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Abstract— In this paper an efficient control strategy using
charge recovery for a MEMS piezoelectric actuator is described.
For piezoelectric actuators or other actuation schemes which
act as capacitor loads, energy consumption can be reduced by
minimizing the number of times the actuator is charged and by
recovering the drained energy when it is turned off. An integer
programming-based algorithm is used to drive micro-robotic
legs consisting of piezoelectric actuators to a certain specific
angle in a given time with the use of minimum energy. Partial
charge recovery, which recovers a portion of the drained energy,
is incorporated by making use of a lighter inductor. This allows
the use of a more flexible controller than a pure ultra low-
power on-off controller, with two or more intermediate voltage
levels between the minimum and maximum voltages available
to improve positioning accuracy, while also reducing energy
consumption.

I. INTRODUCTION

Recent developments in the area of Micro-

Electromechanical System (MEMS) actuators have opened

up opportunities to develop extremely small autonomous

devices such as mobile micro-robots. In order to fulfil the

potential of these devices they should carry their own power

source. This poses the challenge of miniaturization of the

energy source and its associated power electronics circuitry

as well as a strict constraint on the energy available to the

device. Hence, it is essential to make the maximum use of

scarce energy to prolong the productive time of the devices.

Although some miniaturized circuitry and power sources are

already available, minimization of their energy consumption

while meeting servo system constraints is difficult to achieve

using conventional controller optimization methods. In this

paper, an integer programming based optimization algorithm

for such a system is discussed, specifically the prescribed

rotation of the micro-robotic leg joints with minimum power

and an integrated charge recovery system.

Although there are many actuation schemes available in

MEMS such as thermal [1]–[3], electrostatic [4], Scratch

drives with electrostatic actuation [5], [6] piezoelectric actua-

tors often have advantages including light weight, high band-

width, high force production and lower power consumption

[7] [8].They are versatile and can be designed for producing

large force over a small stroke length or large stroke length

with a smaller force. By combining a number of actuators

in series, a large force over a large stroke length can be

achieved, the individual actuator designs borrowed from [9]
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Fig. 1. (a) Concept-drawing of an autonomous micro-robot based on thin-
film piezoelectric actuator joint arrays. (b) Sample Image of leg joints at
0V

used in this project can produce up to 3 degrees of more

rotational motion at 20V when coupled to micro-rotating leg

joints with large weight bearing capacity. They may also be

combined in series to produce substantial rotation required

for a micro-robotic leg joint, as in Fig. 1. Some less common

electrostatic actuator designs [10] also produce comparable

amounts of work to piezoelectric devices; the control strategy

proposed here, targeted for capacitive loads, is applicable

to such actuators as well. A major challenge in using the

piezoelectric actuators for autonomous microsystems is the

associated power electronics. Traditional analog amplifiers

are designed to operate on resistive loads. However, the

piezoelectric actuators act as a capacitor under most operat-

ing conditions. Main et al. in [11] showed that when applied

to piezoelectric actuators, traditional analog amplifier based

circuits consume as much as or more than 99% of energy

supplied. They proposed an alternate option of using pulse-

width-modulation (PWM) based switching controller circuits

to compensate for these losses. This strategy reduces the

energy lost in the circuit drastically, though in a switching

controller, the energy used by a capacitive load is propor-

tional to the frequency of switching. Further energy can be

saved as in our previous work [12] by minimizing the number

of switchings for a given motion of the actuator.

The energy savings above are made on the charging side

of the actuator, but energy can be saved upon discharge as

well. When voltage is applied across a piezoelectric actuator,

and depending on its electromechanical coupling coefficient,

a fraction of energy is used to do the mechanical work and

the remainder is stored as mechanical and electrical energy.

When the applied voltage is removed, the actuator returns

to the original position and the stored energy is drained

off. [11] and [13] showed that most of this energy can be

recovered by a charge recovery circuit using a large inductor

connected with storage capacitor. In this paper, this idea

is converted to a partial charge recovery scheme for the

use of an autonomous micro-robot where a only a small
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Fig. 2. The charge recovery circuit

inductor can be used. The small inductor is lighter and it

allows intermediate voltage levels compared to a pure on-

off controller or a full charge recovery controller. These

intermediate voltage levels can be made use to span more

points in the state space compared to a pure on-off controller.

Because of strict energy budget and high power consumption

of sensor circuits feedback is not used in this application,

although the algorithm can be extended by using receding

optimization horizon to incorporate feedback.

II. DYNAMICS OF THE SYSTEM

A sample image of a micro-robot leg joint is given in

Fig 1. The dynamics of this leg can be lumped into a mass-

spring-damper system which can be represented by a second

order differential equation of the form,

Jθ̈ + bθ̇ + kθ = Gu (1)

where J, b,and k denotes the inertia, damping and stiffness

respectively and G represents the actuator gain, and u the

input voltage to the actuator. This system can be represented

in state space with the angle of rotation (θ) and the angular

velocity (θ̇) of the actuator as states and this can be dis-

cretized with a sampling time Ts to obtain the following

system of algebraic equations,

x ((k + 1)Ts) = Adx(kTs) +Bdu(k) (2)

y(kTs) = Cdx(kTs)

There are two important constraints on the system input.

The first is that the inputs can be changed only at the

sampling instants, which is addressed by appropriate choice

of sampling time in discretization. The second constraint

is on the values that input voltage u(k) can take at each

sampling instants when a charge recovery system is coupled

with a switching, on-off input from the power source. These

constraints are explained in the optimization section.

III. ELECTRICAL MODEL OF THE SYSTEM

A sample charge recovery circuit used for this study, which

is derived from [13], is given in the Fig. 2. It is assumed that

the storage capacitor is of same capacitance as the actuator.

The 20 V supply is connected to the actuator through switch

1. The actuator can discharge itself through switch 2, or it

can charge the storage capacitor when switch 3 closes. Then,

the stored energy on storage capacitor can be returned to

the actuator through the switch 4 or discharged to ground

through the switch 5. Only one of switch 1 to 4 can be

turned on at a time and switch 5 may be turned on only

when switch 3 and switch 4 are in off position. Further

explanation is required for the modes when either switch 3 or

4 is closed. Consider the situation when the actuator voltage

is greater than the storage capacitor voltage. In order to

transfer charge from the actuator to storage capacitor, switch

3 is closed. During the time that the current flows from

actuator to storage capacitor, the circuit can be modeled as

a second order system in terms of charges stored in actuator

q1 and storage capacitor q2 (3). For the effective charge

recovery, circuit parameters are chosen to make the system

underdamped. The diode present in the circuit will prevent

any reverse current and will keep the capacitor voltages

constant at the overshoot points.

L(q̈1 − q̈2) +R(q̇1 − q̇2) +
q1 − q2
C/2

= VD (3)

where VD is the voltage drop across the diode. Letting

q1(0) = V10C, q2(0) = V20C and the differential voltage

V = (q1− q2)/C, where V10 and V20 are the initial voltages

on actuator and storage capacitor respectively.

LV̈ +RV̇ +
V

C/2
=

VD

C
(4)

V (0) = V10 − V20

Assuming that V10 > V20 before switching, then V (t) will

follow a step response until it reaches the maximum value

and will stay there because of the diode. The response of the

system up to the overshoot point then can be written as,

V (t) = VD + (V (0)− VD)e−αt(cosβt+
α

β
sinβt) (5)

where α = R
2L

and β =

√
8L
C

−R2

2L
. V (t) reaches its maximum

value when t = π
β

and the corresponding differential voltage

will be the difference between the actuator voltage, V11, and

the storage capacitor voltage, V21, after switching.

Vmax = V11 − V21 = VD − (V (0)− VD)e−
απ
β (6)

The above equation together with the charge conservation

equation C(V10 + V20) = C(V11 + V21) can be used

to evaluate the actuator voltage and the storage capacitor

voltage after switching:

V11 = VD(
1 + µ

2
) + V10(

1− µ

2
) + V20(

1 + µ

2
) (7)

V21 = −VD(
1 + µ

2
) + V10(

1 + µ

2
) + V20(

1− µ

2
) (8)

where µ = e−
απ
β . Using a diode with negligible voltage drop

compared to the maximum voltage, the above equations can

be approximated to form symmetrical equations.

V11 = V10(
1− µ

2
) + V20(

1 + µ

2
) (9)

V21 = V10(
1 + µ

2
) + V20(

1− µ

2
) (10)

These equations are derived for the case when the actuator

voltage is greater than the storage capacitor voltage. If the

storage capacitor voltage is higher, the charge can be returned

to the actuator by closing the switch 4 (and opening switch

3) and the equations are still valid.
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IV. OPTIMIZATION METHOD

A. Objective function

The objective of the optimization is to drive the states

of the system θ and θ̇ given in Eq. 1 to a desired set of

values in a prescribed time using minimum energy. Hence,

the objective function is the energy used by the actuator

directly from the power source. In piezoelectric actuators

energy is used mainly to charge up the actuator. In the set up

discussed in this paper this can be done by either the external

power source or from the storage capacitor. The capacitive

lose JC is the sum of such externally powered charging or,

in other words, when a transition in voltage states on the

actuator occurs that is powered externally, quantified as

JC =

n∑

k=1

C(us1(k)(u(k)
2 − u(k − 1)2) + us1(0)u(0)

2)

(11)

where C is the capacitance of the piezoelectric actuator and

us1(k) is a binary variable which takes value 1 if switch 1 is

on at kth time instant and 0 otherwise and u(k) represents

the voltage on the actuator at the kth instant, which can

take any allowed voltage given in the automata described

in the following section. In piezoelectric films with high

leakage resistance, the resistive loss is negligible over short

movement duration compared to the capacitive loss, and

hence it is not considered in the optimization.

B. Constraints

There are three types of constraints in the optimization

problem: the dynamics of the system, the final desired states

and the constraints on the inputs which are explained in the

following subsections.

1) System dynamics constraints: The system dynamics

form pn equality constraints from (2) during optimization,

as given below. Here p is the order of the system, being

p = 2 in the case of this paper since the piezoelectric actuator

is modeled as a second order system and n is the number

of time steps allowed to reach the final desired states as

explained in final state constraints.

x ((k + 1)Ts) = Adx(kTs) +Bdu(k) (12)

2) Final state constraints: Since the inputs can be

changed only at certain instants and can take only a certain

values, it is impossible to drive the states to arbitrary points

in the state space. So the aim is to reach the neighborhood

of a desired final state as shown by x(n ∗ Ts) ∈ [xd ± ǫ].
This forms p inequality constraints.

3) Input transition constraints: The inputs of on-off con-

troller can be either umin or umax. On the other hand, a

charge recovery controller can be produce certain interme-

diate voltages as well. These intermediate voltages have to

satisfy certain additional constraints as described below.

Case 1: A simple case is considered first. The storage

capacitor discharges all its energy whenever the actuator gets

charged or discharged, effectively resetting the states of the

automaton. By this assumption the intermediate voltages can

Fig. 3. The automaton showing the constraints on actuator voltage
transitions for the simplest case

be predetermined. The scenario is explained in the following

paragraph.

The actuator is charged to Vmax when switch 1 turns on

and it will either drain the charge to ground through switch 2

or it will charge the storage capacitor through switch 3. If it

drains the energy the actuator voltage will go back to Vmin

and if it charges the storage capacitor the actuator voltage

will reach VInt1 . From VInt1 the actuator can return to Vmin

or Vmax, but the storage capacitor will drain all its energy.

If the actuator recovers the charge through the switch 4, it

will attain VInt2 . From this state, actuator voltage may be

maintained, fully charged or discharged. This results in just

4 voltage levels as shown in the automaton given in Fig. 3.

The states of the automaton represents the actuator voltage

at each instant of time. In order to convert these constraints

to equations, a new set of binary variables v1, v2, v3, v4 are

introduced, each corresponds to an input voltage in the set

Vmin, Vmax, VInt1 , VInt2 . So the input voltage at time t =
k ∗ Ts can be written as,

u(k) = v1(k)Vmin + v2(k)Vmax + v3(k)VInt1 + v4(k)VInt2

(13)

and the following constraint ensures that the system is in

only one state at a time (note that v′s are binary):

v1(k) + v2(k) + v3(k) + v4(k) = 1∀k ∈ 0..n (14)

Additional constraints ensure illegal transitions such as a

transition from Vmax to VInt1 do not happen. This can

be done by making sure that v2(k) and v3(k + 1) are not

simultaneously one, as by the inequality constraint v2(k) +
v3(k + 1) ≤ 1.

Case 2: In the second case we remove constraints on the

transitions of storage capacitor voltages. This is mathemati-

cally more challenging to optimize, but it has greater poten-

tial to improve the efficiency of the system. The intermediate

actuator and storage capacitor voltages are not constants in

this case. The values the voltages can take at any point of

time t = (k + 1)Ts depends on the charge stored in the

actuator and storage capacitor at the previous instant k ∗ Ts.

At time t = kTs let the voltages on actuator and storage

capacitor be V10 and V20 respectively. Then at next instant

the actuator voltage can take any of the following values

{0, 20, V10[
1−µ
2

] + V20[
1+µ
2

]} and storage capacitor voltage

can take any value from the set {0, V20[
1−µ
2

] + V10[
1+µ
2

]}.
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The derivation of these voltages are shown in (6).

The binary variables w1(k)..w7(k) ensure that the state in

the automaton, represented in the form “(actuator voltage,

storage capacitor voltage),” is one of the allowed automaton

states, as shown in Fig. 4, which represents a system of

allowed binary switching sequence:

u(k) = w1(k)Vmax + w2(k)Vmin+

w3(k)(u(k − 1)[
1− µ

2
] + us(k − 1)[

1 + µ

2
])+

w4(k)u(k − 1) + w5(k)u(k − 1) + w6(k)Vmax+

w7Vmin (15)

us(k) = w1(k)Vmin + w2(k)Vmin+

w3(k)(us(k − 1)[
1− µ

2
] + u(k − 1)[

1 + µ

2
])+

w4(k)Vmin + w5(k)us(k − 1) + w6(k)us(k − 1)+

w7us(k − 1) (16)

7∑

i=1

wi(k) = 1 (17)

Here u(k) and us(k) are actuator voltage and storage capac-

itor voltage at time t = k ∗ TS respectively. Some of these

constraints are non-linear due to the multiplication of regular

variables with binary variables. These type of constraints can

be converted to a set of linear constraints by introducing a set

of new variables by the following procedure [14]. Consider a

new variable z(k), to replace the term w4(k)u(k−1) in (15).

By adding the following four additional linear constraints the

above equation can be converted to a linear equation on z.

z(k) ≤ Mw4(k)
z(k) ≥ mw4(k)
z(k) ≤ u(k − 1)−m(1− w4(k))
z(k) ≥ u(k − 1)−M(1− w4(k))

(18)

where M = max(u(k − 1)) = Vmax and m = min(u(k −
1)) = Vmin. Similarly each of the product terms are replaced

by new variables and additional linear constraints are added.

The constraints on transitions of actuator voltage and

storage capacitor voltages are shown in the Fig. 4. The tran-

sitions marked solid (red color) lines involve external power

usage, dash-dot lines (green) employ the charge recovery

circuit, dash-dot-dot (black) lines represent staying at the

same state and dashed lines (blue) are discharge of either

actuator or storage capacitor. From the initial optimization

it was observed that the full range of possible leg motions

(i.e. target final angles) can be achieved with one external

powered charging of the actuator at the beginning of the

motion. Thus, the problem of motion optimization may be

extended to maximizing the energy stored in the storage

capacitor at the end of the optimization horizon for future

use.

4) Modified optimization with final storage capacitor volt-

age maximization: Since the external energy used for a given

required rotation is the minimum possible (a single charging

from the external power source) for the range of possible ac-

tuator final angles, the optimization objectives were modified

to better suit repeated motions. The new objective function

Fig. 4. Automaton showing the constraints on the input voltage for the
case 2

Fig. 5. Automaton showing the constraints in the modified optimization

is set to maximize the storage capacitor voltage at the end

of the optimization horizon. By maximizing the final storage

voltage more than one step of actuation can be achieved

by one externally powered voltage switching for smaller

leg motions or the additional energy required to repeat the

current motion can be minimized for larger leg motions.

Jmodified = us(n) (19)

where n is the number of allowed time steps to reach the

desired final state as given the earlier section. The minimum

energy requirement of one external powered charging of

actuator applied as an additional constraint. Mathematically

this is done by limiting the number of transition from Vmin

to Vmax to one (20),
n∑

k=0

w2(k)w1(k + 1) ≤ 1 (20)

This nonlinear constraint was converted to a linear one using

the method shown in (18). The constraints on the modified

system are shown in the new automaton given in Fig. 5.

C. Optimization solver

All three problems discussed above had linear constraints

after the conversion given in (18). The first two cases had
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Fig. 6. (a) Micro system-Charge recovery controller response for an
optimal sequence to reach 0.13rad at 2ms, (b) Micro system on-off controller
response for an optimal sequence for the same state constraints (c) Optimal
charge recovery controller and on-off sequences

quadratic objective functions and the third one was linear.

Due to the presence of binary variable the problem is NP-

hard, so the optimization needs integer programming solver.

All the constraint equations and objective function were

written in AMPL and solved using CPLEX. CPLEX uses

branch and bound algorithm to solve integer programming

problems.

V. EXPERIMENTAL AND SIMULATION RESULTS

A. Charge recovery vs. pure on-off controller

Experiments conducted on a micro-scale piezoelectric

actuator with natural frequency of approximately 300 Hz

is discussed here. System dynamics were identified from a

step response of the system over relatively long time scales

(0.015 s). Discretized the dynamics with a sampling time of

0.1 milli seconds and the control sequences were developed

for a final time of 20 milli seconds. This final time allows

balance between accuracy (accuracy can be improved by

increasing the time horizon) and efficient speed of operation.

The MEMS actuator, the prototype robotic leg shown in

Fig. 1(b), was operated using a TMS320F28335 micropro-

cessor and Analog devices fast switches ADG5412BRUZ.

Motion of the rotational joint was captured using a high

speed camera at 8000 frames per second and the angle of

rotation was measured using the MATLAB Image Processing

Toolbox. The following second order system was identified

between the input voltage and the angle of rotation of

the leg in radians. Displacement angles are averaged from

many different locations along the rigid portion of the leg

reducing measurement error. In this case the charge recovery

intermediate voltages were 9.6V and 12.4V for a 3.1nF

storage capacitor and 1mH inductor.

y(s)

u(s)
=

1

5.0039× 10−5s2 + 0.0093s+ 164.6091
(21)

After system identification, optimal on-off control sequence

and optimal charge recovery sequence using the simplest

TABLE I

MICRO-ACTUATOR PARAMETERS USED IN THE DYNAMIC INTERMEDIATE

CHARGE RECOVERY SIMULATION STUDY

Parameters Values

R (Ω) 3 ∗ 109

C (F ) 1 ∗ 10−9

Vmax(V ) 20

J (kg.m2) 1.4 ∗ 10−12

b (N.m.s/rad) 2.7 ∗ 10−10
k (N.m/rad) 4.4 ∗ 10−6
G (N.m/V ) 2.8 ∗ 10−8

RDiode(Ω) 2
Sampling time (Ts)(sec) 0.0001

strategy were found. Both case objectives were set to reach

(0.130 ± 0.001 radians, ±1 rad/s) at 2ms. The target final

values were selected as an arbitrary step angle below the

maximum displacement of the leg joint, as though instructing

the leg to move a desired distance and reach zero velocity at

a given time when it would be raised from or lowered to the

ground in exchange with other legs on a robot. The optimal

sequences were applied on a simulink model as well as on

the experimental system. The experimental and simulational

responses obtained from charge recovery sequence are shown

in Fig. 6(a). In the simulation the final angle reaches 0.1297

radians at 2 ms, which is within the constraints given, and

the experiment also follows very closely and settles around

the same value. Similar behavior was also observed with

the optimal on-off sequence as shown in Fig. 6(b). From

the video-captured angular measurement it was verified that

the actuator momentarily becomes stationary at the expected

time with a displacement of 0.13 rad and less than the

targeted 1 rad/s velocity. The optimal charge recovery and

on-off sequences are shown in Fig. 6(c) from which it can

be observed that the charge recovery sequence charges the

actuator externally once compared to three times the pure

on-off sequence. Hence in this example the simplest charge

recovery strategy proved to be 3 times more efficient than

the pure on-off controller.

In order to verify the energy consumption in the experi-

mental switching circuitry and the MEMS actuator, current

and voltage were measured while the switch is turned on

charging the actuator from 0 to 20V. The energy consumption

was found to be 0.27µJ which is in the similar order of

expected value of approximately 0.2µJ for the a nominal

1 nF capacitance; additional power consumption is attributed

to a combination of underestimating the true capacitance

and some parasitic capacitance occurring at the actuator.This

results in an experimental energy consumption per step of

0.27 µJ for the charge recovery controller and 0.81 µJ for the

on-off controller in the case discussed in the last paragraph.

B. Simulational study of Multi-stage charge recovery with

dynamic intermediate voltages

Dynamic intermediate voltage charge recovery could not

be implemented in the experimental systems because of

discrepancies in the electrical model with the experimental

setup. These discrepancies arises due to high resistances in

the electrical interconnects (400 Ω) and dielectric constant of
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Fig. 7. Charge recovery with dynamic intermediate voltages simulation
result

a thin-film piezoelectric material with applied voltage. The

resistance in the interconnect can be reduced to a few Ωs

by efficient interconnect routing as its planned for future

designs. Nonetheless, a simulation study was conducted to

explore potential advantages of multi-stage dynamic inter-

mediate voltage charge recovery on an ideal model. From

this study it was found that a wide range of angles with

satisfactory accuracy could be reached by a single externally

powered switching in dynamic intermediate voltage charge

recovery. Hence, the objective was changed to extract more

from the single power consuming switching. This is done by

maximizing the final storage capacitor voltage and limiting

the externally powered switching to one. The state con-

straints in the simulation were xd ∈ (0.14rad, 0rad/sec)±
(0.001rad, 1rad/sec) at 2ms and single externally powered

switching is added as a constraint, leaving the objective here

as being to maximize the end storage capacitor voltage. In

Fig. 7 a typical response for this scenario is given. The

final storage voltage is 16.24V. So in the remaining steps

this voltage together with external source can be utilized to

charge the actuator. Hence, the energy consumption in future

steps is only approximately 0.09 µJ per step. In terms of

power, for a step frequency of 500 Hz (or 2 ms per step), this

corresponds to an average power consumption of 400 µW

with on-off control, 130 µW with simple charge recovery,

and 90 µW with dynamic charge recovery, could the final

approach be implemented.

VI. DISCUSSION

A method for minimizing the power consumption in

a MEMS piezo-electric actuator for given state constraint

is presented. The main contribution of this paper is the

use of partial charge recovery method making use of a

smaller hence lighter inductor and the optimization of the

resulting control scheme for minimizing the energy usage

using integer programming. The optimization incorporated

both the dynamics of the actuator as well as circuitry

constraints. The integer programming problem is solved by

using CPLEX solver. Since the primary objective was to have

a controller with a minimum energy consumption the high

energy consumption of integrated MEMS sensors (compared

to actuation power levels) are avoided and hence the results

in this paper are shown for open loop scenarios. In these

scenarios, significant robustness is given away for having

minimum possible energy consumption and the controller

performance entirely depends on how accurately the system

can be identified. We note, however, that the method dis-

cussed here can be extended to incorporate feedback by using

model predictive control technique. The model predictive

control technique employs a receding horizon optimization

applying only the first input of each optimization.
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