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Decomposition of Linear Port-Hamiltonian Systems

K. Hoftner and M. Guay

Abstract—1t is well known that the power conserving in-
terconnection of finite dimensional port-Hamiltonian systems
is also a port-Hamiltonian system. Given a linear port-
Hamiltonian system, this paper proposes conditions under
which the control system can be expressed as a composition
of two linear port-Hamiltonian systems. This decomposition
of linear port-Hamiltonian systems is based on the inherent
interconnection structure and can be applied without knowledge
of the physical interconnection structure.

I. INTRODUCTION

One of the important properties of port-Hamiltonian sys-
tems is that, by interconnection of simple system, complex
networks of port-Hamiltonian systems can be constructed
with properties that can be inferred by the properties of the
elementary systems. The reversal of this construction is sub-
ject of this paper. That is, we consider the decomposition of a
complex systems into an interconnection of port-Hamiltonian
systems.

One motivation for this research is to establish a frame-
work such that the matching problem, known from the
interconnection damping assignment passivity-based control
methodology, can be effectively divided into smaller sub-
problems. The concept of decomposition of port-Hamiltonian
systems has received limited attention in the literature, no-
table exceptions are [7] and [2]. In the latter reference, it is
noted that an explicit algorithm for the minimal represen-
tation of a complex composed Dirac structure is profitable
in the context of modelling interconnected systems. The
decomposition results presented in [7] are based on the La-
grangian formulation, but are also applicable to control-affine
systems. One limitation is that it requires the knowledge of
two distinct Lagrangians a priori.

We denote by ¥ the linear control system & = Ax + Bu
with z € X C R", u € U C R™ and X, U are open in
R™ and R™, respectively. We are interested in linear port-
Hamiltonian system of the form & = JQx + Bu, where J =
—JT is called the interconnection structure and Q = Q'
is the constant Hessian matrix of the Hamiltonian function
H = 1/22 " Qx. We assume throughout this paper that the
matrix B has full column rank m < n. Denote by B a full
rank n x (n—m) matrix such that Im B is a complement of
Im B, ie., Im B®Im B, = R” and we define B+ = BI
as a full row rank (n—m) x n matrix that annihilates B, i.e.,
BB = 0. The main thrust of this research comes from the
concept of linear abstractions and C'-related control systems
(see [8]).
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The remainder of this paper is structured as follows; In
Section II, we review the concept of Dirac structures and
abstractions. In Section III, we show that abstractions of port-
Hamiltonian systems can be realized by interconnection of
the abstraction with a “virtual controller”’-port-Hamiltonian
system, where we study two types of interconnection. In the
final section we discuss implications and extensions of the
proposed framework.

II. DIRAC STRUCTURES AND LINEAR ABSTRACTIONS

It is well known that power conserving interconnection
of port-Hamiltonian system are again port-Hamiltonian sys-
tems, see for example [5]. Hence, under this general type of
interconnection, the port-Hamiltonian structure of the control
system is preserved. Furthermore, the interconnection enjoys
several desirable properties. Its Hamiltonian function is the
sum of the individual Hamiltonians and it is passive if the
individual systems are passive. It would be interesting to
understand if this process of interconnection can be reversed.
More precisely, we would like to know if, given a port-
Hamiltonian system, one can we write this system as an
interconnection of “smaller” port-Hamiltonian systems. We
first define what a smaller port-Hamiltonian system is with
respect to a given one. For this we consider the notation of
abstraction of a linear control system. Then, we develop a
framework that allows us to determine when an abstraction of
a port-Hamiltonian system is also a port-Hamiltonian system.
This allows us to determine when the interconnection of
an abstraction with a “virtual controller” yields the original
system. The objective of the following section is to develop
conditions under which a port-Hamiltonian system can be
written as an interconnection of its abstraction with an
additional “virtual controller” port-Hamiltonian system. It is
conceptually preferable, for our purpose, to work with Dirac
structures to represent linear port-Hamiltonian systems.

A. Dirac Structures

Dirac structures are generalizations of symplectic and
Poisson structures, which are models for the interconnection
structure of Hamiltonian systems [6]. They are algebraic
structures that can be extended naturally to differentiable
structures on manifolds (see [4] for further details). We
are interested in Dirac structures that are induced by port-
Hamiltonian systems. For this class of systems, the Dirac
structure is interconnected via a set of internal ports to an
energy storage element and a resistive element, that repre-
sent the storage or Hamiltonian function and the damping
structure, respectively.
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Definition 2.1: Let F be a finite dimensional real vector

space and F* its dual. A Dirac structure is a subspace D C
F x F* such that dimD = dim F and (e, f) = 0 V(f,e) €
D x D*, where (e, f) denotes the duality product, that is,
the linear functional e € 3* acting on f € &.
The variables f = [fi,..., fn]" are called flow variables
of D and their duals e = [e!,...,e"]T are called effort
variables. For port-Hamiltonian systems, the state space X
is the space of energy-variables denoted by x. The space of
flow variables for the Dirac structure D is then the product
X x F with f, € X. By duality the space of effort variables
is the product X* x F*, with e, € X*. The flow variables of
the energy storage element are given by & and the effort
variables are given by %—ZI such that the energy storage
element satisfies the total energy balance H = <%—IZ, ) =0.
The Dirac structure is interconnected via the internal ports
to the energy storage element through the interconnection:

_0H

Jo= 2 = o

and e,

This yields the dynamical system

. OH
<LE, %,f, 6) € D.

Dirac structures admit different representations, see [1],
[3], [10], [2] for further details.

We require the following representation of a Dirac struc-
ture. Let D C F x F* be a Dirac structure, then

D=A{(e,f) e FxF|Ff+FEe=0}
for n X n matrices F' and E satisfying

EFT+FE" =0
rank [F|E] = n.

The pair (E, F) is called the matrix kernel representation of
D. If the image of F' and E has dimension larger than the
dimension of ¥ then (E, F)) is called relaxed matrix kernel
representation.

Example 2.2: Port-Hamiltonian systems define Dirac
structures. In matrix kernel representation, the Dirac structure
associated to a linear port-Hamiltonian system is

I L W e £ VR PR

Hence, we have the matrix kernel representation (F, F') with

I, B [ J 0
S B P

We use the following notation for the matrices involved
in the matrix kernel representation of port-Hamiltonian sys-
tems:

I, . . J . 0
IR M L B

1) Interconnection of port-Hamiltonian systems and Dirac
structures: The following discussion can be found in [2].
We consider two types of composition of Dirac structures,
composition and gyrative composition. We study the compo-
sition of two Dirac structures with partially shared variables.
Consider the Dirac structure D 4 on a product space F; x Fy
of two linear spaces F; and JF9, and another Dirac structure
Dp on Fy x F3, with F3 being an additional linear space.
The space JF is the space of shared flow variables, and JF;
the space of shared effort variables. We make the following
definitions:

Definition 2.3: Let D4 and Dy be two Dirac structures
on 1 X I} x Fo x F5 and Fy x F5 x F3 x T3, respectively.
The composition (or canonical interconnection) of D4 and
Dp is defined as

DAHDB :{(f1761,f3,63) € 3~1 X gﬁlk X 3:'3 X ?g |
E'(fg,eg) € ?2 X ffr; s.t.
(f1,e1, f2,€2) € Daand (—f2, €2, f3,e3) € Dp}.
Definition 2.4: Let D4 and Dp be two Dirac structures
on J1 X F] x Fo x F5 and Fy x F5 x F3 x T3, respectively.
The gyrative composition of D4 and Dp is defined as

DsANDp :{(fl,el,fg,eg) e F x 3.-0{ X Fz X f}g |
E'(fQ,eQ) € 972 X 9'; s.t.
(flvela f2762) € ®A and (623 _f2af3ve3) € DB}
Remark 2.5: Note that D 4 A D g can also be constructed
via the composition with the symplectic Dirac structure

Dr ={(fra.era, fre,ern) | fra = —ern, fip =era},

such that ‘DAHD]H@B =DasANDp.

It can be shown that, if D4 and Dp are two Dirac
structures with ports as defined above, then D 4||Dp and
Da A Dp are Dirac structures with respect to the bilinear
on J; x 7 x Fz x Fj. Furthermore, if ¥; and ¥y are two
port-Hamiltonian systems and D; and D, are their Dirac
structures, constructed as in Example 2.2, then D; A Do
is again a port-Hamiltonian system and is the feedback
interconnection of >; and Y.

We have the following proposition, due to [2], that pro-
proses a matrix kernel representation of the composition of
two Dirac structures in terms of the matrix kernel represen-
tation of the individual Dirac structures.

Proposition 2.6: Let F;,1 = 1,2, 3 be a finite-dimensional
linear space with dim &F; = n,. Consider the Dirac structures

DaCF1xF xFax F,
Dp C Fa x F x Fg x I,

nA:dimfflefgznl—i—ng

npg :dlmg'.g X 3:3 = N9 + N3
given by the relaxed matrix kernel representation

(Fa, Ea) = ([F1|F2al, [E1|E24]),
(B, Ep) = ([F2B|F3), [E25|E3))

n’y X ny matrices and n’z X np matrices, respectively with
n’y > na and ny > np. Define the (n/; +n'z) X 2ny matrix

Fou  Eop }

M=
{_FQB Exp



and let L4, Lp be m x n’y, respectively m x n'g, matrices
with L = [L4|Lg] and ker L = im M. Then

F =[LoF\|LpFs], E=][LaFi|LpEs],

is a relaxed matrix kernel representation of D 4||Dp.
Similar, we have for the gyrative composition D4 A Dp.

Proposition 2.7: Let F;,i = 1,2,3 and Dy, Dp be de-
fined as in Proposition 2.6. Define the (n/, + n’z) x 2ng
matrix

M:[ Eyn  Fog }

—Fyp Esp

and let L4, Lp be m x n’y, respectively m x n'g, matrices
with L = [L4|Lp| and ker L = im M. Then

F =|[LaF\|LpFs), E=|LAEi|LpEs),

is a relaxed matrix kernel representation of D4 A Dp.
Proof: Let Da A Dp = D 4||D;||Dp the gyrative compo-
sition of D 4 and Dp. Then the proof follows the proof of
Theorem 4 in [2] with matrix representation of the shared
flow and effort variables

M:[ Eyn  Foy ]

—Fyp  Esp

u
Next, we define regularity of a composition.

Definition 2.8: Given two Dirac structures Dy and Dp
defined as above. Their composition is said to be regular if
the values of the power variables in Fo x F5 are uniquely
determined by the values in the power variables in F; x F} x
F3 x F3; that is, the following implication holds:

(f1,e1, f2,e2) € Daand (—fo, €2, f3,e3) € Dp
(fi.€1,f2,8) € Daand (= fa, €2, f3,€3) € Dpp
=fa = fa, €2 = 2.
B. Linear Abstraction

Next, we introduce the concepts of linear abstractions as
presented in [8]. Linear abstractions have been introduced
for hierarchical control where the high level control system
is modelled by aggregating the details of the lower, more
complex, control systems. Furthermore, under some assump-
tions, controllability of the abstraction is equivalent to the
controllability of the full system.

Definition 2.9: Let C' : X — Y be a surjective linear map.
Consider the linear control systems

¥1: =Ax+ Biu
Yo: gy =Asy+ By

on X and Y, respectively. They are said to be C-related if
for all z € X and u € U there exists v € R’ such that

C’(Alx + Blu) == AQCIL' + BQ’U. (1)
This definition is equivalent to the ability to find a control v
such that the trajectory generated by it is identical to the
projection of any trajectory of ¥; under C. For a given
control system 3 and surjective map C, we can always

construct a control system which is C-related to X; via the
following proposition.
Proposition 2.10 ([8]): Consider the linear system

Yi: z=A;x+ Bsu
and a surjective map y = C'z. Let

Yo: = Asy+ By
be a linear control system on Y where

Ay = CALCT

Bg = [ CBl CAl’Ul CAl’UT ]

with C* the pseudoinverse of C (i.e., Ct = (CTC)~1CT)
and vy, ..., v, such that span{vy,...,v,} = ker C. Then X,
and Y, are C-related.

We refer to the system X5 as a linear abstraction of ¥, . For
the linear port-Hamiltonian systems we make the following
definition: Given a linear port-Hamiltonian system and a
surjective map C' : X — X4, C induces an interconnection
and damping structure on X4 given by

Ja=CTJCchHT.

Furthermore, C' is structure preserving with respect to this
structure. Let >4 be an abstraction of the linear port-
Hamiltonian system Y. If ¥4 is a port-Hamiltonian system
such that C' is structure preserving then X 4 is called a linear
port-Hamiltonian abstraction of X.

Proposition 2.11: Let X be a linear port-Hamiltonian sys-

tem and X4 a linear abstraction of X with respect to a
surjective map C, then H4 = H o C if ¥ 4 is a linear port-
Hamiltonian abstraction.
Proof: 1f ¥ 4 is a linear port-Hamiltonian abstraction then C'
is structure preserving and A4 = CACY which implies that
we can write Q4 = (CT)TQC™ such that Ay = JaQ4
with J4 = CJ(C*)T. Hence, H4 = H o C up to addition
of a constant. [ ]
An existence condition for a C-relation between X and X 4
is given by the following lemma.

Lemma 2.12: Let ¥ and ¥4 be linear port-Hamiltonian
systems with dimU < dim U 4. There exists a surjective
map C : X — X4 such that ¥ and X4 are C-related if
there exists a linear port-Hamiltonian system X p such that
Y=YXs4ANXB.

Proof: Let us write

Ya: ta=JaQaxa+ Baug
EB : i’B = JBQB(EB +BBUB

then their feedback interconnection > = X4 A X takes the
form

TA B Ja BABE Qa 0 TA
i | | -BgB) Jp 0 @B rB

[ ][]
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Hence, the control systems X and ¥4 are C-related with
C = [I,,,0] since

C(JQx + Bu) = JaQaCz + Ba(—BLQpap +ua).
|

IIT. MAIN RESULT

In this section, we combine abstractions of linear port-
Hamiltonian systems and composition of Dirac structures to
give conditions under which a given linear port-Hamiltonian
system can be written as an interconnection of two lower di-
mensional systems. We motivate this with a simple example
of an LC circuit (see [9]).

Example 3.1: Consider a controlled LC-circuit (see
Fig. 1) consisting of two inductors with magnetic energies
Hy(¢1), Ha(¢p2), where ¢1 and ¢ are the magnetic flux
linkages, and a capacitor with electrical energy H3(q), where
q is the charge. Assuming that the elements are linear, then
their total energy is

1 1 1
H = _—¢?, H = —¢2 and Hs(q) = —¢°
1(¢1) oL, O 2(¢2) o, %2 an 3(0) = 554"
respectively. Furthermore, let V' = wu denote the volt-
age source, then Kirchhoff’s laws yield the linear port-
Hamiltonian system

1 0 0 -1 = 0 o1
q -1 0 0o 0 £ q
1
+10 |u, )
0
0 o1
y=[1 0 0] 0 £ 0 ¢2 ©)
0 0 & q

with Hamiltonian function H = H;+Hs+ H3. An alternative

Ll LQ
¢1

=l

Fig. 1. LC circuit

way to establish this representation is to consider each
element as a linear port-Hamiltonian system. Let us define

él = u1 Qﬁz = U2
215 78H17ﬂ 221 78H27ﬂ
o = 0p1 ~ La Y2 = O¢pa ~ Lo
§ =ug
DI _0H; _ g
Yys = dq — C
where u; and y;, i = 1,...,3 are the voltages and currents

of each element, respectively. The systems Yo and X3 are

then interconnected via the following rule

uz = —Y2 + U3,

which can also be expressed by a symplectic Dirac structure.
This yields the intermediate linear port-Hamiltonian system

s [g]=le LA
q u3 -1 0 Y3 U3

{ Y2 ] [ %Hj

=| 8%

Y3 9q

where we define a new input v’ = [ve,v3] " and new output

y' = [y2,y3] " . Furthermore, the Hamiltonian function of ¥/

is the sum of H; and H,. Next, we interconnect ¥’ to ¥
via the feedback interconnection

ulz[O 1]y/+u

0
U/:—|:1:|y1,

that can also be expressed by a symplectic Dirac structure.
The resulting interconnection constitutes the final system (2).

Next, we want to check whether one can deduce the
intrinsic interconnection structure given only the overall
system, assuming only that the final system was constructed
using a lossless feedback (symplectic) interconnection. We
begin with the state that is directly influenced by the control
input, we assume that this subsystem consisting of the ¢;
dynamics is lossless with quadratic storage function Hi(¢1),
which is given by Hy = 3B QB¢?. If the system is not
lossless, it is clear that we can find a preliminary feedback
that cancels damping in this state. Next, we need to construct
the subsystem consisting of the remaining states and the
interconnection with the ¢;-dynamics.

First, let us define the subsystem consisting of the remain-
ing states. Motivated by the idea of linear abstractions, we
quotient the states space by Im (B), using the identification
of the state space with the tangent space at each point, to
get the reduced state space. We denote the projection by C,
then the reduced dynamics take the form

MNER R

where the last term is the “virtual port” for the reduced
dynamics. Note that this only specifies a virtual port, not
a virtual control input which is used, for example, in back-
stepping. The remaining states must have a scalar input @ (to
be determined) and a scalar output y dual to u. Moreover,
the input % must be a function of ¢;.

We are therefore left with the determination of % and .
By the assumption of symplectic interconnection we have
that 4 = y;. If one further assumes that B’ = [0,1]"
and F/ = CFCT then there exists a (' such that X’
is a linear port-Hamiltonian abstraction. Consequently, the
reduced dynamics can be written in a linear port-Hamiltonian
form.

oqQl-
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We are interested in formalizing this approach using the idea
of achievable Dirac structures and linear abstraction. We need
the following proposition, due to [2], in the proof of the main
proposition of this section.

Proposition 3.2: Consider a (given) plant Dirac structure
Dp with port variables (f1,e1, f2,e2), and a desired Dirac
structure D with port variables (f1,e1, f3,es3). Then, there
exists a controller Dirac structure Do such that D =
Dp||De if and only if the following two equivalent con-
ditions are satisfied

DY DO
DT C DE

where

Dp = {(f1,e1) | (f1,€1,0,0) € Dp}
Dp ={(f1,e1) | 3(f,e) s.t. (f1, e, fre) € Dp}
D% = {(f1,e1) | (f1,€1,0,0) € D}
D™ ={(f1,e1) | A(f,e) s.t. (f1,e1, f,e) € D}.
The proof of this proposition is based on the definition of

a “copy” D} of the plant Dirac structure Dp. We define a
copy of a Dirac structure D by

D* = {(flvelvfae) | (_fhela_f)e) S D}

One possible controller Dirac structure is then constructed
as Do = D4||D.

Proposition 3.3: Let ¥ linear port-Hamiltonian system
and X4 a linear port-Hamiltonian abstraction. Then there
exists a Dirac structure Dp such that D = D 4||Dp, with D
and D 4 two Dirac structures canonically associated to each
control system.

Proof: Letxz e X, z4 € X4 and u € U, uy € Uy, respec-
tively. We define the following vector spaces accordingly

Fr=XaxU, Fo=RF F3=X/Aa,

where U4 = U x R¥. To show that there exists a Dirac
structure Dp such that D = Dy||Dp, we verify that
D™ C D7, which is necessary and sufficient for the existence
of Dp by Proposition 3.2. Assume (fi,e;) € D7, then

there exists (f3,e3) such that (f,e1, f3,e3) = (fz, €z, U, y)
satisfies

Fofe + Fou+ Epe, + Epy = 0. @)

Here f3 is defined by f = [f3, f2] T = A[fs,u]T with the
non-singular matrix

cy. 0
A= C 0
0 Iy

Premultiplying equation (4) by A implies that C'(f, + Bu +
Je,) = 0. Since ¥ and ¥4 are C-related, there exists a
uys € Uy such that

ff—l—BAuA—i—JAef =0.

Let yo = [y,54]" and By = [CB, By] then ¢, = CTel
by Proposition 2.11. Choose g4 = BjeZ then

FAfA+ Fllua+ Edel + Ellya =0,

and therefore there exists a pair (f2,e3) such that
(f1.e1, fo,e2) = (fit,ua, el ya) € Da. u

Remark 3.4: One possible implementation for the Dirac
structure D is DY || D.

We establish a similar result for the gyrative composition
under additional assumptions.

Proposition 3.5: Let X linear port-Hamiltonian system
and X 4 its linear port-Hamiltonian abstraction. There exists
a Dirac structure D g such that D = D4 ADpg, where D and
D 4 are Dirac structures associated to X and X 4, respectively
if and only if

(CLF+B}C)e, € Im C, B
and OF — F,C — BoC; =0

where B = [CB, B4

Proof: Necessity can be shown by straight forward computa-
tion. Sufficiency is shown as follows. Assume that > and X 4
are C-related linear port-Hamiltonian systems. Let z € X,
x4 € Xy and u € U, ug € Uy, respectively. Let us also
define two Dirac structures canonically associated to each
control system, denoted by D and D 4. We define the vector
spaces F1,F, and F3 as in Proposition 3.3. Define further-
more Dy = D Al|Dr, where Dy is a full rank symplectic
Dirac structure. Then we have to check that D™ C D% to
establish the existence of Dp. Assume (f1,e1) € D7, then
there exists (f3,es) such that (f1,e1, f3,e3) = (fz, €z, U, Y)
satisfies

Fpfe + Fpu+ Egep + Epy = 0.

By definition (f1,e1,e2,€2) € Dy if there exists a pair
(f2, &2) such that

(fi,e1, f2,82) € Da (5)

and (*f27627f2362) €®Ia (6)

where (6) is equivalent to fg = ez and é; = f3. Hence, using

the same notation to define f5 as in the proof of Proposition
3.3 we have
f? = CJ_ew
es=—-C 1,
and it remains to show that (5) holds. We have
Ta = JAef + Baug
ya =B Aef.
Let us define %4 by ua = [u,%4]’ and similar y4 =
[y, 5a] ", then
i = Jaed + CBu+ BaCle,
—Cy (Jey + Bu) = B el
By definition of C-relation we have that

CFe, — JAef = BuCe,,
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furthermore e = Ce, (if 2 € (ker C') ) then,
(CJ — JaC — BACl)ez =0

which is true by assumption. Hence, equation (5) can be
satisfied since we have that if (C+J + B]C)e, € Im C+B
then we can find a preliminary linear feedback «(z) such
that

ey = Bjelt = —C(Je, + Ba(x))

which implies that (f,e1, f2,e2) € Da.

|
Next, a possible candidate for the virtual controller Dirac
structure Dy is presented. Note that a Dirac structure em-
bodies generalized port-Hamiltonian systems [4] that may
include algebraic constraints on the dynamical system. Be-
fore proceeding, the following technical lemma is needed.

Lemma 3.6: Let D 4 and D g be two Dirac structures, then

(Dal|D5)" = Dyl D5.
Proof: We show D3||D% < (DallDp)* and
(DallDE)* € DylIDY. If (frrer, frres) € (Dall D)’
then (—f1,e2, —f3,e3) € D4||Dp which implies that there
exists (—fg,eg) such that (—fl,el,—fg,eg) € Dy and
(fg,eg, —f3,€3) € Dp. Hence, (fl,el, f3,€3) S DEHD*A
Now, assume (fi,e1,f3,e3) € Dy||DY then there
exists (f2,e2) such that (—f1,e1,—fo,e2) € D4 and
(f2,e2,—f3,e3) € Dp. It follows that (—f1,e1, —f3,€3) €
'DAHDB and hence (f1,€17f3,€3) S (DAHDB)* |
We define Dp = Dj||D%||D as the virtual controller
Dirac structure, whose matrix kernel representation can be
computed using the results in Section II.

Let us revisit Example 3.1 to illustrate our findings. The
abstraction of the LC circuit is generate by the projection C'
such that ¢, = BT, hence C, B = a # 0. Hence, the first
condition in 3.3 is satisfied. The second condition yields the

matrix equation
0

010 0 0 -1 |- 0 1 010

0 01 1 -1 0 0 0 1

_[O 0 O}

T 00

where v; = R/{0} parameterizes the kernel of C. Hence, for
vy, = L; this condition is also satisfied and the abstraction
is a linear port-Hamiltonian system.

IV. CONCLUSIONS

We established a methodology to decompose linear port-
Hamiltonian systems based on the concept of linear abstrac-
tions and achievable Dirac structures. We showed how the
decomposition can be constructed based on the composi-
tion of Dirac structures. A second type of decomposition,
motivated by power conserving feedback interconnections
of port-Hamiltonian systems, has also been considered. The
conditions for the existence in this case are stronger than in
the first case. We have not considered any damping structure
in this paper. The extension to linear port-Hamiltonian with
damping structures requires one to replace the conditions in

Proposition 3.2 with similar conditions for Dirac structures
with resistive elements given in [2].

An intended application of this result is the introduction of
an inductive approach to solving the linear matching problem
arising in IDA-PBC for linear systems. This approach is com-
putationally less efficient than other solutions proposed in the
literature, but it has the advantage that the procedure gives
clear insight to the interplay between the energy variables of
the system (in some sense extracts the energy representation
inherent in the system, rather than imposing it). A future
direction of research, following ideas in [2], is to analyze
the (achievable) Casimir function of the interconnection. The
development presented applies exclusively to linear control
systems. The largest obstacle to extend decomposition of
port-Hamiltonian systems to nonlinear control-affine systems
is that the extension of abstractions cannot guarantee that
the abstractions are in control-affine form even though the
concept of port-Hamiltonian systems relies on this control-
affine form.
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