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Abstract—The present paper is concerned with state-
feedback stabilizability in discrete-time switched positive linear
systems. Necessary and sufficient conditions for state-feedback
exponential stabilizability, in this class of switched systems,
are presented. It is shown that, a switched positive linear
system is state-feedback exponentially stabilizable if and only
if an associated sequence, whose elements are computable via
linear programming, has an element smaller than one. Also, a
switched positive linear system is state-feedback exponentially
stabilizable if and only if there exits a product of their
modes matrices whose spectral radius is smaller than one.
Equivalently, the state-feedback exponential stabilizability of
a switched positive linear system is shown to be equivalent to
the solvability of an associated dynamic programming equation
on a given convex cone. That associated dynamic programming
equation it is shown to have at most one solution. This unique
solution, of the associated dynamic programming equation, is
shown to be concave, monotonic, positively homogeneous, and
the optimal cost functional of a related optimal control problem
(involving the switched positive linear system) whose complete
solution is also presented in this communication.

I. INTRODUCTION

In this paper, we use the term switched system to refer to
a dynamical system described by a differential or difference
equation whose right hand side is dynamically selected from
a given finite set of functions, and this selection is governed
by a function (of the time) termed switching signal.

Stability and stabilizability problems, concerning switched
systems, have lately been extensively investigated, and some
of the vast research in this area is documented in various
surveys [4], [3], [11] and monographs [13], [10], [5], [12].

The topic of the present communication is concerned with
the problem of finding necessary and sufficient conditions
for the existence of a state-feedback that exponentially sta-
bilizes a discrete-time switched linear systems. In [6] we
presented complete and general solutions for that problem.
That paper includes three different (but equivalent) necessary
and sufficient conditions for the existence of a state-feedback
that exponentially stabilizes a general switched linear system.
Convex analysis was also already used in [6] in order to ob-
tain a sufficient (conservative) state-feedback stabilizability
condition based on solving convex programming problems.
Further extensions and refinements were also included in [7]
and [8]. In the present work we specialize some of those
results and techniques (developed in [6] and [7]) in order to
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address, in a convex (but not conservative) manner, the state-
feedback stabilizability problem in discrete-time switched
positive linear systems.

The organization of the paper is as follows. Mathematical
preliminaries are in section II. Different but equivalent neces-
sary and sufficient conditions for state-feedback exponential
stabilizability of the switched positive linear systems are pre-
sented and proved in section III. A sequence, whose elements
are computable by solving linear programming problems, is
associated to the switched positive linear system, and we
prove that the state-feedback stabilizability of the switched
system is equivalent to the existence of an element smaller
than one in that sequence. The state-feedback stabilizability
of the switched system is also proved to be equivalent
to the solvability of an associated dynamic programming
equation on some specific convex cone. Results regarding the
solvability of the associated dynamic programming equation
are in section IV. Some observations regarding stabilizing
state-feedback mappings and their corresponding Lyapunov
functions are included in section V. The complete solution
of a related optimal control problem is presented in section
VI. Summary and concluding remarks are in section VII.

Most of the notation used through the paper is standard.
77T denote the non-negative integers. For k € Z™, we use
ZI%F) to also denote the set ZI%* = {0,...,k}. We use I
to denote the set of all the sequences {z;} C R", k € Z*.
For = € R" we use |« = /S0, 2. ey = S0, fril
2]loc = max;eq1,.. ny |zi|, and we denote by |z| € (R™)*
the vector whose i-element is |z;|. 1 € (R™)T is the vector
with all its elements equal to 1. For x € R”, y € R™, and
X e R weuse x > 0, x > y, and X > 0 to mean
ze (R, z—y e (R")T, and X € (R"*™)* respectively.
p(X) is the spectral radius of X € R"*", and Appr(X) is
the Perron-Frobenius eigenvalue of X € (R"X™)+,

II. PRELIMINARIES
Let N € Z*, N > 0, be given. We denote by Q the
set @ = {1,...,N}. Let us introduce the following sets of
control functions (or switching signals)
Qr = {q] q: z0F1 —Q}, keZ" k>0,
Quw = {alq:2" — Q}.

Let A; € R™™, ¢ € {1,...,N}, be given matrices.
The present article is concerned with the dynamical system
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described by

a(k+1) = Agyz(k), k € Z*, 2(0) =29 € R", g € Qs ,
ey
which will be referred as the switched linear system (1).
And in case that A; > 0, Vi € {1,..., N}, that is, when all
the matrices are element-wise non-negative, we refer to such
system as the switched positive linear system (1). The motion
of such a controlled dynamical system will be denoted by
x(+; %o, q). It is clear that the non-negative orthant, (R™)*,
is an invariant set for the switched positive linear system (1).
To each mapping « : R™ — Q we associate the diagonal
(or static) operator J : I} — Q. defined by

Fo(2)(k) = k(2(k)), keZT.

It is clear that if we also associate to each mapping x :
R™ — Q the (closed-loop) dynamical system described by

.Z‘Cl(k-i-l) = A,{(Icl(k))l‘cl(k) , ke VA , xcl(O) =1x9 € R",
2

then, it follows that z(-; xo, Fi(x)) = za (-5 zo).

The following definitions, [6], are used in this work.

Definition 1: The switched system (1) is state-feedback
exponentially stabilizable whenever there exist a mapping
Kk :R™ — Q and scalars o > 1 and 0 < 8 < 1 such that
the motions of the associated (closed-loop) dynamical system
(2) satisfy

lzer(k; zo) | < aB*|laoll, k € ZT, zo €R™.
Definition 2: The switched system (1) is uniformly expo-
nentially convergent whenever there exist scalars o > 1 and
0 < B < 1 that obey the following property:
For each 2o € R"™ there exists ¢,, € Qo such that the
corresponding motion of (1) satisfies

(ks 20, o)l < aBllao], & € ZF .
In [6] it was proved that the above two concepts are in fact
equivalent. That is, we proved that:
Theorem 1 ([6]): The switched linear system (1) is state-
feedback exponentially stabilizable if and only if, it is
uniformly exponentially convergent.

III. CONVEX CONDITIONS FOR STATE-FEEDBACK
STABILIZABILITY IN SWITCHED POSITIVE LINEAR
SYSTEMS

We associate to the sets Qx, k € ZT, k > 0, of control
functions, the following sets Sy, k € Z™, k > 0, of matrices:

Sk = {S eER™ . § = Aq(k—l) '~~Aq(0) ,q € Qk}

We also associate to the switched positive linear system (1),
the sequence of functions {11}, where IIj, : (R")* — R,
ke Z*, k>0, is defined by

Ii(2o) = min ||z (k; 2o, q)llL = min 1Sz, ()

and the sequence {7}, where m, € RT, k € ZT, k > 0, is
defined by

T = max Hk(ﬂfo)

zo€{wo€(R™) T:||z0|[1 <1}

= max min 1*Szg. ()]
zo€{zo€(R™)t:||z0|[1 <1} SESK

Some useful simple properties of these sequences {II} and
{7} are included in the next Fact.

Fact I1: For each given k € Z*, k > 0, it follows that

(1) 11 is concave.

2) Hk(/\l‘o) = /\Hk(ito), AE (R)+, Xo € (Rn)Jr

(3) Mk = MaXy e (moe(®n)||zo =1} Hr(T0) -

4 T = max|,, |, <1 Mingeo, [2(k; 2o, q)]1-

(5)  mp < minges, maxjeqr,.. ) [1(9);l1

= mingegk ||S*1||Oo
(6)  For each given h € ZT, h > 0, it follows that

The < (0 k)h
We further associate to the switched positive linear system
(1) the sequence {d;}, where 6y € RT, k € Z*, k > 0, is
defined via the following linear programming problem

Sy =

) min v. (5
VvERT, A€(RNF)+ . T

eo, M=, gco, AaS;1<p1

The following result is a consequence of the convexity of
the functions —Il;, k € Z*, k > 0.

Lemma 1: Consider the switched positive linear system
(1) and the associated sequences {7} and {0y }. It is always
verified that

T = 0 k€Z+, k>0.
Proof: Notice that, for each given k € ZT, k > 0, we
have that

—T = —Ig(z0) =

min
zo€{zoe(R™)*+ : 1*2(<1}

min to
(to,z0)E{to€R,zoE(R™)*+ : 1*¥20<1, —1*Sqwo<to ,Yq€E QL }

The proof follows by observing that the convex programming
problem in (5) (in fact a linear programming problem)
is related, via Lagrange duality [1], with the last convex
programming problem (which is also a linear programming
problem). Clearly, the Lagrangian [1] associated with the
above convex optimization problem is the function

‘C(t()?IOaana )\) =
—v + (1 - Z )\q)to + (V].* — 77* — Z )\ql*Sq>CIL‘0,

qeQy q€Qk
ne®)*, veRT, Ae ®Y)F,
and the Lagrange dual function is

‘C(tO;annayv >‘) =

ZQEQk /\qS:]k]' =n

9

JULA) = inf
g(n ) (to,z0) ERXR™

{ Vs Ygeg e =1, vl -

—o00, otherwise
ne®)*t, veRt, xe RV,
Thus, the Lagrange dual optimization problem is

sup g(n,v,\) =

ne(R?)+,veRT , Ae(RVF)+
max -V,

veR+, Ae(RN*)+: 30 Xg=1, e, AaS;1<r1

qEQ

whose optimal value (as clearly follows from (5)) is —d.
Since the Slater condition for the convex (primal) optimiza-
tion problem is satisfied, it then follows [1] that strong
duality is achieved. That is, —my, = —0dy . [ |
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The main result in the section is presented next.
Theorem 2: For the switched positive linear system (1)
the following assertions are equivalent:
@) The switched positive linear system (1) is state-
feedback exponentially stabilizable.
(i)  There exists ko € ZT, ko > 0, such that &, < 1.
(i)  limg 400 0 =0.
(iv) There exists kg € Z%1, ko
minges,, p(S) <1.
(v)  limg 4o minges, p(S) =0.
(vi)  There exists a concave function W : (R")T —
RT satisfying
. W()\SC()) = )\W(Io), AE RJr, Xo € (Rn)+,
. W(l’o) < W(yo) , o € (Rn)Jr R
(yo — o) € (R")*,
o |lzolls < W(zo) < vllzoll1, zo € (R")T,
for some vy > 1,

> (0, such that

which solves the following associated dynamic
programming equation:

W(xo) = 1%z0 + miél W(Aqzo0), o € (R™)T. (6)
qe
Moreover, any state-feedback mapping « : R* — Q
defined by
w(o) € argmmin W(Afool), 20 € B, (D)
qe

with W as in (vi), exponentially stabilizes the switched
positive linear system (1). And furthermore, the function
W (]+]) is a Lyapunov function for the exponential stability of
the trivial solution of the associated closed-loop dynamical
system (2).

Proof: This proof is organized as follows: It is proved
that (i) = (i) = (vi) = (i). We also prove that (ii)) =
(iii) = (v) (notice that it trivially follows that (v) = (iv)),
and finally (iv) = (ii).

(i) = (ii).) By assumption there exist a mapping x :
R™ — @ and scalars o > 1 and 0 < 8 < 1 such that the
motions of the associated (closed-loop) system (2) satisfy

1
Jn
af*|lzoll < aB¥|lxolly, k€ ZT, zp €R™.

Choose ko € Z%, kg > 0, such that /naB® < 1. And
define the following family of control functions:

[[zer(k; o) [l < lzer(k; o)l <

Qoo = Fr(zal(-;20)), 20 €R™, |lzoll1 < 1.
Then, we have that

min ||z (ko; zo, q) |1 < [|(ko; 20, ¢ay)|1 =
€Qkg

|z et (ko3 o)1 < vnaBk | xg € R™, |lzg1 < 1.
It therefore follows from Lemma 1 and from Fact 1 that

Ok max  min ||z(ko; 2o, q)|1 < vVnafr < 1.

= Tk, =
0 0
HIOH1S1 quko

((ii) = (iii).) By assumption there exists ko € Z™, ko > 0,
such that dx, = 7, < 1. It can be assumed, without loss of

generality, that £y > 1. Notice that in case that ky = 1 we
can appeal to Fact 1 (property (6)) to define a new k¥ =
hko with h € Z*, h > 1. Thus, k™ > 1, and moreover
Taew < (g )" < 1. Now, for a given zo € (R™)™, we will
consider the optimal control problem

qlglglrklo ||x<k07$OaQ)”1 3 (8)

and we will use i, 4, to denote a solution for that problem.
Therefore, for any given zo € (R™)*

lz(ko; 20, Gko,z0) |1 = min ||z (ko; 2o, q)||1 =
q€Qk,

My, (z0) < mhollToll1 -
Let us define

My, = max{1,

max  [|S"1|sc}
Sergl Sj
Let 2o € (R™)* be given, and let h € Z*, h > 0, be
given. Let Gpiy,zo € Qrk, e a control function made up by
concatenating solutions of the optimal control problem (8)
with the following initial conditions:

-%O = To, -il - x(kfh i‘Oa dko,io) ey
Tp_1 = 2(ko; Th—2, Qro,in_s) -

That is, using the above notation, the control function Gn .«
is defined by

Qhko o (FKo +1) = Qro.z, (1) ,
ie€{0,...,(ko—1)}, 7€{0,...,(h = 1)}.

Now, it is easy to see that, with the above defined control
function Gpg, ., the following inequalities are satisfied:

|z (k5 2o, Ghig o)1 < Mkoﬁioﬂxoﬂl ,
kEZ+, k‘E{jko,...,jko—I—(ko—l)},
j€A{0,....,(h—1)}, and

x(k; 20, Qhko,zo ) l1 < My, [|2oll1, k= hko.
[|@(k ) < My lzolly s k= hk

It is then clear that the above expression implies that
limy_, oo 0 = limg_ oo™ = 0. Given € > 0 arbitrary,
we choose jo € ZT, jo > 0, such that Mkowi‘; < €. Then,
for any k € Z*, k > joko, it is verified that (where we have
chosen h € Z™, h > 0, such that k < hko; thus j > jo)

Op = T = max Iy (2) = Mg (xo) =

z€(R™)T:||2][1<1
min ”x(lﬁanQ)”l < Hx(k;xm(jhkowo)nl <
qEQk

J J
Mkoﬂko < Mkoﬂ-k((]) <e€,

where zy denotes an optimal solution for the problem
max,ec(rn)+:|z|1 <1 Hk(z)

((ii) = (vi).) (In this part of the proof we continue with
the line of reasoning developed at the previous part, ((ii)
= (iii)).) For each k € Z*, k > 0, we now define the cost
functional Jy, : (R™)* x Qp — RT by

k k
Te(z0,9) = Y [e(is 20, )1 = D 172(i520,0) . (9)
i=0 =0
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For any given o € (R™)" we will consider the following
family of optimal control problems (where k € Z*, k > 0):

in J(z0.q) 10
min Ji (2o, ) (10)

and we will denote by Uy (zo) the optimal values of those
problems. It immediately follows that the functions U :
(R")T — RT, k € ZT, k > 0, are concave and continuous
in the whole non-negative orthant (R™)", and also verify the
following two properties:

Uk()\l'o) = )\Uk(l'o) s A E R+ , o € (Rn)+ s (11)
Uk(z0) < Uk(yo), o € (R™)™, (yo —20) € (R™). (12)

Moreover, for any given xo € (R™)™, we have that (choosing
h €Z*, h >0, such that k < hko)

Uk(wo) = min Jy(wo,q) < min  Jpp,(20,q) <
q€Qk 0

qE€Qnk
hko
Tnko (0, Gnko.zo) = D 12(H 20, G zo) 11 <
i=0
- J ko M, +
S koMigrd, ol < 00zl ke Zt k>0,
j=0 (1 - Trko)

It was therefore proved that

< U, < —
||Z‘0||1 = k(l‘o) = (1 — 7Tk0)

o€ RN, keZ", k>0. (13)

It is also easy to see that the following property is verified:
Ugt1(x0) > Ug(xo), w0 € (R")F, k€ Z, k>0. (14)

It then follows that, for each given zo € (R™)¥, the limit
limg 400 Uk (20) exists. That fact lead us to the introduction
of the function W : (R")* — R defined by

W(wo) = lim_Ui(ao)

which, as can be easily verified, inherits all of the aforemen-
tioned properties the functions Uy, have. That is, the function
W is concave and also verifies

W(Azo) = AW (zg) , AeRT | 29 € (R")T,
W(zo) < W(yo) , zo € R™), (yo —z0) € R™)T,
_ho My,
(1 - Wko)

lzoll1 < W (o) < lzoll1, o € (R")+ .

Furthermore, since

Uks1(w0) = (||$0||1+Zl%irglUk($(1;$o,Q)))

in U (A
(llzollx + mip k(Ag0)) ,
ro € (RN, keZ", k>0,

it then follows that IV is a solution of the following dynamic
programming equation:

W(zo) = 1*xo + z%iél W(Awo), 20 € (R™)T.

((vi) = (i).) (Without lose of generality we use v =
ﬁ > 1 in this part of the proof.) We now claim that
any rr(fapping Kk : R®™ — Q defined via

k(zo) € arg Hélél W(Aqlzol), zo € R”
a

is an exponentially stabilizing state-feedback mapping.
Clearly, using the function W(| - |) : R® — R as a
Lyapunov candidate we immediately obtain that

W(‘Am(xo)xOD - W(‘xOD <

W (Au(zo)lzol) = W(lzol) = —|[woll1, zo € R,
which means that W (| - |) is indeed a Lyapunov function
for the exponential stability of the trivial solution of the
associated closed-loop dynamical system (2). It is now easy
to verify that, when using the above state-feedback mapping,

the motions of the associated closed-loop dynamical system
(2) satisfy

et (k; wo)ll1 < W (Jaer (ks m0)]) <
(1= BTy 4 )y <

ko My,
kOMkU ( (1 — Tk ) k
1— 0 ) R™
1 — 74, koly, ) Iwollis 20 €RY,

implying that
lzer (ks wo) | < af*|lzoll, k € ZF, 20 €R™,
koM 1—
with , azi\/ﬁo ko75:(1_7( 71'1@0)).
(1 — ﬂ'ko) kOMkO
((iii) = (v).) That lim_, - minges, p(S) = 0, is a direct
consequence of the fact that

0 =
AE®NF)+ peRt: S

min
Ae=1,% e, AaS1<rl

vV =

a€Qy,

min max XS |l >

/\E(RN’“)+:qugk Ag=1 J€{1,...,n} H(qezgzk 1 ‘1)]”
1 n

min — ( )\qu)_, =

)‘E(RNk)+:Zq€Qk Ag=1 n i,jZ:1 qék Y
1 & 1

min — S).. > — min ma; S) . >
Segk n 1]2:1( )z] ~ n SeS, 47‘6{1,..}.(,71} ||( )_]”1 =
"~ min A (S) Lo (S)
— min = Z min )
n SeSy PE n Seskp

((iv) = (ii).) If there is kg € ZT, ky > 0, such that
minges;, p(S) < 1, then, for h € Z*, h > 0, big enough,
and ki = hkg it will be that minges, |IS*1||ooc < 1. The
proof is now completed by invoking Fact 1 (property (5))
and Lemma 1. [

Remark 1: It immediately follows from Theorem 2 that,
when the switched positive linear system (1) is state-
feedback exponentially stabilizable, an exponentially stabi-
lizing state-feedback mapping x : R® — Q, given by (7),
can always be chosen with the following property:

k(Azo) = k(xo), A€ (R\{0}), zo € R".
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That particular observation is also valid for general switched
linear system as it was already pointed out in [6].

It is important to point out here, that in [2], it was al-
ready proved that: The switched positive linear system
(1) is uniformly exponentially convergent if and only if
minges, p(S) < 1, for some k € Z*, k > 0. Notice that,
this result jointly with Theorem 1 provide an alternative proof
for the equivalence (i) <= (iv) in Theorem 2.

IV. ON THE SOLVABILITY OF THE ASSOCIATED
DYNAMIC PROGRAMMING EQUATION

This section is devoted to present results, which are
related with Theorem 2, and which are concerned with the
solvability of the associated dynamic programming equation
(6), with the number of solutions this equation has, and
also with the properties of their solutions. Let us begin by
introducing the following sets, £ and £, of functions as

LT ={®:(R")" — RT : 3495 >0
(I)(xo) < ’721*550; V.’EO S (Rn)+}7

LT ={®:(R")T — RT : 37, >0,7 >0 :
1*1e < ®(20) < Y21%70, Vo € (R™) T}

Theorem 3: The dynamic programming equation (6) as-
sociated to the switched positive linear system (1) has a
solution W inside the convex cone LT, if and only if,
the switched positive linear system (1) is state-feedback
exponentially stabilizable. Moreover:

(1)  The convex cone £1 admits at most one solution
of the dynamic programming equation (6).
(2) If W € LT is the solution of the associated
dynamic programming equation (6), then, W €
LT and it has the following properties:
(i) W is concave and continuous on (R™)*.
(i) It is verified that

W()\JEQ) = )\W(.Z‘o), AE RT , Lo € (Rn)+
(iii)
W (@o) < W(yo), 20 € (R") ", (yo — z0) € (R")™.

It is also verified that

(iv)  For each given k € Z*, k > 0, it is

0< W(.%‘Q) — Uk(.%‘o> <
( ko My, . )
(1—0rg)

(1—6r) K
(L + moxny i)

1*1‘0 , Lo € (Rn)Jr,

where, in the last expression, kg € ZT, kg > 1, is
such that 05, < 1,

M; = max{1, 1S*1]|oc}, 1 €ZT 1> 1,

max
-1 g,
j=1%7J
and where the approximating functions Uy, k €
ZF, k > 0, can be expressed as follows:

Uk(zo) = 1w + min cjxg , o € (R™)F,
qeQy

k
Cq = Z(Aq(lfl) - Aq(o))*l, q e Qk .

Proof: Ian;rt 1 we prove the necessary and sufficient

condition for existence of solution in £T. In Part 2, we prove
the rest of the statement.
Part 1.- (Sufficiency.) It was already proved, in Theorem 2,
that if the switched positive linear system (1) is state-
feedback exponentially stabilizable, then, there exists W &
LTTC LT that solves the dynamic programming equation.
(Necessity.) If W € L* and solves the dynamic pro-
gramming equation (6), then, it immediately follows that
W € LTF, with 44 = 1. Thus, any state-feedback
mapping K (R")* — Q obeying k(zg) €
argmingeo W(A,xo), o € (R™)T, exponentially stabi-
lizes, within the non-negative orthant (R™)", the switched
positive linear system (1). Clearly, it follows from

W (Au(z)zo) — W(xo) = —[lzollr, Vao € (R™)F

that for the motions of the associated closed-loop dynamical
system (2) it is

1. % n
et (ks 2z0) Iy < v2(1 — %) [zoll1, zo € (R™)T.

Choosing ko € Z*, ko > 0, such that v (1 — le)ko <1,
and defining the following family of control functions:

ro = Fe(@al-;70)), w0 € (R")T, [lzols <1,
we obtain, for zg € (R")T, |lzo|/y < 1, that

min ||z (ko; zo, ¢) |1 < [|z(ko; z0, ¢uy)[l1 =
€Qkg

1.\
e (kos o) |1 < 72(1— =)
72
It therefore follows from Lemma 1 that

Oko = Ty = max min ||z(ko; zo, q)|[1 <

zo€(R™)T 1 |l@o||1<1 gE€QkK,

1\ ko
72 (1 72) <1.

Now, by invoking Theorem 2, it follows that the switched
positive linear system (1) is state-feedback exponentially
stabilizable.

Part 2.- Assume W € L7 is solution of the dynamic
programming equation (6). Then, since the switched positive
linear system (1) is state-feedback stabilizable, it follows
from Theorem 2 that there exists kg € Z7T, ko > 1,
such that d;, < 1. As in the part ((ii) == (vi)) of the
proof of Theorem 2, we consider the costs functionals Jj, :
(R")Tx Qr — RT, k € ZT, k > 0, defined by (9), and for
given zo € (R™)" we consider the family of optimal control
problems defined in (10) and we will denote by U (xg) the
optimal values of these problems. It follows (as it was shown
in the ((il) = (vi)) part of the proof of Theorem 2) that the
functions Uy, : (R™)T — R* are concave and continuous
on (R™)*, and they also obey properties (11), (12), (14),
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and (13). As a result of all that, we can define a function
Uy : (RM)T — R* by

k——+o00
which therefore will also be concave and will verify
Uso(A20) = AUso(20) , A €RT | 19 € (R™") T
Uso(w0) < Uso(y0), z0 € (R™) T, (yo — w0) € (R")T,
Uso(x0) > Ug(x0), 20 € R, k€ Zt k>0,

and , 1*$0 < UOO(J?()) < *xo , To € (Rn)+

Further, since

Ugr1(xg) = (1*$O —|—£Iéi5 Uk(Aq$0)> ,
ro € (RN, keZt, (15)

it then follows that
Uso(10) = 120 + HliIQl Uso(Agz0) , 20 € (R™)T.
qe

We now claim that Uy, = W. By assumption W € LT,

that is, there are vy; > 0, 2 > 0, such that
’}/11*1'0 < W(l’o) < ’)/21*1'0, Xo € (Rn)+ . (16)

Without loss of generality, we will assume that v; < 1, and
Y2 > 1. We now use (15) and (16) to invoke Lemma 2 (stated
after this proof) from which it is concluded that

—(1 " = Do
(14 (y2My)—1)k

(1- ’72_1)72
(14 (72 Ma)=1)F

The above bounds imply that for each given zo € (R")™
lim Uk(.’E()) = W(.’L'()) .
—+o0

1"x9 < W(xo) — Up(x0) <

]_*.2307 $QE(Rn)+,kJ€Z+,k>O.

k

Hence, U, = W, and the claim was proved. The above
bounds also imply that

lim sup
k=400 25 € (Rn)+ ¢ |lzo |1 <1

(W (o) — Ug(20)| =0,

and therefore, the continuity of W, on the whole non-
negative orthant (R™)", follows from the continuity of the
functions Uy, k € Z*, k > 0. The final properties of
the solution W € W™ follow now from the properties
we have already established on Uy, and (then) by setting
koM,
V2= (Tog, o0 the above upper bound. |
In the proof of Theorem 3 we have used the next result that
we have adapted from [9] to fit in the setting of the present
discussion.
Lemma 2: Consider the switched positive linear system
(1). Let W : (R®)*T — RT satisfying

")/11*560 S W(l’o) S ’)/21*1’0, VSEO S (Rn)+,

for some given 1 > v > 0, 72 > 1, be a solution of the
associated dynamic programming equation (6). Let {Uj},
k € Z™, be the sequence of functions generated by

Uk1(z0) = (1*zo + f]réiél Ur(Aqwo))
Uo(xo) = ].*1‘0, o € (Rn)Jr, kezZt.
Then, under these conditions,
-(n'-1
(14 (2 Ma)=1)k
(1—v"
(1+ (y2M2)~1)

where My = max{1, maxseg [[A;1|o0}-

W(xo) < W(xo) — Up(wo) <

Wi(xo), w0 € R, keZt,

V. ON STABILIZING STATE-FEEDBACK MAPPINGS AND
THEIR CORRESPONDING LYAPUNOV FUNCTIONS

Straightforward but important conclusions regarding sta-
bilizing state-feedback mappings and their corresponding
Lyapunov functions are obtained from Theorem 3 and sum-
marized in the next result.

Corollary 1: Assume the switched positive linear system
(1) is state-feedback exponentially stabilizable; that is, there
exists kg € ZT, ko > 1, such that &, < 1. Let ky € ZT,

( (1—6k0) )kl
Ko My, Mo

M;,l € Z*,1>1,is as in Theorem 3. Let k € Z*, k >
k1, be given, but arbitrary, and consider the corresponding
finite subsets {p;}qc0,,, C (R™)" and {c;}4c0, € (R™)F
defined as

k1 > 0, be such that ¢; = < 1, where

k+1

Dg = Z(Aq(zq) o Ag0) 1, g € Qpya, (17)
=1
k

g =Y (A1) Ag))*1, q € Qp. (18)

1=1
Then, under these conditions, the following holds:
o Every state-feedback mapping x; : R® — Q given by
ki(zo) € (arg min pl’;|z0|)(0)7 g € R", (19)
q€Qk+1

exponentially stabilizes the switched system (1).
o Also, the function Ug(] - |) which can be expressed as
U (|wol) = 17[o| + min cy[zol, zo € R™,  (20)

q€Qnk

is a Lyapunov function for the exponential stability of
the trivial solution of the associated closed-loop system
(2) (that uses the corresponding feedback mapping xy).
Proof: Let W € LT be the solution of the associated
dynamic programming equation (6) (that by virtue of The-

orems 2 and 3 it is known to exist). It is a consequence of
Theorem 3 that for each k € Z™T, such that k > k;, it is

0< W(|$0|) — Uk(|.’1?0|) < 61”370”1 , Va?o S Rn,
= Ug+1(lmo|) — Uk(|zol) < erllxoll1, Yo € R™.
Then, using properties (12) and (15) (enjoyed by the func-

tions Uy) jointly with the underlying assumptions, we obtain,
for each k € Z*, k > ky, that

Uk (|Ary (20)T0l) — Ug(|zo]) <
Uk (Ar,,(z0)|ol) — Uk(lzol) =
{I%iél Uk (Aglzol) = Uk(|zo]) < —(1 — e1)|lzol[1 , Yzo € R™.
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Finally, noticing that the functions Uj, obey property (13)
(= Uy € L) completes the proof. [ |

Remark 2: Expressions (19) and (20) constitute explicit
formulas for a stabilizing state-feedback mapping and its cor-
responding Lyapunov function respectively. And the sets of
vectors, {pq}qe0,,, in (17) and {cq}qeg, in (18), constitute
representations for that state-feedback mapping x5 and for
the corresponding Lyapunov function Ug(] - |) respectively.
Concerning these representations, it is important to remark
that, typically, these sets of vectors include vectors that are
redundant, and therefore they can be eliminated by means
of some selection procedure. For instance, it is clear that a
vector, in {p,}qec0,., that belongs to the convex hull of a
different subset of vectors in {p,}4c0,., is redundant.

Remark 3: We further remark that in order to find a
stabilizing state-feedback mapping it is enough to find k €
77, k > 0, satisfying the condition

Uk+1($(]) — Uk(x()) <1, Vg € (Rn)+ : ||x0||1 =1.

It immediately follows from the proof of Corollary 1 that, for
such a k, the state-feedback mapping xy, in (19) is stabilizing
and Uy (| - |) is its corresponding Lyapunov function.

VI. ON A RELATED OPTIMAL CONTROL PROBLEM

In this section we present a complete solution for an
optimal control problem involving the switched positive
linear system (1) which is closely related with the state-
feedback exponential stabilization problem in a sense that
will be precisely stated next, in Theorem 4. We begin with
the following definition.

Definition 3: The switched linear system (1) is said to be
uniformly /; bounded whenever there exists a scalar v > 1
that obeys the following property:

For each zy € R"™ there exists g;, € Qs such that the
corresponding motion of (1) satisfies

k
> iz wo, azo)llt < Allzolly, k€ ZF.

i=0
In relatiozn with the switched positive linear system (1)
we introduce the following cost functional J, : (R")T x
Qoo — (REV)F defined as

21

k
Joo(wo,q) = lim > [la(izo, )1 (22)
=0

For each given z¢ € (R™)™, we will consider, and also solve
in this section, the following optimal control problem:

inf Joo(z0,q) , 23
nf (%0, q) (23)

q
for which it will be denoted by U : (R™)* — (R(®V)* the
optimal cost functional
Ulzo) = inf Joo(zo,q). (24)
7€ Qoo
We further associate, to the switched positive linear system
(1), the sequence {vy}, k € Z*, k > 0, defined as

v = max Ui (zo) - (25)

2o E(R™) T : ||lzo[1<1

Regarding the above posed optimal control problem (23) we
have the following important result.

Theorem 4: For the switched positive linear system (1)
and the optimal control problem (23) the following assertions
are equivalent:

(1) The optimal cost functional U, defined in (24), is

continuous at xg = 0.

(i)  The switched positive linear system (1) is uniformly
{1 bounded.

The switched positive linear system (1) is state-

feedback exponentially stabilizable.

(iv)  The associated sequence {vi}, k € Z*, k > 0, is
bounded.

Further, in case the above conditions are satisfied, we have

U(l‘o) == qrenén Joo(x(bQ) = W(l’o), Ty € (Rn)+v

(iii)

where W € LT is the solution of the associated dynamic
programming equation (6). Moreover,

Gay = Fro(@(120, Fu(2))), xo € (R")"

with, k(zo) € arg mig W(Agz0), o € (R™)T
q€

is an optimal solution for the optimal control problem under
consideration.

Proof: ((il) = (i).) The continuity of U at o = 0
follows from

0 < U(x0) < Joo(0,qwe) < Yllzollr, x0 € (R™)T.

(i) = (ii).) By hypothesis, there is § > 0 such that
U(zg) < 1, Voo € (R™M)T lzolli < 4. Since U is

positively homogeneous, we have that
1
Ulzo) < 5llaolh, Vo € R™)T,

from which, choosing v = %, the condition (21) is satisfied
for each zg € (R™)T, and therefore for each xy € R™.
((ii) = (iv).) By hypothesis, for each zg € (R™)™, we have

Us(20) < Ji(20,qz0) < Yll2oll1, k€ ZT, k>0,

implying that vy, <7, k € ZT, k > 0.
((iv) = (iii)) Invoking Lemma 3

k
5k§UkH(UJ )S’y(l—l)k,kEZ+,k>0,
=1 Y K

hence there exists kg € ZT, ko > 0, obeying g, < 1.
Theorem 2 completes this part of the proof.

((iii) = (ii)) An exponentially stabilizing mapping & :
R™® — Q (will be associated with scalars o > 1 and
0 < B < 1, and) generates control functions g,, € Q. Vvia
Gz = Fr(x(; 20, Fu(x))), o € R™, for which the motions
of (1) satisfy

(ks @0, 4o )| < ||zl k € Z*, 2o € R™ .

Then, condition (21) holds with v = (\1/:7;‘).
The last part of the Theorem is now proved. By assumption
there is W € £, the unique solution of the associated dy-

namic programming equation (6). Consider a state-feedback
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mapping x : R™ — Q defined as in (7), and consider the
family of control functions ¢, € Qo, o € R", generated
when closing the loop with the above feedback, that is

Gz = Fi(x(; 20, Fr(2))), ®o € R™. Then, for each given

xo € (R™)T, we have that
Joo(-rquAwo = k‘BT Z ||l' 1 anqwo)Hl -
lim (W(:co) - (J;(k; + 1;x0,qx0))) =W (xp).
k—+o00

Now, for each given zo € (R™)T, let Gz, € Qo be any
control function for which J (%o, qy,) is finite. It then
follows that lim;_, o ||(%; To, g, )||1 = O, implying that
lim; oo W (2(4; 20, ¢z )) = 0. It also follows that

k

Joo @0,00) = lim 3" (i 20,z 1 >
=0

k
lim (W(m(z, 20, Qao)) — W(x(i + 1;x0,q$0))) =
k—400 P
lim (W (xo) — W(z(k + 1530, ¢s,))) = W(x0),
k—+o00
which completes the proof of the Theorem. |

The next result provides with a needed relation between the
associated sequences {vy} and {8y }.

Lemma 3: Let zo € (R™)* and k € ZT, k > 0, be given.
Let G, € Qk be such that

Ur(zo) = Ji (0, Gr,zo) = min Ji(xo,q) -
qeQy

Then, [|(k; 20, ko)1 < o TTj—y (%) 2ol +
and therefore, 0, = 7, < U Hle(%) .

Proof: Let us use x; = (i;Zo, Gkuo)s ¢ = 0,..., kK,
and z; = ||z(4; 0, Gr,z) |11, ¢ = 0, ..., k. By the optimality

of Gz, € Qk it follows that
ZZZ Uk—j(@;) < vp—j |zl = ve—j 25,

jE{O,..., —1}.

To compute an upper bound for z;, we use the above k
linear inequalities to pose and solve the following linear

programming problem (in the variables 2y, ..., 2):
max zg
s.t. X (Zl . Zk)* < by,
2120, 2z =20
where X, € RF** b, € R are
1 1 1 . 1 1
(1 —vg-1) 1 1 .- 1 1
Xk: 0 (1—1}]@,2) 1 - 1 1 ,
0 0 0 (I1-v1) 1
be=((vk—1z 0 0 --- 0)°.

The proof of the Lemma is now consequence of the fact
that the optimal value for that linear programming problem
is exactly given by vy, H (F '__1)20. [ |

VII. SUMMARY AND CONCLUDING REMARKS

It has been proved that a discrete-time switched positive
linear system is state-feedback exponentially stabilizable if
and only if for the associated sequence {d }, whose elements
are computable by solving linear programming problems,
there exists ko € Z*, ko > 0, with the property that dz, < 1.
The last was also proved to be equivalent to the existence of
ko € ZF, ko > 0, for which minges,, p(S) < 1. It was also
shown that a switched positive linear system is state-feedback
exponentially stabilizable if and only if an associated dy-
namic programming equation has a solution W on a convex
cone. Such a solution, W, which was shown to be unique,
defines a stabilizing state-feedback mapping x : R — Q
via k(z) € argmingeo W(Aq|z|). Such a mapping x can
always be chosen to be conic-wise constant. The function
W : (R*)T — RT is continuous, concave, monotonic,
positively homogeneous, can be uniformly approximated
on compacts using a finite set of linear functionals, and
moreover, W (]-|) is a Lyapunov function for the exponential
stability of the trivial solution of the associated closed-loop
dynamical system. It was also shown that a switched positive
linear system is state-feedback exponentially stabilizable if
and only if it is uniformly /; bounded. Further, the state-
feedback exponential stabilizability of the switched positive
linear system was related to an optimal control problem
whose complete solution was also presented. The optimal
cost functional for that optimal control problem was shown
to be the above function W, and a state-feedback mapping
K, as above, was shown to generate an optimal control.
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