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Abstract— This paper presents a macroscopic mechanistic
mathematical modeling and optimization study of a batch
polymerization reactor in which self-initiated free-radical poly-
merization of n-butyl acrylate at 140 and 160◦C takes place.
The model is obtained using a comprehensive free-radical
polymerization reaction mechanism. The rate constant of the
monomer self-initiation is estimated from monomer conversion
measurements. The model is validated using a different set
of conversion measurements. The validation results show that
the macroscopic mechanistic model is accurate enough for
optimization of the self-initiated polymerization reactor to
produce high quality acrylic resins. The model is then used
to calculate an optimal batch-reactor temperature profile that
yields an end-batch polymer product with desired properties
(conversion and number-average molecular weight).

I. INTRODUCTION

Acrylic resins are widely used in automobile paint and
coating formulations as weather-proofing agents and consti-
tute a multi-billion dollar global market that is continuously
growing [1], [2]. In the last several decades, because of
stringent environmental regulations in North America, the
volatile organic content in paints and coatings has been
reduced to less than 300 g/l [3]. Acrylic resins with high
molecular weight and high solvent content were replaced
with low molecular weight, low solvent content resins. High-
temperature (greater than 100◦C) free-radical polymerization
processes were developed to produce these resins in place of
conventional low-temperature polymerization processes.

Initiators such as organic peroxides and azonitriles have
been commonly used to initiate high-temperature polymer-
ization of alkyl acrylates, but their high costs and tendency
to produce coloration when they are left unreacted in the
end-product have made them less attractive to use [4], [5].
Spontaneous thermal polymerization of alkyl acrylates was
found to take place in the absence of any known added
external initiators [6]. Such a process could provide an
attractive alternative for the production of low molecular
weight polymers of alkyl acrylates. Initial studies [7], [8]
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using electronspray ionization-Fourier transform mass spec-
trometry (ESI-FTMS), nuclear magnetic resonance (NMR)
spectroscopy and detailed analytic macroscopic modeling
were unable to reveal the true nature of the initiating species
and the mechanism of initiation. More recently, using quan-
tum chemical calculations [9], [10], it has been shown that
monomer self-initiation in alkyl acrylate polymerization is
the dominant initiating mechanism. Further evidence to the
occurrence of the self-initiation mechanism was shown by
accurately fitting the computed structures to matrix-assisted
laser desorption ionization-time of flight mass spectrome-
try [11] and ESI-FTMS spectrum [12] of poly-alkyl acrylate
samples that were generated using the spontaneous thermal
polymerization process.

Macroscopic kinetic models are important tools to un-
derstand complex polymerization processes [12], [13]. The
influence of various parameters on the overall kinetics and
thermodynamics of the process can be identified with the
development of reasonably accurate mechanistic models. The
advantage of mechanistic over semi-empirical models is in
their ability to account for the rate constants of individual
reactions and provide information about the impact of each
of these reactions on the overall polymerization kinetics [14].
Also, the kinetics computed using quantum chemical calcu-
lations can be used in the mechanistic models to improve the
prediction of variables such as monomer conversion, average
molecular weights and chain branches per 100 monomer
units [15]. A macroscopic model can be used to calculate
optimal reactor operating conditions, design model-based
controllers, conduct experimental design, and design prod-
ucts with improved quality [16]. A macroscopic mechanistic
model can be developed using several approaches. The black
box approach is based upon empirical correlations that are
obtained via well-designed experiments, but have limited
predictive power. On the other hand, the detailed analytic
approach is capable of describing the composition of polymer
mass at any time instant by using the information about ele-
mentary kinetic mechanisms. However, the lack of adequate
quantitative knowledge on many individual reactions in a
polymerization process has limited the prediction capabilities
of the detailed analytical models. A third modeling method
is that of tendency modeling, in which number of monomer
units in polymer chains is not accounted for, and the Schulz-
Flory distribution is used to obtain the moments of live
and dead polymer chains. While this simplification reduces
the complexity involved in solving the model equations,
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the tendency modeling approach provides little information
on the individual radicals and their chain length during
polymerization [17].

Propagation rate constants in free-radical polymerization
of styrene, methyl methacrylate and alkyl acrylates have been
measured through pulsed laser polymerization-size exclusion
chromatography (PLP-SEC) technique [18], [19], [20].
Because this technique is unable to accurately determine
rate constants at high temperatures, alternative methods
should be used for the estimation of the rate constants in
high-temperature polymerization. One of these alternative
methods is macroscopic kinetic modeling combined with
estimation of the reaction rate constants from measure-
ments obtained from polymer sample analyses [8]. Previous
macroscopic mechanistic modeling studies of spontaneous
thermal polymerization of styrene and methyl methacrylate
have provided qualitative evidence to the occurrence of self-
initiation [21], [22]. Styrene and methyl methacrylate self-
initiation rate constants have been reported [22], [8] to have
an order greater than two. Extensive studies of macroscopic
kinetic modeling of high-temperature polymerization of alkyl
acrylates, initiated by added thermal initiators, have reported
rate constants of various reactions [8], [23]. Rantow et
al. [8] explored spontaneous polymerization of n-butyl acry-
late using a detailed analytic modeling approach and were
able to predict the activation energy and rate constants of
spontaneous initiation, backbiting and β-scission reactions.
However, no fundamental understanding of the initiation
mechanism was obtained from this study.

In this paper, a macroscopic mechanistic kinetic model is
developed for self-initiated polymerization of n-butyl acry-
late (nBA) in a batch reactor. The rate constant of the self-
initiation reaction is estimated from monomer conversion
measurements, and the model is validated using a different
set of measurements. The model is then used to calculate
an optimal temperature profile for a batch polymerization
reactor.

The organization of the rest of this paper is as follows.
Section II describes the development of the mathematical
model. Section III discusses the parameter estimation. Sec-
tion IV presents the optimization study. Finally, concluding
remarks are given in Section V.

II. MATHEMATICAL MODELING

A. Reaction Mechanisms

The reaction scheme considered here for thermally self-
initiated free-radical polymerization of nBA involves the
following reactions (Table 1): thermal self-initiation, chain
propagation, intra-molecular chain transfer to polymer (back-
biting), inter-molecular chain transfer to polymer, chain
transfer to solvent, and chain transfer to monomer, β-
scission, termination by disproportionation and termination
by combination.

Here, M and S represent the monomer and solvent,
respectively. Dn denotes a dead polymer chain with n
monomer units but without a terminal double bond. Un is
a dead polymer chain with n monomer units and a terminal

TABLE I
REACTION MECHANISMS

a. Monomer self-initiation reactions

3M
ki−→ R∗

1 +R∗
2

b. Propagation reactions

R∗
n + M

kp−→ R∗
n+1

R∗∗
n + M

kt
p−→ R∗

n+1 (+LCB)

R∗∗∗
n + M

kt
p−→ R∗

n+1 (+SCB)

R∗
n + Um

kmac−→ R∗∗
n+m

c. Backbiting reactions (n > 2)

R∗
n

kbb−→ R∗∗∗
n

d. β scission reactions (n > 3)

R∗∗∗
n

kβ−→ U3 +R∗
n−3

R∗∗∗
n

kβ−→ Un−2 +R∗
2

R∗∗
n

kβ−→ Un−m +R∗
m

R∗∗
n

kβ−→ Um +R∗
n−m

e. Intermolecular chain transfer to polymer reactions

R∗
n + Dm

ktrP−→ Dn + R∗∗
m

R∗
n + Um

ktrP−→ Dn + R∗∗
m

f. Chain transfer to monomer reactions

R∗
n + M

ktrM−→ Dn + R∗
1

R∗∗
n + M

kt
trM−→ Dn + R∗

1

R∗∗∗
n + M

kt
trM−→ Dn + R∗

1
g. Chain transfer to solvent reactions

R∗
n + S

ktrS−→ Dn + R∗
0

R∗∗
n + S

kt
trS−→ Dn + R∗

0

R∗∗∗
n + S

kt
trS−→ Dn + R∗

0
h. Termination by coupling reactions

R∗
n + R∗

m

ktc−→ Dn+m

R∗
n + R∗∗

m

kt
tc−→ Dn+m

R∗
n + R∗∗∗

m

kt
tc−→ Dn+m

R∗∗
n + R∗∗

m

ktt
tc−→ Dn+m

R∗∗
n + R∗∗∗

m

ktt
tc−→ Dn+m

R∗∗∗
n + R∗∗∗

m

ktt
tc−→ Dn+m

i. Termination by disproportionation reactions

R∗
n + R∗

m

ktd−→ Dn + Um

R∗
n + R∗∗

m

kt
td−→ Dn + Um

R∗
n + R∗∗∗

m

kt
td−→ Dn + Um

R∗∗
n + R∗∗

m

ktt
td−→ Dn + Um

R∗∗
n + R∗∗∗

m

ktt
td−→ Dn + Um

R∗∗∗
n + R∗∗∗

m

ktt
td−→ Dn + Um
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double bond. R∗
n is a secondary radical with n monomer

units. R∗∗
n is a tertiary radical with n monomer units formed

by the intermolecular chain transfer to polymer reactions.
R∗∗∗

n represents a tertiary radical with n monomer units
generated by the backbiting reactions. SCB denotes a short
branching point, and LCB a long chain branching point.

The self-initiation reaction is considered to occur via the
diradical mechanism of self-initiation reported in [10]. The
overall self-initiation reaction is included in the mechanism
given above. It follows a second order reaction. The sec-
ondary radicals formed by the self-initiation reaction react
with a monomer, leading to chain propagation. Tertiary
radicals formed via chain transfer to polymer and backbiting
either propagates to form short chain branches or undergo
β-scission. A β-scission reaction generates a dead polymer
with a terminal double bond and a secondary radical. The β-
scission reactions attribute to lowering of the polymer chain
length and the average molecular weights.

B. Rate Equations

On the basis of the reaction mechanisms listed in Table
1, assuming elementary reactions one can derive rate ex-
pressions for the various species involved. The production
rates of M , S, R∗

0, R∗
1, R∗

2, R∗
3, R∗, R∗∗, R∗∗∗, D and U ,

respectively, are:

rM = −3ki[M ]2 − kp[M ][R∗]− ktp[M ]([R∗∗] + [R∗∗∗])
−ktrM [M ][R∗]− kttrM [M ]([R∗∗] + [R∗∗∗])

rS = −ktrS [S][R
∗]− kttrS [S]([R

∗∗] + [R∗∗∗])

rR∗
0
= ktrS [S][R

∗] + kttrS [S]([R
∗∗] + [R∗∗∗])

−kp[M ][R∗
0]− kmac[R

∗
0][U ]− 0.5kt[R

∗][R∗
0]

−0.5ktt([R
∗∗∗] + [R∗∗])[R∗

0]

rR∗
1
= ki[M ]2 + kp[M ]([R∗

0]− [R∗
1]) + ktrM [M ]([R∗]

−R∗
1]) + kttrM [M ]([R∗∗] + [R∗∗∗])− ktrS [S][R

∗
1]

−kmac[U ][R∗
1]− 0.5kt[R

∗][R∗
1]− 0.5ktt([R

∗∗∗]
+[R∗∗])[R∗

1]− ktrP [R
∗
1]([U ] + [D])

rR∗
2
= ki[M ]2 + kp[M ]([R∗

1]− [R∗
2]) + kβ [R

∗∗∗]
−kmac[U ][R∗

2]− ktrP ([D] + [U ])[R∗
2]

−(ktrM [M ] + ktrS [S])[R
∗
2]− 0.5kt[R

∗][R∗
2]

−0.5ktt([R
∗∗∗] + [R∗∗])[R∗

2]

rR∗
3
= kp[M ]([R∗

2]− [R∗
3])− kmac[U ][R∗

3]− ktrP ([D]
+[U ])[R∗

3]− (ktrM [M ] + ktrS [S])[R
∗
3]

−0.5kt[R
∗][R∗

3]− 0.5ktt([R
∗∗∗] + [R∗∗])[R∗

3]

rR∗ = 2ki[M ]2 + ktp[M ]([R∗∗] + [R∗∗∗])− kmac[U ][R∗]
−kbb[R

∗] + 2kβ([R
∗∗∗] + [R∗∗])− ktrP ([D]

+[U ])[R∗] + (kttrM [M ] + kttrS [S])([R
∗∗]

+[R∗∗∗])− kt[R
∗]2 − 0.5ktt([R

∗∗∗] + [R∗∗])[R∗]

rR∗∗ = −ktp[M ][R∗∗]− 2kβ [R
∗∗] + ktrP ([D] + [U ])[R∗]

−(kttrM [M ] + kttrS [S])[R
∗∗]− 0.5ktt[R

∗][R∗∗]
−0.5kttt (2[R

∗∗] + [R∗∗∗])[R∗∗] + kmac[U ][R∗]

rR∗∗∗ = −ktp[M ][R∗∗∗] + kbb[R
∗]− 2kβ [R

∗∗∗]
−(kttrM [M ] + kttrS [S])[R

∗∗∗]− 0.5ktt[R
∗]

[R∗∗∗]− 0.5kttt ([R
∗∗] + 2[R∗∗∗])[R∗∗∗]

rD = ktrP [R
∗][U ] + (ktrM [M ] + ktrS [S])[R

∗]
+(kttrM [M ] + kttrS [S])([R

∗∗] + [R∗∗∗])
+0.5kt[R

∗]2 + 0.5ktt[R
∗]([R∗∗] + [R∗∗∗])

+0.5kttt ([R
∗∗][R∗∗∗] + [R∗∗]2 + [R∗∗∗]2)

rU = 2kβ([R
∗∗] + [R∗∗∗])− ktrP [R

∗][U ]
−kmac[R

∗][U ] + 0.5ktd [R
∗]2 + 0.5kttd [R

∗]
([R∗∗] + [R∗∗∗]) + 0.5ktttd([R

∗∗][R∗∗∗]
+[R∗∗]2 + [R∗∗∗]2)

where [z] denotes the molar concentration of species z, R∗

is a secondary radical, R∗∗ is a tertiary radical formed by
the intermolecular chain transfer to polymer reactions, and
R∗∗∗ represents a tertiary radical generated by the backbiting
reactions.

C. Batch Reactor Model
Mole balances for all species involved yield a mathemat-

ical model of the batch reactor:
d[M ]

dt
= rM , [M ](0) = [M ]0

d[S]

dt
= rS , [S](0) = [S]0

d[R∗
0]

dt
= rR∗

0
, [R∗

0](0) = 0

d[R∗
1]

dt
= rR∗

1
, [R∗

1](0) = 0

d[R∗
2]

dt
= rR∗

2
, [R∗

2](0) = 0

d[R∗
3]

dt
= rR∗

3
, [R∗

3](0) = 0

d[R∗]

dt
= rR∗ , [R∗](0) = 0

d[R∗∗]

dt
= rR∗∗ , [R∗∗](0) = 0

d[R∗∗∗]

dt
= rR∗∗∗ , [R∗∗∗](0) = 0

d[D]

dt
= rD, [D](0) = 0

d[U ]

dt
= rU , [U ](0) = 0

where [M ]0 and [S]0 are the initial concentrations of M and
S, respectively. The number-average molecular weight of the
dead polymer chains, Mn, and the monomer conversion, X ,
are then obtained from:

Mn =
[M ]0 − [M ]

[D] + [U ]
Mm

X = 1− [M ]

[M ]0
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TABLE II
REACTION RATE CONSTANT VALUES.

Parameter Frequency Factor Activation Ref.
Energy

kJ.mol−1

kp 2.21× 107 L.mol−1.s−1 17.9 [28]
ktp 1.2× 106 L.mol−1.s−1 28.6 [29]
kbb 7.41× 107 s−1 32.7 [30]
ktrM 2.9× 105 L.mol−1.s−1 32.6 [12]
kt 3.89× 109 L.mol−1.s−1 8.4 [31]
kttt 5.3× 109 L.mol−1.s−1 19.6 [13]
kβ 1.49× 109 s−1 63.9 [13]
ktrP 4.01× 103 L.mol−1.s−1 29.0 [32]
CtrS 107 35.4 [13]

TABLE III
OTHER KINETIC PARAMETER VALUES [13].

Parameter Dimensionless Value
δs 0.1
δst 0.7
δt 0.9
γ 0.5

III. PARAMETER ESTIMATION

Parameter estimation was carried out using least-squared-
error minimization and measurements of monomer conver-
sion from isothermal spontaneous thermal polymerization
of nBA (40 wt% nBA and 60 wt% xylene) at 140 and
160◦C [8]. The minimization was conducted using the
optimization routine fminsearch from the Optimization
Toolbox of MATLAB R2010b. Except for the frequency
factor and activation energy of the self-initiation reaction
that were estimated in this study, the other reaction kinetic
parameter values were taken from the literature (Table 2).
Two difference sets of conversion measurements (set 1 and
set 2) were used in this study. Each set included gravimetric
measurements of monomer conversion from isothermal batch
operations at 140 and 160◦C.

First, the self-initiation reaction rate constant at 140◦C
was estimated from set-1 conversion measurements obtained
at 140◦C. Second, the self-initiation reaction rate constant at
160◦C was estimated from set-1 conversion measurements
from batch operations at 160◦C. Third, using the Arrhenius
plot, the frequency factor and activation energy of the self-
initiation reaction were calculated:

Activation Energy = 47.901 kJ.mol−1

Frequency Factor = 4.810× 10−4 L.mol−1.s−1

The quality of the model fitting the conversion data set 1 can
be seen in Figures 1 and 2. The second set of conversion
data (set 2) at 140 and 160◦C was then used for the model
validation. The validation results are shown in Figures 3
and 4; as can be seen, the model predicts the conversion
reasonably well.

IV. BATCH REACTOR OPTIMIZATION

Using the reactor model presented in Section IIIB, we
calculated an optimal temperature profile, T ∗(t), for a batch
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Fig. 1. Model prediction fitted to the measurement set 1 at 140◦C
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Fig. 2. Model prediction fitted to the measurement set 1 at 160◦C
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Fig. 3. Model validation: model prediction and measurement set 2 at 140◦C
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Fig. 4. Model validation: model prediction and measurement set 2 at 160◦C
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TABLE IV
REACTION RATE CONSTANT DEFINITIONS/RELATIONS.

kt = ktc + ktd
ktt = kttc + kttd
kttt = ktttc + ktttd
ktd = δskt [13]
ktttd = δtkttt [13]

kttd = δst

√
ktkttt [13]

ktc = (1− δs)kt [13]
ktttc = (1− δt)kttt [13]

kttc = (1− δst)
√

ktkttt [13]
ktrS = CtrSkp

kttrM =
ktp

kp
ktrM [13]

kttrS =
ktp

kp
ktrS [13]

kmac = γkp [13]

nBA polymerization reactor with a batch cycle time of 7
hours (including the heating-up and cooling-down periods).
The batch reactor temperature should be 295.2 K at the
beginning and the end of each batch cycle; T ∗(0) = 295.2 K
and T ∗(7×3600) = 295.2 K. The reactor is initially loaded
with monomer (40 wt.%) and solvent (60 wt.%). The optimal
temperature profile should minimize the performance index:

[1−X(tf )]
2 +

[
1− Mn(tf )

5000

]2
where tf = 7 × 3600 s. In other words, the optimal
temperature profile should yield a polymer product with
a monomer conversion and a number-average molecular
weight as close as possible to one and 5, 000 kg.kmol−1,
respectively.

To simplify the optimization problem, we parameterized
the reactor temperature profile using a fourth-order polyno-
mial in time; that is,

T ∗(t) = at4 + bt3 + ct2 + dt+ e

where
e = 295.2 K,

d = −(at3f + bt2f + ctf ) K.s−1

This parameterization of the optimal temperature profile
reduced the search for an optimal profile to a search for
three constants, a, b and c.

The optimization routine fminsearch from the Op-
timization Toolbox of MATLAB R2010b with the initial
guesses:

a = −1.118× 10−14

b = +5.634× 10−10

c = −9.743× 10−6

was used to calculate the optimal values of a, b and c. These
initial guesses correspond to the initial-guess temperature
profile shown in Figure 5.
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Fig. 5. Initial guess for the reactor temperature profile
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Fig. 6. Optimal reactor temperature profile

The optimization routine calculated the optimal values:

a = −1.1792621× 10−14

b = +5.7145938× 10−10

c = −9.3248464× 10−6

which correspond to the optimal temperature profile shown
in Figure 6. Enforcing the optimal temperature profile to the
reactor leads to the production of a polymer with X(tf ) =
0.814 and Mn(tf ) = 4918 kg.kmol−1.

The optimization results shown herein were for a batch
reactor; they were presented to just show an application of
the model. A realistic case is that of a semi-batch reactor in
which the monomer is added to the reactor over time such
that the mass fraction of free (unreacted) monomer in the
reactor never exceeds 10%. This upper limit on the monomer
mass fraction is to ensure the reactor safety. In this case,
the entire solvent is loaded initially, and the optimization
variables are the reactor temperature and the monomer feed
flow rate.

V. CONCLUSIONS

A macroscopic mechanistic mathematical modeling and
optimization study of a batch polymerization reactor in
which self-initiated free-radical polymerization of n-butyl
acrylate at 140 and 160◦C takes place, was presented.
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The model was obtained using a comprehensive free-radical
polymerization reaction mechanism. The rate constant of the
monomer self-initiation was estimated from monomer con-
version measurements. The model validation results showed
that the macroscopic mechanistic model is accurate enough
for optimizing the self-initiated polymerization process to
produce high quality acrylic resins. On the basis of the
model, optimization was conducted, and an optimal batch-
reactor temperature profile that yields an end-batch polymer
product with desired properties (conversion and number-
average molecular weight) was calculated. Other applications
of the model include model-based controller design, reactor
scaleup and safety analysis.
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