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Simultaneous Stabilization and Synchronization for Multiple Systems of
Non-identical Agents

Faryad Darabi Sahneh and Guogiang Hu

Abstract— We address a simultaneous stabilization and syn-
chronization problem for one class of non-identical multi-agent
systems. The agent dynamics can be different and the orders
of agents are not necessarily equal. One single control loop is
designed for each agent to enable some agent states, named
as internal states, to be stabilized and some other states,
named as external states, to be synchronized. A distributed
control law is designed based on local measurements and
information exchanged from neighboring agents to achieve
simultaneous stabilization and synchronization. The necessary
and sufficient conditions to achieve simultaneous stabilization
and synchronization have been obtained using the closed-loop
form of the system, followed by specific approaches of designing
the control gain matrices that make the sufficient conditions
satisfied. A precise form of the synchronized trajectory has
also been determined. Simulation results have been provided
to demonstrate the performance of the proposed method.

I. INTRODUCTION

Cooperative control of multi-agent systems has attracted
substantial attention over the past decade. The control goal
is to design distributed control laws such that a team of
agents achieve a desired group behavior. One relevant topic
is the synchronization problem of dynamic systems (see,
e.g., [1]-7], just name a few) where the agent trajectories
in a network converge to each other through distributed
local coupling. Specifically, for linear time invariant (LTI)
multi-agent systems, Tuna studied the output synchroniza-
tion problem of identical agents [1] and investigated the
synchronizability conditions for coupled linear systems [2]
where the number of inputs is equal to the number of states.
Scardovi and Sepulchre [3] investigated the synchronization
problem of a network of identical linear state-space models
using a dynamic output feedback coupling. Li et al. [4]
introduced a new framework to address the output feedback
synchronization problem of a group of LTI systems by
introducing the notion of consensus region. Seo et al. [5]
presented a low gain synchronization approach for design-
ing an output feedback compensator which only used the
local output information. Chopra and Spong [6] investigated
the output synchronization problem for a class of passive
nonlinear systems. Nair and Leonard [7] solved the stable
synchronization problem for a network of under-actuated
mechanical systems.

In multi-agent systems, the overall behavior of each agent
can be determined by its internal dynamics and external
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dynamics. The internal dynamics govern the behavior of the
agent as an individual system while the external dynamics
are related to the coordination with the other agents. In
some systems (see, e.g., [8], [9]), the internal dynamics is
much faster than the external dynamics, so that the internal
dynamics can be ignored and the agents are modeled as
first order integrators. For multi-agent systems that need to
be represented using more general models, one idea is to
use an inner control loop (see, e.g., [10], [11]). Specifically,
Fax and Murray [10] proposed an idea to stabilize each
agent by closing an inner control loop around its internal
dynamics and then closing an outer control loop to achieve
the desired formation performance. Arcak [11] assumed that
an inner control loop is designed so that the resulting system
becomes passive with respect to the external feedback and
then proposed a passivity-based method for the coordination
purpose. However, as will be shown in the motivating exam-
ple introduced in Section II, there exist cases where separate
control loops are not available for both stabilization of
internal dynamics and synchronization of external dynamics.

If no internal control loop is available and the agents have
unstable open-loop internal dynamics and/or dynamically
coupled internal and external states (see the motivating ex-
ample in Section II), then the decentralized controller of each
agent should perform two tasks simultaneously: 1) stabilize
the agent’s internal dynamics, and 2) coordinate with other
agents to achieve a group behavior. Nair and Leonard [7]
developed a new framework for stable synchronization of
under-actuated mechanical systems, distinguishing between
actuated and under-actuated states. They used an energy
shaping method to stabilize the under-actuated states while
rendering the actuated states synchronized. It looks en-
couraging to distinguish the states that are supposed to be
stabilized from those that are synchronized through dynamic
coupling. This distinction leads to generalizing the existing
results for identical LTI systems to non-identical ones in the
current work.

In this paper, we consider a simultaneous stabilization and
synchronization (SSS) problem for a group of non-identical
linear agents with potentially unstable open-loop dynamics.
A single control loop is designed for each agent to enable
the internal states to be stabilized and the external states to
be synchronized. Regarding the system model, not only the
agent dynamics are non-identical but also the dimensions
of internal agent states are not required to be equal. A
distributed SSS protocol is designed based on local measure-
ments and information exchanged from neighboring agents
to enable simultaneous stabilization and synchronization. The
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Fig. 1. Schematic of the motivating example.

necessary and sufficient conditions to enable SSS have been
obtained using the closed-loop form of the system, followed
by specific approaches of designing the control gain matrices
that make the sufficient conditions satisfied. A precise form
of the synchronized trajectory has also been determined.

II. MOTIVATING EXAMPLE

The motivating example described in this section was
inspired from an example addressed in [7], where Nair and
Leonard tested their developed controller to solve a formation
problem for systems of identical carts with inverted pendu-
lums. In the following motivating example, formation of a
group of different types of cart systems (i.e., non-identical
systems) is considered.

Consider a multi-agent system which is consisted of IV,
carts with inverted pendulums, IV; simple carts, and IV, carts
with mounted mass spring systems. As depicted in Fig. 1, the
i-th cart with inverted pendulum is consisted of a point mass
m; connected to a bar of length [; which is hinged to a cart
of mass M;. The inverted pendulum has an angle ; from
the vertical axis and the constant g denotes the acceleration
of gravity. This system is an under-actuated system with
unstable open-loop internal dynamics. The j-th simple cart
has the mass M. This system is fully-actuated. The k-th cart
with spring mass system is consisted of a point mass my
which is connected to the cart of mass M}, through a linear
spring with stiffness coefficient kj and a displacement of dj
from the equilibrium point. This system is an under-actuated
system with marginally stable open-loop internal dynamics.
The I-th (I =1, 7, k) cart is located at a distance of r; from
the origin of the global reference frame O,.; and it can
move freely along the horizontal axis. In each subsystem, a
horizontal control force F; with the corresponding index 4,
7, or k is applied to the cart.

The objective is to design a control law for F; that
stabilizes the internal dynamics while enabling a specific
formation for all the cart systems. Specifically, the carts are
required to move at a desired constant velocity vy, and all
the carts achieve a formation with a pre-specified separation
distance A;; between cart ¢ and cart j (4,5 = 1,...,N).
The interesting characteristics of this example are two-fold.
First, the internal agent dynamics is unstable, or marginally
stable. Second, only one control input is available to stabilize
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the internal dynamics while enabling the cart to achieve a
formation with its neighboring carts.

If there is an additional input, for example in the cart pen-
dulum systems, a torque input is exerted on the inverted pen-
dulum, then it can be used to stabilize the inverted pendulum
while the force input F; enables synchronization. However,
when an additional input is not available, it is challenging to
achieve the control objective for this motivation example. In
this paper, we will formulate a simultaneous stabilization and
synchronization problem in Section IV and design a control
law to achieve this control objective. In comparison with
the motivating example in [7], two generalizations are made
here. 1) The agent dynamics and the order of dynamics for
the agents can be different. 2) The connection graph can be
a directed graph containing a spanning tree instead of an
undirected graph.

III. NOTATION AND PRELIMINARIES

Graph theory [12]: Let G = {V, £} represent a directed
graph and V={1,..., N} denote the set of vertices. Every
agent is represented by a vertex. The set of edges is denoted
as £ CV x V. An edge is an ordered pair (i, j) € £ if agent
j can be directly supplied with information from agent <.
In this paper, we assume that there is no self loop in the
graph, that is, (i,i) ¢ €. N; = {j € V |(j,i) € £} denotes
the neighborhood set of vertex i. Graph G is said to be
undirected if for any edge (i, 7) € &, edge (j,4) € €. Hence,
an undirected graph is a special case of a directed graph.
A path is referred by the sequence of its vertices. Path P
between two vertices vy and vy, is the sequence {v, ..., vk }
where (v;_1,v;) € € for i = 1,...,k and the vertices are
distinct. The number k is defined as the length of path P.
Graph G is strongly connected if any two vertices are linked
with a path in G. Graph G contains a directed spanning tree
if there is a vertex which can reach all the other vertices
through a directed path. A =[a;;] € RV*N denotes the
adjacency matrix of G, where a;; > 0 if and only if (j,i) € £
else a;; = 0. L = D — A is called Laplacian matrix of
G, where D = [d;] € RV*Y is a diagonal matrix with
diz’ = Zﬁvzl Ajj.

Lemma 1: [12]-[14] Zero is an eigenvalue of L for both
directed and undirected graphs. Zero is a simple eigenvalue
of L and the associated eigenvector is 1 where 1 € RY is a
unitary column vector, if and only if the undirected graph is
connected or if the directed graph has a spanning tree. All of
the nonzero eigenvalues of L are positive for an undirected
graph or have positive real parts for a directed graph.

Kronecker Product: Some properties of the Kronecker
product are recalled as below [15]

(A9 B)(C®D) = AC® BD (1)
AR(B+C) = A®B+A®C
(AeB)T = ATeBT
(AeB)™ = A'eBl

Assume that §,; are the eigenvalues of A; € R"*™ and
By, are the eigenvalues of Ay € R"2*"2. Eigenvalues of



(In, ® A1 + Ag ® I,,) are By; + fy; with i € {1,...,n1}
and j € {1,...,n2}.

Right Inverse: Matrix B,,x, is called the right inverse
of matrix A, if AB = I,«,. The necessary condition for
the existence of such a matrix B is that rank(A) = r.

Lemma 2: [16] The algebraic matrix equation

MX + XN =Q, 2

where M € R™*™ and N € R™*" are square matrices,
has a unique solution if and only if A and (—N) does not
have any common eigenvalues.

Remark 1: This algebraic matrix equation (2) is very
similar to the Sylvester equation. However, in the Sylvester
equation, the matrices M and N are square matrices of the
same order.

IV. PROBLEM FORMULATION

Consider a multi-agent system of N agents with the
following dynamics:

T, = Az + By 3)

zi = Eui+ Fz,

where z; € R™ and z; € R" are the states of agent i, u; €
R™:i is the control input of agent 7, and A; € R™*™ B, €
Rrixmi Boe R™™ and F' € R™™" are constant matrices.
In (3), the matrices A;, B;, and F; are not required to be
identical, the dimensions n; and m; can also be different for
different agents. However, the dimensions of the state z; and
the matrix F' are the same for all the agents since the state
z; of the agents reaches synchronization as will be discussed
later.

The objective of simultaneous stabilization and synchro-
nization (SSS) is to design a control law of the form

u; = —Kizi + G Z aijlzij + (Cizi — Cjzy)], (4
JEN;
so that the states x; are stabilized while the states z; are
synchronized, i.e.,

Tr; —

0 (stabilization) 5)

zij = 2z — z; — 0 (synchronization),

as t — oo for 4,5 € {1,..,N}. In (4), a;;’s are the
elements of the adjacency matrix of the connection graph,
K; e Rmixni (€ R™"™ and G; € R™*" are constant
gain matrices to be designed, and C; € R"*™ determines
the portion of the internal states that agent j provides to the
other agents. We name the states for synchronization (i.e.,
z;) as external states and the states for stabilization (i.e., x;)
as internal states.

Under control law (4), the closed-loop dynamics of system
(3) are given by

T, = Agz; + B;G; Z aij[zij + (szz — Cj!L'j)} (6)
JEN;
E,—xi + FZi, (7)

where Aci é Al — BZKZ c Rn1><n¢

Zy =
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To facilitate the subsequent design and analysis, we make
the following assumptions.

Assumption 1: The connection network has a fixed di-
rected graph G that contains a directed spanning tree.

Assumption 2: The pair {4;, B;} for i € {1,..,N} is
stabilizable.

Let a; € C,i € {1,--- ,r} represent the eigenvalues of F’
and let A2(G) € C represent the non-zero eigenvalue of the
Laplacian matrix of G with the smallest real part.

Assumption 3: The biggest real part of the eigenvalues of
F (i.e., max{Re(c;)}) is less than the smallest real part of
the nonzero eigenvalues of the Laplacian matrix of G (i.e.,
o £ Re(Aa(0))).

V. MAIN RESULTS
A. Necessary and Sufficient Conditions for SSS

In order to facilitate the subsequent analysis, we use bold
font to represent the block diagonal matrices used in the
collective forms. For example, A, defined as A £ @fil A;,
represents a block diagonal matrix with A;’s as the diagonal
elements. The concatenated vectors X and Z are defined as

X2 2R, 22T 2T

The closed-loop system determined by (6) and (7) can be
rewritten in terms of the concatenated vectors X and Z as

X] [A.+BG(L®I)C BG(L®IL)| [X ®
AR E (In® F) Z\|
where A, = A — BK.

Lemma 3: Under Assumption 1, there exists a Schur
transformation of the form [2], [4]

T £, MY, T 'E[1, N C)

so that

AETLT! = diag{0,A,}, (10)

where A, is an upper triangular matrix with the nonzero
eigenvalues of L along the diagonal. In (9), bT € R'*¥ is
the normalized left eigenvector of L corresponding to the
zero eigenvalue (i.e., P’'L =0and 176 =1), 1 c¢ RV is a
unitary column vector, and My, N € CNX(N-1),
Lemma 4: Under Assumption 1, the states zy,...,2xy €

R" are synchronized in the sense that [17] 21 = -+ = zy if
and only if Z = 0 where
Z2(Lel)Z. (11)

Remark 2: Lemma 4 indicates that if Z is stabilized, then
z1, ..., 2N are synchronized.

Based on the coordinate transformation (11), (8) can be
rewritten as

X X
AR
where
» [A.+BG(L®I,)C BG
H= { (L I)E (In ®F)] - 43

Remark 3: The matrix H has r eigenvalues equal to the
eigenvalues of F' (see proof of Theorem 2).



Proposition 1: 1) The eigenvalues of a block upper trian-
gular matrix are the eigenvalues of all the diagonal blocks.

2) The stability of a block upper triangular system can be
determined by the stability of the subsystems possessing the
diagonal blocks.

Theorem 2: Under Assumption 1, the matrix H has r
eigenvalues equal to those of F. In addition, SSS is enabled
for system (3) using the controller (4) if and only if the other
(N — 1) r eigenvalues of H have negative real parts.

Proof: Make the following coordinate transformation:

(14)

where T is defined in (9). The system (12) in the new
coordinates (X, Z) can be written as

m _ [AC+BG (Lo 1,)C BG (T ®IT)] [XJ

Z=(T®l)Z,

7 (TL®I,.)E (IN®F) zZ|
5)
The first r rows of (TL® I.)E is zeto because E is
. . b* L 0
a block diagonal matrix and TL = urLl = MY L]

according to the fact that b is a normalizeﬁ left eigenvector
of L corresponding to the zero eigenvalue (i.e., bY L = 0).
The governing equation of Z; (i.e., the first component of
zZ 2[5, 28)T) is given by

z1 =Fz.

(16)

Therefore, the matrix H in (13) has r eigenvalues which are
equal to the eigenvalues of F.
According to the coordinate transformations (11) and (14),

(V"L®I)Z =0.x1.

This means Z;(t) is always equal to zero based on (11) and
(14) even though it is governed by the dynamic equation
(16). Since H has r eigenvalues of F, the system (15) is
exponentially stable if and only if the remaining eigenvalues
have negative real parts. The stability of system (15) is
equivalent to the stability of system (12), which implies that
SSS can be enabled for system (3) with control law (4) under

the provided conditions in this Theorem. [ ]
Remark 4: 1f all the agents have the same dynamics, i.c.,
A, = A B;=B, E;,=F 17)

K, = K, G, =G, C;=C,

it is possible to use a coordinate transformation to express the
stability condition in another way. Specifically, the stability
condition will be stated using the eigenvalues of L as follows.

Theorem 3: Under Assumption 1, SSS is enabled for
system (3) using the controller (4) if and only if A, =
A — BK is Hurwitz and the matrices H;’s defined as

s [A.+\BGC BG

H;, = ANE r (18)

are Hurwitz for all nonzero eigenvalues \; of the Laplacian
matrix L.
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Proof: For identical agents, the concatenated dynamics
(12) of N agents can be written as

[)_(] B [IN ® A.+ (L ® BGC)
Z| (L®E) Z]

19)
The stability analysis can be performed similar to the method
n [10]. As shown in Lemma 3, there exists a Schur transfor-
mation 7' that transforms L into an upper triangular matrix
A = TLT™' = diag{0,A,}. Define new variables Z/
and z such that X’ £ [z{F, ..., 21T = (T ® I,)X and
7z & 7L 2T = (T @ I,)Z. Based on (19), the
derivatives of X’ and Z’ can be determined as

[X’] _ {IN®AC+(A®BGC) (IN®BG)} {X’

A (A® E) (In®F) | |Z

i

20)

Since the block components of the system matrix in (20)

are block diagonal or block upper triangular, the stability

of (20) can be investigated through the stability of the N
subsystems defined by

m B [Ach)\iBGC BG] H

= i,

i

. ANE r 21)

Zq

where \;,2 = 1,---, N. are the eigenvalues of L.
Without loss of generality, assume A; = 0, then (21) for
i = 1 can be written as

] [A. BG] [z}
g’l_Oin'

Based on (22), the matrix H; has r eigenvalues equal to
those of F. Therefore, based on Theorem 2, SSS is enabled
for system (3) using the controller (4) if and only if A, is
Hurwitz and H; in (18) is Hurwitz for : = 2, ..., N. [ |

Remark 5: Theorem 3 is a special case of Theorem 2
when the agents are identical. The necessary and sufficient
conditions in Theorem 3 can be proved to be equivalent
to those in Theorem 2 under (17). The condition that A,
is Hurwitz and H; in (18) is Hurwitz for ¢ = 2,.... N
in Theorem 3 is equivalent to the condition that the other
(N —1)r eigenvalues of H have negative real parts in
Theorem 2 when all the agents have the same dynamics (see

(17)).
B. SSS Protocol Gain Matrix Design and Stability Analysis

Lemma 5: Under Assumptions 1 and 3, the N subsys-
tems

(22)

wZ:FwZ—Za”(wl—w]); 26{1,,]\[} (23)

synchronize, and the states wj (t) are synchronized to the
trajectory given by

F’w()
(0" ® L)W (o),

wy = (24)

wo(to)
where W £ [wT, ..., wk]T.
Proof: The N subsystems (23) can be written as

W=(Uy®F-L&IL)W. (25)



Make the following coordinate transformation:

W' = (T ®I)W, (26)
where T is defined in (9) and W’ £ [wiT, ..., wif]T. Rewrite
the vector W' as

W= [wi", W @7)

System (25) can be rewritten in the new coordinate W’ (t)
as
W =(Ix®F-A®I)W. (28)

Based on (26) and the definition of A in (10), (28) can be
decomposed into the following two subsystems:

= Fuw) (29)

and .
W; = (IN71 QR F — Ap ® IT)WL. (30)
The eigenvalues of (Iy_1 ® F — A, ®1,) are a; — Xi, j €

{1,...,7}, i € {2,..., N}. According to the assumptions in
the lemma, Re(a;) < o. Therefore, the real parts of (a; —\;)
are negative so that the matrix (In_1 @ F — A, ® I,) is
Hurwitz. This proves that W, (¢) in (30) is exponentially
stable.

Based on (26) and (27), W = ([1, Np|®I.)wiT, WT.
Since W, (t) in (30) is exponentially stable,
W (t) = ([1, Ni]@ L)[wi" (t), 0] = 1@ w; (1)

as t — oo. This shows that w;’s are synchronized to w}. The
synchronized trajectory can be characterized by (29) and the
following initial condition:

wi(to) = ([1, O1x(n— 1)] 1) W (to)
= (]., le N— 1) I ) (T®IT)W(t0)
= (( olx N-vllb, ML]") @ 1) W (to)
= (" @ L)W(to).
|
Lemma 6: For NV agents with the following closed-loop
dynamics:
Wi = Fwi— Y ag(w —w;), 32)

suppose that Assumptions 1, 2, and 3 are satisfied and
the gains K;’s are selected such that the matrices Ag;’s
are Hurwitz. Then SSS is enabled exponentially for (31-
32), i.e. the x—states are stabilized while the w—states are
synchronized exponentially.
Proof: The proof can be obtained using Lemma 5 and
the fact that A.; is Hurwitz. [ |
The system (31-32) can be rewritten in the collective form
BG(L®I,) X

as
=[5 w ) ]

In order to design a control law of the form (4) for (3),
we make use of the system (31-32). More specifically, the

(33)
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gain matrices K, C;, and G; will be properly designed so
that (8) can be related to (33). According to (6) and (31), a
transformation is chosen as

W = Z + CX, (34)

where the gain matrix C = @f\il C; will be designed later.
Note that this transformation is invertible. Equation (33) in
the coordinate (X, Z) becomes

X] [A.+BGIL®I)C BGL®I) |[X
AR A1+ AsC A2+(IN®F) AN
35)
where Ay = —CA_.+ (Iy ® F)C and Ay = —(CBG +

I(L®I).

According to (34), SSS is enabled for (33) if and only
if SSS is enabled for (35). Under proper design of gain
matrices, we will show that the SSS problem of (8) can
be transformed to that of (35). The following theorem
demonstrates how to design the gain matrices for the SSS
purpose.

Theorem 4: Under Assumptions 1, 2, and 3, the gain
matrices K;, C;, and G; will be designed according to the
following criterions:

Al. A.; = (A; — B;K;) is Hurwitz and A.; does not have
common eigenvalues with F'.

A2. C; is the solution of

—CiAyi + FC; = E;. (36)

A3. G is the right inverse of —C; B; (i.e., —C; B;G; = I).

Then, the control law (4) exponentially enables SSS for
(3). Furthermore, the synchronized trajectory that z;’s con-
verge to is characterized as

Z() FZO

wo(t) = (7 © 1) [Z(to) + CX (to)] .

Proof: Under Assumption 2, there exists K; such that

Ay = (A; — B;K;) is Hurwitz. During the design of K;
through pole placement, we can also tune K; so that A
does not have common eigenvalues with F'. Thus, 47 can be
easily satisfied. Based on A1, A.; and F' have no common
eigenvalues. According to Lemma 2, there exists C; such
that (36) in A2 is satisfied. This further indicates that A; =
—CA_ .+ (IN®F)C = E based on (36). Selecting G; as the
right inverse of —C;B; as stated in A3 will make (CBG +
I) = 0. This indicates that Ay = —(CBG+1)(L®I,) =0
Thus, the transformed system (35) will be the same as system
(8). Based on Lemma 6, under Assumptions 1, 2, and 3,
SSS is enabled for (31-32) (i.e., (33)) and therefore (35)
according to the transformation (34). Thus, SSS is enabled
for the closed-loop system (8). The synchronized trajectory
that z;’s converge to can be formulated as (37) based on (24)
and (34). [ |
Remark 6: In Theorem 4, G; is the right inverse of
—C; B;. This requires that the rank of —C;B; is equal to r.
To fulfil this requirement, m; must be greater than or equal to
r, which requires that the number of inputs are not less than
the dimension of the states that are required to synchronize.

(37
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Fig. 2. The internal states are stabilized for all the agents.

VI. EXAMPLE AND SIMULATIONS

Consider a group of non-identical agents with N = 3. The
system matrices of the ¢—th agent’s dynamics (i.e., (3)) are

o 12 ... 42
-1 1 0
A, = ) c R(i+1)X(i+1)’
: 0 <0
-t 0 0 1
[0 4
B, = 1 c R(i+1)><2 F = 0 1
2 : . ’ —1 0l’
i 0
o _ |10 0 2% (i+1)
E, = |:0 1 ’L] cR .

The control gain K is selected so that the dominant eigen-
values of A,; = A; — B;K; are —1 £+ 2j. The connec-
tion graph is a fixed directed graph with the Laplacian
L =1[1,-1,0;0,1,—1;0,—1,1]. The initial conditions are
selected randomly in (—5,5). The simulation results are
presented in Fig. 2 and Fig. 3, which show that the internal
states are stabilized and the external states are synchronized.

VII. CONCLUSIONS

We studied the simultaneous stabilization and synchro-
nization (SSS) problem for one class of non-identical multi-
agent systems. The agent dynamics are different and the
dimensions of agent states are not necessarily equal. A dis-
tributed control law is designed based on local measurements
and information exchanged from neighboring agents to en-
able SSS. The necessary and sufficient conditions to achieve
this goal have been obtained using the closed-loop form of
the system. Specific approaches of designing the control gain
matrices are provided such that the sufficient conditions can
be satisfied. A precise form of the synchronized trajectory
has also been determined.
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Fig. 3. The external states are synchronized for all the agents.

REFERENCES

S. Tuna, “Synchronizing linear systems via partial-state coupling,”
Automatica, vol. 44, no. 8, pp. 2179-2184, 2008.

S. Tuna, “Conditions for synchronizability in arrays of coupled linear
systems,” IEEE Trans. Automatic Control, vol. 54, no. 10, pp. 2416—
2420, 2009.

L. Scardovi and R. Sepulchre, “Synchronization in networks of identi-
cal linear systems,” Automatica, vol. 45, no. 11, pp. 2557-2562, 2009.
Z. Li, Z. Duan, G. Chen, and L. Huang, “Consensus of multiagent
systems and synchronization of complex networks: A unified view-
point,” IEEE Trans. Circuits and Systems I: Regular Papers, vol. 57,
no. 1, pp. 213224, 2010.

J. H. Seo, H. Shim, and J. Back, “Consensus of high-order linear
systems using dynamic output feedback compensator: Low gain ap-
proach,” Automatica, vol. 45, no. 11, pp. 2659-2664, 2009.

N. Chopra and M. W. Spong, “Output synchronization of nonlinear
systems with time delay in communication,” in Proc. IEEE Conf.
Decision and Control, pp. 4986-4992, 2006.

S. Nair and N. Leonard, “Stable synchronization of mechanical system
networks,” SIAM J. Control and Optimization, vol. 47, no. 2, pp. 661—
683, 2008.

A. Jadbabaie, J. Lin, and A. S. Morse, “Coordination of groups of
mobile autonomous agents using nearest neighbor rules,” IEEE Trans.
Automatic Control, vol. 48, no. 6, pp. 988—1001, 2003.

Z. Lin, M. Broucke, and B. Francis, “Local control strategies for
groups of mobile autonomous agents,” [EEE Trans. Automatic Control,
vol. 49, no. 4, pp. 622-629, 2004.

A. Fax and R. M. Murray, “Information flow and cooperative control
of vehicle formations,” IEEE Trans. Automatic Control, vol. 49, no. 9,
pp. 1465-1476, 2004.

M. Arcak, “Passivity as a design tool for group coordination,” /EEE
Trans. Automatic Control, vol. 52, pp. 1380-1390, aug. 2007.

R. Diestel, Graph Theory, vol. 173 of Graduate Texts in Mathematics.
New York: Springer-Verlag, 1997.

R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Consensus and
cooperation in networked multi-agent systems,” Proc. IEEE, vol. 95,
no. 1, pp. 215-233, 2007.

W. Ren, R. W. Beard, and E. Atkins, “Information consensus in
multivehicle cooperative control: collective group behavior through
local interaction,” I[EEE Control Systems Magazine, vol. 27, no. 2,
pp. 71-82, 2007.

A. Graham, Kronecker Products and Matrix Calculus With Applica-
tions. New York: Halsted Press, 1981.

R. H. Bartels and G. W. Stewart, “Solution of the matrix equation ax
+ xb = ¢,” Communications of the ACM, vol. 15, no. 9, pp. 820-826,
1972.

R. Olfati-Saber and R. M. Murray, “Consensus problems in networks
of agents with switching topology and time-delays,” /EEE Trans.
Automatic Control, vol. 49, no. 9, pp. 1520-1533, 2004.



