valued strictly convex and twice differentiable functions

whose second derivatives satisfy
Li<f'(xi) <Ui, i=1,.,n, 2)

for known constants U; > L; > 0. A distributed resource
allocation mechanism that maintains the budget constraint
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at all times was developed in [10], [13]. nodes iteratively
exchange resources via the scaled gradient method

Xier1 =xk — WV f(xp) 3)

The weight matrix W needs to satisfy 17W =0, W1 =0
for the total resource constraint to be always satisfied, and
needs to have the same sparsity pattern as the underlying
graph to ensure that nodes only exchange resources with
neighbors. One matrix that satisfies these constraints on W is
the Laplacian of the underlying graph .Z = A(4)A(4)7 [14].
Here, A(¥) is the adjacency matrix of 4 with entries 1
when (i,j) € &, —1 when (j,i) € & and 0 otherwise. To
ensure convergence of the iteration (3), the Laplacian has to
be appropriately scaled W = —8.% for some 6 > 0.

The Laplacian weights relevant to a specific node can be
determined using local topology information. Specifically,

g, (i,j) €&,
Wlij=< —06d; i=}, 4)
0 otherwise.

Where d; is the degree of node i. Following the notation
in [13], we call these constant weights, since all edges
are assigned a constant weight and then Wj; is adjusted to
make sure that W1 = 0. Several heuristic weight choices are
introduced in [13] . For the special case when U; =1 for
all i € 4/, this includes: the maximum degree weights where
0 = 1/max;d;; the best constant weights, for which 6 =
2/ (M (L) + M (L)); and the Metropolis-Hasting weights

—min{1/d;,1/d;} (i,)) € &,
Wij=1q —LiweeWi i=J, (5)
0 otherwise.

We will return to this method in Section III and see how
accelerated gradient techniques, described next, allow to
achieve improved convergence rates compared to (3).

B. Multi-step Gradient Methods

The classical gradient method for minimization of a con-
vex function f takes the form

X1 =X, — OV f (o) (6)

for some step size parameter o > 0. This method is a suitable
choice for distributed optimization due to its simplicity and
ease of implementation. However, gradient based algorithms
often exhibit slow convergence rate [9]. The convergence
rate can be improved by accounting for the history of the
process which is already obtained in the preceding iterations.
Methods in which the new approximation depends on the
preceding ones are called multi-step methods. In this paper,
we use two-step iterations of the form

Xey1 =X — AV f(x) + B (g —xx—1) (7

where o > 0, B > 0 are fixed step sizes. This method, pro-
posed for centralized applications by Polyak [9] is called the
Heavy Ball (HB) method and can be tuned to have smoother
trajectory toward the local minimum point compared with
traditional the gradient iterations [9]. The smoother trajectory

translates to faster convergence rates. The reason why we
focus on this method is that it is computationally simple and
does not need higher order information which might not be
locally available in distributed applications.

III. ACCELERATED RESOURCE ALLOCATION

Our first contribution in this paper is to consider the
application of multi-step methods to the distributed resource
allocation problem (1). To this end, consider the iteration

X1 =Xk — AWV () + B (v — xe—1) (8)
Let x* be an optimal point of f(x). Using Taylor expansion
V() = V2 (") (o —x*) + oo —x*)?
Letting 257! = (xp41 — x*, x¢ — x*), we can rewrite (8) as
F = +o() 9
where the 2n x 2n-square matrix <7 is given by
o — [(H—B)I—aWH —ﬁ]}
I 0 I’

Let L=A(H) <A(H) <...<A,(H)=U be the eigenvalues
of H. In what follows we study the local convergence of the
iterative process described by (8).

Theorem 1: Let @ =WH and A,(®) be the largest eigen-
value of @ and x* be a nonsingular minimum point of
f(x),x € R". Then for

H=V2f(x) (10)

2(1+B)

0<(X<7&1(w) s

the method (8) converges to x* with the rate of geometric
progression:

0<B<I, LI <V2f(x*) <UI (11)

Bl

T Sl <q1 0<qi <L

X — X

Proof: For brevity we omit the proofs. The interested
reader may refer to [15]. |

The next theorem gives the optimal step sizes as well as the
optimum convergence rate of (8).
Theorem 2: The convergence rate of (8) is given by

g1 =max {21/B,[1+ B — ako(0)], |1+ B — at(®) |} - /B

(12)
The minimal value of ¢y,
g = V(@) — /(@) (13)
V(@) + V()
is obtained for the step sizes o = a*,§ = B* with
. 4
o =
(VA@ + V)
B = ( VAn(0) = /12((0))2 (14)
V(@) + /22 (o)

It is known that the convergence rate of the non-
accelerated method is (cf. [9], [8], [13])
(@) — A2 (®)

7 o)+ o(w) >
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Fig. 1. Convergence behavior of HB and Xiao and Boyd method using
randomly generated network and all the heuristic weights. plot shows the
objective function values f(x(r)) — f* versus iteration number ?.

One can verify that g; < ¢, and that the improvement in con-
vergence rate is depends on the quantity xk = 4,(®)/A2(®).
In particular, when x is large, then the speed-up is roughly
proportional to v/k (cf. the analysis for the centralized heavy-
ball method in [9]). Large values of k essentially appear for
two reasons: one is a large spread in the values U; between
nodes, and the other is the topology of the underlying graph.
Assume for simplicity that U; = 1 for all i, so that ® =W and
consider Laplacian weights. It is well-known from spectral
graph theory [14] that the complete graph with n vertices
has (%) = (&%) =n/(n—1), so k =1 and there is
no real advantage of using the accelerated scheme. On the
other hand, for a ring network of n nodes, the eigenvalues
of the Laplacian are 1 —cos % for k=0,....,n—1, which
means that k¥ grows quickly with n, and the performance
improvements of the accelerated methods can be substantial.

1) Numerical Examples: 1In this section we numeri-
cally compare the performance of the accelerated and non-
accelerated resource allocation method under various weight
matrices described in the previous section. To make a fair
comparison, we consider a random graph generated in a
similar way as in [13]. The network shown in the Fig. 1
consists of 20 nodes, each of degree three. Edges are
bidirectional and the objective function at each node has the
form fi(x;) = Yai(x; — ¢;)* +log[1 +exp(bi(x; — dy))], i=
1,..,n. The coefficients a;,b;,c;, andd; are drawn uniformly
from the intervals [0,2],[—2,2],[—10,10]and[—10,10], re-
spectively, and kept the same for all simulations. As initial
values, we fix the sum of variables to zero (i.e., Y.}, x; =0).
The second derivative of the functions f; are positive and

lower and upper bounded are given by ; =a;, u;=a;+
%biz, i=1,...,n. Using the techniques in [13], we set the
parameters 0 = —0.1251 for maximum degree weight and

0* = —0.2030 for best constant weight scheme. Fig. 1 shows
the objective value minus the optimal value as function of
iteration count. The plot shows that the accelerated gradient
method yields a significantly increased convergence rate.

IV. ROBUSTNESS ANALYSIS

When the upper and lower bounds on the Hessian are
known and their ratio is significant, multi-step methods give
a considerable increase in convergence rate over the standard
gradient iteration. However such upper and lower bounds
are sometimes hard to estimate accurately in practice. It is
therefore important to analyze the sensitivity of multi-step
methods to errors in the Hessian bounds to assess if the
performance benefits prevail if the bounds are inaccurate.
Such a robustness analysis will be performed next.

Let L and U be the true upper and lower bounds of the
Hessian of the objective function, and let I and O be the esti-
mated bounds used when tuning the gradient and accelerated
gradient methods. We would like to observe for which values
of L and U the two methods converge under their “optimal”
step-size rules and compare the associated convergence rates.
In [9] sufficient conditions for the convergence of gradient
iterates of smooth functions are given. According to [9,
Theorem 3], for fixed step size 0 < o < 2/U, the gradient
algorithm converges with rate

g2 =max{|1—oaL|,|1-aU| < 1}.

The minimum value g5 = (U —L)/(U +L) is attained by the
optimal step size o* =2/(L+U). Together with the analysis
in Theorem 1 this yields the following observation:

Proposition 1: Consider 0 < L < U to be the erroneous
estimates of the Hessian bounds L,U respectively. For all
values of L,U fulfilling the condition U < U + L both the
gradient iteration (6) with step size selection

a=2/(L+0)
and the HB algorithm (7) with parameters
a=4/(VL+VO?, B=((VO V1))V +VL))>

converge to the optimum of f(x).
According to this proposition, the convergence of both meth-
ods is rather similar. To compare convergence rates, we start
by presenting the following lemma.

Lemma 1: For parameters L,U satisfying 0 < U < L+U
the convergence rate of gradient algorithm is given by

. W/(L+0)-1  L+0<L+U,
2:{ 1-2L/(L+0) L+U<L+0. (16)
It is easy to check §» > g5 for either of two cases, i.e.
the gradient method with misestimated Hessian bounds has
a slower convergence rate than the optimally tuned one. The
best step size choice unexpectedly happens when L+ U =
L+ U, for which ¢, = g3.
On the other hand, Theorem 2 establishes the convergence
rate of HB with arbitrary (uncertain) step sizes to be

1 =max {311+ B ot - B+ - vl - B}
) )
where & and  are the values of the optimal step size rule

when the erroneous Hessian bounds are used. It is interesting
to note that for L = U and the convergence constraint, L +

1670



U > U, both methods converges with rate 1 —L/ I.. However,
when the Hessian bounds are not known, the Heavy Ball
method can either perform better or worse than the gradient
method. We have the following results

Proposition 2: Assuming parameters L > L,U > U. then
convergence rate of the Heavy Ball method is §; = 1+ B -
ol —Bl/ 2 which is faster than the gradient alternative.

Proposition 3: Assuming parameters L < L,U > U and
L+U =L+U. Then the convergence rate of the Heavy Ball
method is given by §; = /2. Moreover, if (U /L)'/2 > U/L,
then this rate is slower than the gradient alternative.
From our simulation experience, the situation described in
Proposition 3 is rather singular. In fact, we have not yet
experienced this situation in non-contrived scenarios.

V. FURTHER APPLICATIONS
A. Accelerated Consensus

Distributed algorithms for consensus seeking, first pro-
posed in Tsitsiklis et al. [5], have been heavily researched
during the last few of years. We consider consensus via linear
iterations on the form

xl(k+1):m1xl(k>+ Z VVljxj(k)7 izl?"'ana
JeN

(18)

Here, W;; is the weight on x; assigned in node i. In [16]
necessary and sufficient conditions on W for (18) to converge
to the average of initial values are given. More specifically, it
is shown that such matrices W have their largest eigenvalue
equal to 1 while their second largest eigenvalue is strictly
less than 1 and determines the asymptotic convergence factor
towards consensus [16]. For symmetric weights, [16] derived
a semi-definite program (SDP) for finding the weight matrix
W with maximized convergence rate and proposed several
simple heuristics for finding suboptimal weights, including
constant and Metropolis-Hastings weights (cf. [16], [2]). In
what follows we use dual decomposition to develop multi-
step consensus iterations with accelerated convergence.

1) Consensus Algorithm Using Dual Decomposition: It
is possible to achieve similar iterations as primal consensus
using networked minimization of quadratic functions

min r L= c)?

subject to  x; = x;,V(x;,xj) €& (19

Any distributed method for solving this problem is also a
distributed averaging (or average consensus) algorithm. A
primal-dual based algorithm combined with a subgradient
method to solve (19) is presented in [17], and an alternating
direction multiplier to cast the optimization problem in
distributed fashion is discussed in [18]. The iterations in
the latter are shown to be resilient to communication noises.
One can re-write (19) in vector notation and apply Lagrange
duality to the coupling constraint to find the Lagrangian

Lx,u) = %(x—c)T(x—c)—F,uTAx (20)

By the first-order optimality conditions for (20) we can define
the dual problem as following unconstrained minimization

—g(u) = —3u"AATu —uTAc @21)

minimize

For given Lagrange multiplier i, the primal variable x will be
updated by minimizing the Lagrangian (20). The accelerated
gradient method hence suggests the multi-step iteration

Wit = e — 0(AAT e — Ac) + B (g — i)

Xt = c—AT gy @2)

Note that the p-iterations in the dual scheme has the same
form as the distributed resource allocation iterations under
Laplacian weight selection. Hence, our analysis and design
rules for selecting optimal algorithm parameters apply imme-
diately. To understand the relationship between this method
and alternative schemes in the literature, it is useful to try
to eliminate the p-update and only consider the dynamics
of the primal variables. To this end, multiplying A” on both
sides of (22) yields

ATy = A" e — aAT (AA" e — Ac) + BAT (1 — 1)

(23)

Using ATty = ¢ —x; and letting W = ATA gives
X1 = (14 B) — oW ) x; — Bxy—1 (24)

As argued previously, W is positive semidefinite with a
simple eigenvalue at 0 and fulfills W1 =0, 17W = 0. With
this definition, the consensus iterations coincide with the
general results of Theorem 2 (the Hessian is identity in (10)).

We compare this simple technique with two alternative
acceleration methods; one from the literature on accelerated
consensus, and the other one from the literature on (central-
ized) first-order techniques for convex optimization.

2) Accelerated Consensus via Shift Registers: Shift reg-
isters can be used to speed up convergence in stochastic
form of (18). In [6] it is demonstrated by simulations that
the consensus algorithm can be accelerated substantially by
using shift-registers in each node. The shift register in each
node stores the most recent history of the node’s iterates.
Consider at iteration k two nodes i, j who decide to update
their values. Node i changes its current value as follows
(node j also updates similarly)

{ %1 (1) = a1 (3 (1) + 32.()) + Lip @ (i), 25

I () = o

Where a; are constant and )} ; a; = 1. Johansson et al., [7]
investigated necessary and sufficient conditions as well as
optimal parameters for convergence of such algorithms using
symmetric weights. More recently, [19] analyzes the accel-
erated convergence rate of shift-registers. For the consensus
problem, shift registers result in iterations on the following
form (assuming two entries in each shift register)
X1 = EWoe+ (1 — &)y (26)

where { is a constant scalar, W also is weight matrix (the

one from (18) can be used). For symmetric W, the average
convergence factor is minimized by letting [20]
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3) Nesterov Method: In [21], Nesterov discusses the com-
plexity bounds of various optimization methods. It is shown
that no gradient-based method can achieve € accuracy (of
the optimal point) in less than o(1/4/€) iterations. More-
over, accelerated methods (which called optimal methods)
to achieve the lower bounds for minimizing smooth convex
and strongly convex functions are developed. Specially for
the convex functions with bounded Hessian, the following
iterations are proposed

. 1
Frr1 = x— g Vf (),

& U—VLa N
X1 = X1 + %(xkﬂ — &),
where Xo = xg.

27

Now we apply this method for consensus by dual decompo-
sition of the optimization formulation of (19). Following the
same procedure as above, we arrive at the iterations

Xer1 = (I — FW) (xi +b(xx —xi_1))
where b=

VUL (28)

VLU

Note that here again (as in (24)) W =ATA. For the consensus
case, we can compute lower and upper bounds of Hessian
(21) with respect to . i.e., V2g(u) =AAT. So L and U relate
to the smallest and the largest eigenvalues of Laplacian. Via
techniques similar to those introduced earlier, and observing
that the Laplacian has a simple smallest eigenvalue equal
to zero, one finds that L corresponds to the second smallest
eigenvalue of the Laplacian.

m—Primal—-Metropolis
™. Nesterov—-Metropolis s
10* "/»7' ", ‘., = = = Shift Register-Metropolis| |
KREN ’.W,.,. ““““ HB-Metropolis
fa, Na ~ ~im
. .. -~
= 2 ~ ‘.
s 10 ~ ~ o R
L aES ll~’~
: - -~
= N TS
= ~ ~
0 ~a ~
10 ., - B
o L) ‘., o
./ S v \. ..
\./' e '\./ .~
. ~
10721 ~
L L L L L L /// L
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t

Fig. 2. Comparison of different consensus algorithms using Metropolis
weight. simulation on a Dumbbell of 100 nodes: log scale of Euclidean
distance from optimal point ||x(t) —x*||3 versus iteration number t.

4) Numerical Examples: Fig. 2 compares the differ-
ent consensus algorithms on a dumbbell topology using
a weight matrix designed using the Metropolis-Hastings
scheme. Here, the accelerated gradient and shift register
solutions converge much faster than the standard iterations
and the iterations derived using Nesterov’s order-optimal
technique. Furthermore, the accelerated gradient method still
outperforms the shift register techniques.

B. Accelerated Network Flow Control

To demonstrate the general applicability of accelerated
gradient techniques to network optimization, we also present

results from an attempt to develop accelerated methods
for Internet congestion control. Network utility maximiza-
tion (NUM) as a powerful framework for studying Internet
congestion control and related problems has been attracted
considerable attention during the last decade; see, e.g., [1],
[12]. Almost all the congestion control protocols have been
designed are adapting variations of the dual decomposition
techniques employed in [12]. The optimal bandwidth sharing
can be found by solving the following nonlinear program

Zus(xs)

subject to  Rx <,

max
Xs€ I

(29)

where x; is the source rate for client s, R is the Link-Source
routing matrix and c is the vector of fixed link capacities.
I = [my, Ms] imposes lower and upper bounds on the source
rates. The utilities u(x;) are typically monotone increasing
and strictly concave functions. This as well as the linear
constrains cast the overall problem as a convex optimization.
The analysis in [12] assumes that the utility functions are
twice continuously differentiable with 0 < L < —u(x;) <U
for x; € #;. Instead of solving primal problem which is
not decomposable in network peers, the technique in the
literature is to use dual problem as

{us (xs) — Xs Z rls)Ll} + ZA‘[CI (30)
1 l

Note that the dual is separable in the end-to-end rates x;. A
solution for the dual problem can be found by letting each
source optimize its own rate based on the knowledge of (the
sum of) link prices A; which it uses to route the traffics.
Meanwhile, link / updates its price by using a projected gra-
dient iteration. To design an accelerated congestion control
mechanism using the multi-step gradient techniques, we need
to find upper and lower bounds on the Hessian. Following
lemma offers required bounds

Lemma 2: The Hessian of the dual function (30) satisfies

g(A) = max

X €555

Llmax5;

% < VZQ(A) < UlmaxSmax
Where N, is the total number of links. Also [max and Smax
are lower bounds on /,x and smax, respectively.
Our attempt to accelerate the network flow problem results
in a pricing algorithm on the form

A+ a (Zr;sxls‘ - cl> +B (ﬂ.lk - llk*] )1

l (32)
The last term in above equation differs from the original
formulation [12] and comes from the momentum term of the
multi-step method. Disregarding the projection, the classical
analysis of the heavy ball method [9] reveals that the
iterations (32) with step size parameters satisfying

2(1+B)

U lnaxSmax

(€29

A’]kJrl — @A

0<B<l, O<ac<
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Fig. 3. Convergence behavior of Low-Lapsley versus HB. Plot shows log
scale of the euclidean distance from optimal source rates |x, —xf.H% versus
iteration number t.

converge to a nonsingular optimum point. The best step sizes
corresponding to the suboptimal Hessian bounds (31) in the
absence of the projection are given by

7 = -1/2
VU lnaxSmax — leaxsmale /

V Ulmaxsmax + \/ Limaxgmaxjvl_1/2
4
( Vv Ulmaxsmax + \/ Lzmaxgmax]v[_1/2)2

1) Numerical Example: We consider a network with a
routing matrix R of dimension 10 x 10. This matrix is full
rank (providing unique equilibrium point) and is generated
randomly. The utility functions of the sources are set to
aglog(1+xy), with a; = 1 x 10? for all sources. The bounds
in (31) are computed from the routing matrix and the utility
functions. Fig. 3 compares the performance of the classical
optimization flow control and its accelerated variant. As it
is shown in the plot, convergence of both algorithms with
estimated step sizes are slower than what could be achieved
if we could compute the Hessian in every iteration and
adjust the step sizes accordingly. Note that also in this
case the accelerated gradient method provides significant
performance benefits over the gradient method.

B =

o =

(33)

VI. CONCLUSIONS

In this paper, we studied accelerated gradient methods for
networked optimization problems. In particular, we investi-
gated multi-step methods to accelerate center free resource
allocation, distributed consensus and network flow control
problems. We demonstrated both theoretically and numeri-
cally that our method outperforms existing algorithms. As
a future direction, we would like to explore the effects of
the uncertain parameters on the performance of gradient and
multi-step methods and extend our analysis to cover the
projected gradient methods as well.
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