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Distributed discrete-time coordinated tracking for networked
single-integrator agents under a Markovian switching topology

Huanyu Zhao, Wei Ren, Shengyuan Xu and Deming Yuan

Abstract— This paper deals with the distributed discrete-
time coordinated tracking problem for multi-agent systems with
Markovian switching topologies. In the multi-agent team only
some of the agents can obtain the leader’s state directly. The
leader’s state considered is time varying. We present necessary
and sufficient conditions for boundedness of the tracking error
system. It is proved that the ultimate bound of the tracking
errors is proportional to the sampling period. A linear matrix
inequality approach is developed to determine the allowable
sampling period and the feasible control gain.

I. INTRODUCTION

During the past decade, distributed coordination of multi-
agent systems has received increasing attention. This is
largely due to the wide applications of multi-agent systems in
engineering, such as networked autonomous vehicles, auto-
mated highway systems, formation control and distributed
sensor networks. As an important example of distributed
control, there has been significant progress in the study of the
consensus problem. Many methods have been developed to
solve the consensus problem including algebra graph theory
[1]-[4], linear system theory [5], [6], and convex optimiza-
tion method [7]. Switching topologies were considered in
[1]-[4] in a deterministic framework.

In practice, a stochastic switching model can be used to
describe many dynamical systems subject to abrupt changes,
such as manufacturing systems, communication systems,
fault-tolerant systems and multi-agent systems. In multi-
agent systems, the stochastic switching model can be used
to describe the interaction topology among the agents. When
the topology is stochastically switching, the distributed co-
ordination problem will become very difficult. Very recently,
some results on multi-agent systems with Markovian switch-
ing topologies have been given in [8]-[11]. In [8], the authors
considered static stabilization of a decentralized discrete-
time single-integrator network with Markovian switching
topologies. In [9] the mean square consensability problem
was studied for a network of double-integrator agents with
Markovian switching topologies. In [10] and [11], the con-
sensus problem was studied for a network of single-integrator
agents with Markovian switching topologies in the case
of, respectively, undirected information flows and directed
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information flows. It should be pointed out that there is no
leader in the problems studied in [8]-[11].

When there is a leader or a reference state in the multi-
agent team, the consensus problem becomes a coordinated
tracking problem or a leader-following consensus problem.
The coordinated tracking problem becomes more challenging
when the leader is dynamic and only some agents have
access to the leader. In [12], the consensus problems with
both a time-varying reference state and a constant reference
state were studied, where only a part of the vehicles has
access to the reference state. In [13], a variable structure
approach was employed to study a distributed coordinated
tracking problem, where only partial measurements of the
states of the leader and the followers are available. In
[14], the leader-following problem for a multi-agent system
with measurement noises and a directed interaction topology
was studied, where a neighbor-based control scheme with
distributed estimators was developed. The leader-following
consensus problem for higher-order multi-agent systems with
both fixed and switching topologies was considered in [15].
In [16], a coordinated tracking problem was considered for
a multi-agent system with variable undirected topologies.
In [17], a PD-like discrete-time algorithm was proposed to
address the coordinated tracking problem under a fixed topol-
ogy. However, to the best of the authors’ knowledge, few
results on coordinated tracking with Markovian switching
topologies are available in the existing literature. In this
paper, we will extend the coordinated tracking results in [17]
to the case of Markovian switching topologies.

The main purpose of this paper is to present a necessary
and sufficient condition for the boundedness of the tracking
error system. It is assumed that the leader’s state is time
varying and only some agents can obtain the leader’s state.
The results presented are mainly based on algebra graph
theory and Markovian jump linear system theory. A linear
matrix inequality (LMI) approach will be used to derive the
allowable sampling period and the feasible control gain.

Notation: Let R and N denote, respectively, the real
number set and the nonnegative integer set. Suppose that
A, B € RP*P, Let A » B (respectively, A > B) denote
that A — B is symmetric positive semi-definite (respectively,
symmetric positive definite). Let p(M) denote the spectral
radius of the matrix M. Let diag(A4;, ---, A,) denote a
diagonal matrix with diagonal block A;, i = 1, ..., n.
Given X (k) € RP, define | X (k)||z 2 |E[X (k)X T (k)]|2.
where E[-] is the mathematical expectation. Let |A| denote
the determinant of matrix A. Let @ represent the Kronecker
product of matrices. Let 1,, denote the n x 1 column vector.
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Let I, and 0,,x, denote, respectively, the n X n identity
matrix and m X n zero matrix.

II. BACKGROUND AND PRELIMINARIES
A. Graph Theory Notions

Suppose that there exist n followers, labeled as agents 1 to
n, and one leader, labeled as agent n+ 1. Let G £ (V, €) be
a directed graph of order n+ 1 used to model the interaction
topology among the n followers and the leader, where V' and
£ represent, respectively, the node set and the edge set. An
edge (i, ) € € if agent j can obtain information from agent
1. Here, agent 7 is a neighbor of agent j. A directed path is a
sequence of edges in a directed graph in the form of (i1, i2),
(i2,43), ..., where i) € V. The union of simple graphs G,
and G, is the graph G, |J G2 with vertex set V(G1) U V(G2)
and edge set £(G1)|JE(Ga). Let A = [ay;] € R(PHD*(n+1)
be the adjacency matrix associated with G. Here a;; > 0 if
agent ¢ can obtain information from agent j and a;; = 0
otherwise. We assume that there is no self loop in the graph,
which implies that a;; = 0. We also assume that the leader
does not receive information from the followers, which
implies that ag,41); = 0, j =1, ..., n. Let G £ (V,€)
be a directed graph of order n used to model the interaction
topology among the n followers. Note that G is a subgraph
of G. Also let A € R™*" be the adjacency matrix associated
with G.

In this paper we assume that the interaction topologies are
Markovian switching. Let m be a given positive integer. Let
6(k) be a homogeneous, finite-state, discrete-time Markov
chain which takes values in the set S = {1, ..., m}, with a
probability transition matrix IT = [r;;] € R™*™. In addition,
we suppose that the Markov chain is ergodic throughout this
paper. Consider a set of directed graphs G = {G!, ..., G},
where G’ is a directed graph of order n + 1 defined as
above. By a discrete-time Markovian stochastic graph we
understand a map G from S to G, such that G[f(k)] = GOI¥!
for all & € N. Accordingly, G*/ is a directed graph of order
n that is a subgraph of G?F,

B. Distributed Discrete-time Coordinated Tracking Algo-
rithm

Suppose the dynamics of the ith follower is given by
&it) = ui(t), : M

where &;(t) € R is the state and u;(t) € R is the control
input. With zero-order hold u;(t) = w;(kT), kT < t <
(k+ 1)T, where k is the discrete-time index, and T is the
sampling period, the discretized dynamics of (1) is

1=1, ..., n

&ilk + 1] = &Glk] + Tk, 2

where &;[k] and wu;[k] represent, respectively, the state and
the control input of the ith follower at t = kT

Let the time-varying leader’s state, also called the refer-
ence state, be &,+1[k] = £"[k]. Motivated by the continuous-
time counterpart, we consider the discrete-time algorithm

similar to that proposed in [17] as

_ 1 - mﬂ@ﬁ—@%—ﬂ
wlk] = ——e Y g |
Z?ill af_][k] jgl ’ r
-1
~(&lM] = GIR)] + L&l
ae[k] . .
4 i(n+1) 3 [k] —& [k - 1]
St el T
]= 7
—y(&ilk] - €K, 3)
where af}k], i=1,...,n,5=1, ..., n+1,isthe (i,j)th

entry of the adjacency matrix A°* associated with G/, and
~ and 7 are positive constants. To ensure that the algorithm

(3) is well defined, we assume that Z;L;rll af}k] #0,i =
1, ..., n. That is, each follower has at least one neighbor.

Using (3), (2) can be written as

n

lk+1) = 06+ o D
j=1"ij  J=
SR e - )
Tﬂin[em—ew—u
ik g
A (&lk] - €7 IRD). @

Define the tracking error for follower i as z;[k] £ &[k] —
¢"[k]. Denote Z[k] £ [z1]k], -+, 2z,[k]]” and ([k + 1] =
[ZT[k + 1], nZT[k]]T, respectively. It follows that

([k +1] = COMCR] + WXT[R], )
where

Co A YOIE DOk g0[k]

- nly, 0,,5n ’
1K & () — Ty)L, + (1 + Ty) DF A,

1 1
ntl 0[k]’ ) nt+l O[k] |’
Zjil alg‘] Zj;rl a’n[j]
A I,
W“[mm}’

Xr[k] £ ln(fr[k]‘f'?ﬁr[k] _gr[k"’—l]_gr[k_l])a

and A°" is the adjacency matrix associated with GOI*.
According to [19], we know that {([k], k¥ € N} is not a
Markov process, but the joint process {¢[k],6(k)} is. The
initial state of the joint process is denoted by {(p, 60}

Remark 1: In contrast to [17], where the interaction topol-
ogy is fixed, the interaction topology considered in this paper
is Markovian switching. In this case, the coordinated tracking
problem becomes more complicated.

III. CONVERGENCE ANALYSIS

In this section, we analyze (5). When the interaction
topologies are Markovian switching, the problem becomes
very difficult to deal with. We consider a special case,
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where the interaction topology switches to each graph in
G with an equal probability. In this case the transition
probability matrix is II = #lmlﬁ. In addition, we assume
that 0 < n < 1. Denote by G“ (respectively, G*) the union
of G', ..., G™ (respectively, G', ..., G™). Let A* =
[al] € RODX(+1) (respectively, A* = [al] € R"*™)
be the adjacency matrix associated with G* (respectively,
G"). Define D* £ diag(ﬁ, e W) Before
presenting our main result, we need the following lemmas.

Lemma 1: ([17], Lemma 3.1) Suppose that the leader has
directed paths to all followers 1 to n in G*. Then D* A" has
all eigenvalues within the unit circle.

Lemma 2: Suppose that the leader has directed paths to
all followers 1 to n in G“. Then %221 D! A* has all
eigenvalues within the unit circle.

Proof. Denote L 3" DA’ = [d;;] and D“A" = [dj].
By comparing - 3" D A" with DAY, it is easy to see
that 1) if dj; = 1, then 0 < d;; < 1; 2) if dj; < 1, then
dj < 1;3) if djy = 0, then dj; = 0; 4) if >, dj < 1,
then 27:1 le < 1. Hence, by the same method as the proof
of Lemma 3.1 in [17], it follows that ﬁ 2211 D! A? has all
eigenvalues within the unit circle. |

Lemma 3: ([19], Proposition 3.6) Let S 2 (7 ®
Ijp2)diag(Ct @ Ct, ---, C™ ® C™) and S £ (IIT ®
Iy,)diag(Ct, ---, C™), where C? is defined in (5). If
p(S) < 1, then p(S) < 1.

Lemma 4: Assume that max

sup, [£"[k]—ng"[k—1]|

(Supk |€" [k]—€" [k—1]|
T

)

T < & Then ((k) is mean-square
bounded, that is, ||((k)||z < oo for all initial {; and 6,
if and only if p(S) < 1, where S is defined in Lemma 3.
Proof. Because max(supy, |£"[k] — £"[k — 1], supy [€7[k] —
n€'[k — 1]|) < TE, it follows from (5) that || X7[k]|| is
bounded. This lemma then directly follows from Theorem
3.34 in [19] and is hence omitted here.

Lemma 5: Let S be defined in Lemma 3. Suppose that
0 < n < 1. For small enough Ty, p(S) < 1 if and only if
the leader has directed paths to all followers 1 to n in G¥.

Proof. (Sufficiency) If the leader has directed paths
to all followers in GY, it follows from Lemma 2 that
LS D' A’ has all eigenvalues within the unit circle. We
will use perturbation arguments to show that p(S) < 1. Note
that C* in (5) can be written as

C' = Mj + TyMj, (6)
where
i o [0l +D'A —D'A
Ml o |: nIn 0n><n ’
i A DiAi_In 0n><n
My = { O Opn |-

Hence S can be written as

S = (" ® Iy,)diag(C*' @ C*, -, C™ @ C™)

(" ® Lyp2)diag[(M] + TyMy) @ (M{ + Ty My),

s (MU Ty M) @ (M7™ + Ty M)

= Q1+T7Q2+T7Qs + (T7)*Qu, @)

where

Ql é (HT®I4n2)dlag(Mll®M117 Ty M1m®M1m)7
QQ é (HT®I4n2)dlag(Mll ®M217 Ty M{n®M5n)7
Qs £ (" @ Iyy2)diag(My © My, ---, M3" @ M{"),
Q1 £ (I ® Lipz)diag(My ® My, -+, M3" @ Mg").

Note that in (7) the last three terms can be treated as small

perturbations to the first term when Ty is small enough.
Now, we estimate the eigenvalues of (); by elementary

transformation. Because II = %lmlﬁ, by simple calcula-

tion, we get that

. M@ M{ M?® M? M @ M7

Q= : : :

M{ @M} M:® M; M@ M

[¢))
Denotze the Slementary transzfoeration block matrices P; €
RAmn"x4mn” and P, € R X4n" g5, respectively,

I4n2 025, % 2n I4n2
A 02n><2n I4n2 I4n2
Pl = . . . . )
L 02n><2n 02n><2n I4n2
A 12n2 02112 X 2n2
P, 2 .
12n2 12n2

It follows that

|)‘I4mn2 - Q1|
= [P (Magnz — Q1) P4

m—1)n? 1 - i i
—  \Am-1) |/\I4nz—EZ(M1®M1)|

i=1
— A4(m71)n2 ~
U} _ %ZZl(DiAi@Mli)
—mnln @ 3%, MY Alyp2
_ Q
—  \Um=1n? |p-1 { L .
? _%n‘[’ﬂ ® Z’i:l M]Z.

Ip,2
02712><2n2
iy (DAY ® M) ‘

B

/\4(m— 1)n?

m

M2 — 23" (DA @ M)
—1)n? 1 - i
LDV A —nlp ® > M| x

i=1
m

1 o .
~ > (D'A'® M)

i=1

ALpnz —

—1)n 1 - i|mn
—  \i0m-D) 2|)‘I2"_E772M1| x
i=1

1 G At 1
Mape = —> (DA @ M), (9)

=1
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where

1 G 7 1 % At 7
Q= Az = —nl, @ > M- -~ > (DA e M),

i=1 i=1

To study the roots of |Als, — %n >t Mj|, note that

1 = .
Aoy — =1y M
RYE mﬁz H
| A=l = g X, DA oy DIAY
—nI A,
1 &
= A=)\, — —n S DiAY. 10
A=n)"| mn; Al (10)

Because 0 < 7 < 1 and p(+ 3" D'A?) < 1, all roots of
(10) are within the unit circle.

Next we show that the roots of |5,z — = > (D'A'®
M?)| are within the unit circle (i.e., [f (DAY @
M?$)] < 1) by showing that hmsﬁoo[ > (DiAi ®
MH]* = 0yp249p2. Denote DA = [ ‘)] and
LS DPA" = [dj]. We have that

1 m 02n><2n
LS ooy - |
- o iz (dpy M)
i (dip M) o i (di, M)
: (1D
%{E:le(d;2ﬂ4f) 0220
It is easy to see that %Z;Ld;z =dj; >0, 1 =
1, ..., n. We first let s = 2. By computation we find

that the (j,0)th block entry of [L Y"1 (D'A" @ M7))?
is > ko [ 200 (5 M) (7 3255, (d), M) The sum of
the coefficients of Mle, i,7 = 1, ..., m, equal to
(2 Zznld;k)( 2211 di;). We can find a matrix
= I,+DA —DA
M B ITL 0'n,><n
solute value of all entries of (]T/[\ )2 is greater than or equal
to that of M{Mj, i,j = 1, ..., m. Here DA is defined
analogously as DA’ and the corresponding graph has the
same vertex set as that of D‘A‘. On the other hand, we
know that the coefficient of the (3, [)th block entry (M)? of
[y Ziny (DA @ M) = [(£ 37, D'AT) @ M]? s also
Dot G o i) G Yo 1d}d) We thus have that the
maximum absolute value of all entries of [m Y (DA
Ml)] is less than or equal to that of [ Y™ 1(D1Al
M )] Using the same method, we can find an M such
that the same conclusion holds for s > 2. By simple
calculation we get that p(M ) < 1. In addition, note from
Lemma 2 that p(L >, D'A%) < 1. It follows from the
property of the Kronecker product that p[(= >, DZAZ)
M] < 1. Hence, l1msﬁoo[ >, DAY ® M) =
limg oo [(2 D00 1DlAl)Gi)M] = 03,2 22 Therefore, we
conclude that limg oo [= D7 (DPAP @ M)]® = 092 202,
which implies p[-L > (D'A" @ M{)] < 1

such that the maximum ab-

From the above discussion, we know that all eigenvalues
of ()1 are within the unit circle. For small enough Ty, the
last three perturbation terms in (7) can be neglected. Hence
it follows that p(S) < 1.

(Necessity) For necessity, we need to prove p(S) > 1
for any T" > 0 and v > O if the leader has no directed
paths to all followers. From Lemma 3, we only need to
prove that p(S) > 1 for any T > 0 and vy > 0, where
S is defined in Lemma 3. If the leader has no directed
paths to some followers in G*, then these followers receive
information from neither the leader nor the other followers
in each G, i = 1,...,m. We assume that there are [ such
followers. Each of these [/ followers must have at least one
neighbor due to the assumption mentioned after (3). Without
loss of generality, we assume that followers 1 to [ are such
! followers. In this case, — ZZ | D' A" has the following

form:
[ A1r Oy } .

12
Ao Az (12)

Therefore, the eigenvalues of = > D'A" are those of
Ay together with those of Ass. According to the definition
f ﬁ Zﬁl DiA*, we know that A;; is a row stochastic
matrix. Hence 1 is an eigenvalue of A;; with an associ-
ated right eigenvector 1;. Let u; be the ith eigenvalue of
Ly DA’ Without loss of generality, let 11 = 1.

Next we consider the eigenvalues of S. Denote the ele-
mentary block matrix P € R2mnX2mn g

I2n 02n><2n o I2n

— 02n><2n IQn e IQn
P =

02n><2n 02n><2n e IQn

Then, it can be deduced that

- |/\12mn - 75_15175|
1 o~
_ 2(m—1)n I ?
- Ao — — Z}C |
_ )\Q(mfl)n Q % Zzil DAl
_77[ AL,
_  y\2(m-Dn H{Az [Ty — 1 — (14 Ty) i)\ + i},

where

a L4+ Ty = i i

Q2 N, — (n—T), - ;DA.
By some simple computation we have that Ao = 1, 7,
when p; = 1. It then follows from the above computation
that p(S) > 1 for any 7 > 0 and v > 0. [
Remark 2: Lemma 5 provides a necessary and sufficient
condition for p(S) < 1 under the assumption that 0 < 7 < 1.
It is worth pointing out that 0 < 1 < 1 is not necessary in

the proof of necessity.
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Based on the above discussion, we now summarize the
main result in the following theorem.

Theorem 1: Suppose that the reference state £ [k] satisfies
that max (supk |£T[kC]F—ET[k—1]I, Supy \fr[k]:;nfT[k—lll < £
and 0 < n < 1. Then for small enough Ty, the tracking er-
rors for the n followers are ultimately mean-square bounded
if and only if the leader has directed paths to all followers
1 to n in G*. In particularly, there exist 0 < o < 1 and
[ > 1 such that the ultimate bound for ||{[k]|| g is given by
2nTE %

Proof. Tt follows from (5) that

C[k] COF=1 L o0, + WX [k — 1]

k—2
+> L eI XTI (13)
=0

Then we have that
ICHlE < (/- CfOG || 5 + WXk — 1]
+ kZQ ||00[k—1] . C’HUH]WXT[Z]HE. (14)
1=0
Note that W X" (I) is deterministic and [£" (k) + n&" (k) —
€ (k+1)— €& (k—1)| < 2T¢. We thus obtain that
WX"(k=1)||g < 2¢/nT¢. (15)

Based on Lemmas 4 and 5, and according to Theorem 3.9
in [19], we know that there exist 0 < a; < 1 and 37 > 1
such that

[COF=1 . 0| 5 < y/2nak 81| Coll2, (16)
[Ce=1 ... oW X 1] || g
< 20TE\ 2t 15, (17)

Denote a £ /a7 and B £ \/2B;. Note that 2,/nT¢ <
2nT§_ (. It thus follows from (14)—(17) that
k
Bl < Va8l + 2nrgZ0 =)

Therefore, the ultimate mean-square bound is given by
2nTEL-. |

Remark 3: Theorem 1 provides a necessary and sufficient
condition for the boundedness of the tracking error system
(5). In the theorem we require Ty to be small enough. Next
we provide a method to compute allowable 7y. It follows
from Theorem 3.9 in [19] that p(S) < 1 is equivalent to that
there exist symmetric positive-definite matrices P; € R*"x2"
such that

. 1 & .
P — (Ol)T EZPJ C" - 02n><2n, 1=1, ..., m.
j=1

(18)
Then by applying Schur complement lemma, it follows that
(18) is equivalent to
i m _ >'0n ns Zzl,...,m.
{ C (% Zj:l Pj) 1 An x4
(19)

Note that (19) is not a linear matrix inequality (LMI) because
of the term (s 7", P;)~". Denote Q; = (5 Y72, P;)~ .
Then we can convert the non-convex problem (19) to a
minimization problem with LMI constraints, namely,

min tr Xm: % ij Qi
=1 j

subject to _
})i (O’L)T
ct Qs

[ %ZT:1PJ’ I

:| > 04n><4na

In Qi

P = 02,x2n,

:| t 04n><4na

Qi = 02px2n.

If the solution to the above minimization problem is 2mn,
then we can get the allowable T'y. The proposed minimiza-
tion problem can be solved by the cone complementary
linearization (CCL) method in [20], which can also be found
in the literature such as [9], [21].

Remark 4: Note that 0 < 1 < 1 is not necessary in the
proof of necessity. Therefore, it is possible that 7 takes a
value greater than or equal to 1. When we apply the method
in Remark 3, we can let 0 <7 < 1 or p > 1. If there is a
solution to the minimization problem in Remark 3, the given
7n is allowable.

IV. CONCLUSIONS AND FUTURE WORKS

In this paper, we have studied the distributed discrete-time
coordinated tracking problem for multi-agent systems with
Markovian switching topologies. The time-varying reference
state has been considered. Based on algebraic graph theory
and Markovian jump linear system theory, the necessary
and sufficient conditions for the boundedness of the tracking
errors were obtained. An LMI approach has been used to find
proper sampling periods and control gains. We suppose that
the topology switching probabilities are equal. The general
case where the switching probabilities are not necessarily
equal will be addressed in our future work.
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