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An Explicit Solution for Optimal Two-Player Decentralized
Control over TCP Erasure Channels with State Feedback

Chung-Ching Chang!

Abstract

We develop an optimal controller synthesis algorithm for
decentralized control problems where control actions are
transmitted through TCP-like erasure channels. We con-
sider a simple two-player interconnected linear system
and Bernoulli distributed erasure channels. We recast
the problem to a centralized Partially Observed Markov
Decision Process (POMDP) under the fictitious player
framework, in which we construct an optimal controller
using belief states and value function recursions. Finally,
we provide explicit state space formulae for the optimal
decentralized controller.

1 Introduction

Decentralized control arises in a variety of engineering
branches, such as communication systems, sensor net-
works, vehicle coordinations, and flight formations. In
decentralized control, multiple controllers are coopera-
tively actuating a system to minimize a certain cost.
Contrary to centralized control, where only one controller
takes all measurements and decides all actions to actuate
a system, in decentralized control, each controller mea-
sures only partial information and decides partial actions.
Furthermore, because these subsystems are connected
over networks, it is critical to resolve issues of commu-
nication delay [1], data loss [2], and synchronization. In
this paper, we focus on data loss.

We consider the case when the control communication
channels of a interconnected system are vulnerable to
some Bernoulli distributed packet drops. At every time
instance, control actions generated by controllers are sent
to subsystems through control communication channels
suffering from packet drops. We consider a TCP-like pro-
tocol, where link conditions are known to the controllers
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The design of a decentralized controller is dramatically
different from that of a centralized controller. Consider a
general linear dynamical system such as Linear Quadratic
Gaussian (LQG) control, which is known to have linear
solutions for centralized controllers. However, in the de-
centralized case, the problem is generally nonlinear or
intractable [9], unless there are some particular informa-
tion structures such as partial nestedness [3] or quadratic
invariance [6]. The problem under consideration in this
paper is neither partially nested nor quadratically invari-
ant, nor is the solution linear.

Without packet drops, our problem has been solved in
[8] using spectral factorization and in [7] using dynamic
programming. In this paper, we take an alternative ap-
proach to [7] in dynamic programming by using the fic-
titious player framework. Instead of solving the decen-
tralized problem directly, we first recast the problem to
a centralized problem from the perspective of a fictitious
player as suggested by Mahajan et al. [5], and simplify
it according to [10]. Given that the problem becomes
centralized, we can utilize the standard Markov decision
theory [4] to solve the problem using belief states and
value function recursions. Finally, we derive the corre-
sponding state space solution for the original decentral-
ized problem.

2 Problem Formulation

We consider two interconnected subsystems where the
dynamics of subsystem 1 may affect the dynamics of sub-
systems 2, but not vice versa. The system dynamics are
as follows:

| _ [AY 0] [x
2| T A a2 |22
BY 0 1[N 0] [uf v}

+ [321 BQQ] [ 0 N2||u2|*|e2] W
fort =0,1,...,T — 1. Let R denote real numbers and
E denote expectations. For all i € {1,2}, 2! € R" is the
state of the subsystem i, ul € R* is the action of player

i, and v} ~ N(0,X¢) is independent Gaussian noise. The
initial condition zg ~ N (s, X5) is independent of noises.
21
We focus on the case when us = 0 and X3 = [ s 22}.
S
The link condition of the actuator channel 7 is mod-

eled by N/ = diag(ni), where ni = (ni',ni2, ... n).

4717



n{ ~ Bernoulli(7*/) denotes the Independent and Iden-
tically distributed (I.I.D.) Bernoulli random binary vari-
able modeling the random information drop on j-th ac-
tuator of channel i at time ¢t. The average transmis-
sion successful rate on the actuator channel of player 7 is
therefore N* = EN} = diag(E(n})).

For convenience, we let

2 u v;
Zt = Uy = UV =
zf ’ uf ’ v? ’

AT 0 B 0
A= AL p22) B = B2l RB22|>
N, = N0 [Nt 0
T lo N2 |0 N?
We use the notation zj, = (24,...,71) to refer to the
list of variables corresponding to the subsystem 1 from
time 0 to t. Similarly, 27 = (2§, ..., zf,23, ..., 27).

The objective of the problem is to minimize J(K) =

T
min K
K t

for some Q > 0, Q7 > 0, and R > 0. K = (g', g?) with
' = (94.7—1) and g*> = (g2.7_,) is a set of the control
policies of player 1 and player 2 such that the control

actions are defined by

1

(thta + U;I—NtRNtUt ) + Z’,-ZI—"QTZT}a (2)

Il
=]

’U/% gg(z(%:t?u%):tfl?n(%:tfl)? (3)
’U/% g?(zo:tuu%):tflvnO:t—l)-

That is, player 1 observes only current and past states of
subsystem 1, all his past actions, and all past channel 1
link conditions, while player 2 observes current and past
states of both subsystems, his past actions, and the past
link conditions of both channels.

3 Main Results

The main theorem of this paper, which gives a state space
solution for the optimal controller (3) that minimizes the
objective (2) for the system (1).

Theorem 1. Let P, € Rmtm)x(m+m) 'y, ¢ Rmxn2
and ry € R satisfy the following recursions

=Q+A"P A— AP, BN

x (E(Ni(R+ B"P,y1B)Ny)) ' NBT P14, (4)
_ Q22 A22TY LA?2
A22 BQQNQ (]E(NtQ (R22 4 B227T§Q+1BQ2)N3))71
% N2B22 YVt+1A22, (5)
Pll P12
re=r + trace th t+1} Ev) » 6
=+ ace (| 50 TP ()

with Pr = Qr, Ypr = P%Q, and rp = 0. Define J; and K,
to be

—1 —
Ky = (E(N¢(R+ B"Py1B)N;))  NB'Pq A, (7)

—1

Jy = (E(N2(R** + B**TY, 11 B**)N}))
x N2B2Ty, A%, (8)
Let
AK(N}) = A2 — B2INIK}? — B2N2K2, 9)
BE(N!) = A% — BANIKM — B2N2K2L (10)
where N} is known to controllers from observations. The

optimal controllers are

e Controller 1 has realization
AF(NDE + B (N))z
5 — K%

41 =
1_ 11
u = —K;

o Controller 2 has realization

= AF(NH& + BE(N))z
=K'zl — K% — J(2} — &)

K) is
pll pi12 pll pi12
t 0 0
E trace ([Pm Y, } EU> + trace ([Pom Yy ] Es>.

We will develop the proof in the following sections.
The philosophy behind the proof is to first recast the
two player decentralized problem described in Section 2
into a centralized POMDP using the idea in Section 4.2.
With the problem being centralized, we are able to solve
the problem through the value function recursion as in
Lemma 2. In calculating the cost function and optimal
policy in the fictitious player problem, we solve the state
space formulae and the optimal cost of the original de-
centralized problem.

§t+l

where & = 0. The optimal cost ming J (

4 Preliminaries

In this paper, we solve the decentralized two-player TCP-
like LQG problem with state feedback through the ficti-
tious player framework in [5]. In order to explain our
results, we briefly present the idea of the fictitious player
framework (Model A) in [5] in Section 4.2. We simpli-
fied the idea for the case of only two players with state
feedback according to Theorem 1 in [10].

4.1 Notations

In most cases, we use subscript to denote time index and
superscript ¢ € {1,2} to denote subsystems. For exam-
ple, z¢, ul, and y! denote the state, action, and observa-
tion of subsystem ¢ at time ¢, respectively. Convention-
ally, we let y¥ denote the common observation at time
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t. For other cases, we use superscript k£ € {1,2,3} to
denote the sub-time index in the fictitious player frame-
work. For example, s denotes the fictitious state at time
t#. Conventionally, we use dummy superscript i to de-
note the subsystem index and k to denote the sub-time
index.

We use ¢ to denote the empty set and calligraphy capi-
tal letters, like X and SP, to denote sets. In POMDP, we
use the Sans-serif font to denote sample paths; For exam-
ple, we take x; as any sample path of z;. We use fx(z—pu)
to denote the Probability Density Function (PDF) for the
Gaussian random vector  with mean p and covariance
Y. For a set V', although the superscript denotes the
subsystem, we use the superscript over the parenthesis
(YH" or H?:_()l (V1) to denote the n-fold Cartesian prod-
uct of the set, that is, (V)" = P! x .-+ x Y! n times.
The notations (a1, ...,a;) and [a] ... atT]T are inter-
changeable throughout the text. Finally, let

1 if a =b,
8(a,b) = { 0 elsewhere.

and T'(a,b,¢) = 6(a,b(c)) when b is a map. When
a = (a',...,a") and b = (b',...,b") are two sets of
equal size, we overload the function d(a, b) with d(a,b) =
§(at,bt)---6(a™, b"). Conventionally, we define §(¢, ¢) =
1. Furthermore, we use da to denote day ---da, com-
pactly in an integral.

4.2 The Fictitious Player Framework

Consider a discrete time system consists of a plant and
two players. Let x; € X denote the state of the plant
and uy € U* denote the control action of player . The
plant follows the dynamic
Ti41 = lt(xt;u%aufthg)v

where [;(+) is the plant function and wj € W? the process
noise. Let yY € Y denote the common observation and
y; € Y the private observations.

The observations are generated according to
yi = hi(zy,wi) Vie{0,1,2},

where hi(-) is the observation function and wi € W is the
observation noise. Let mi = (y}.,,ud.,) € M: denote the
set of private memory for player i, where M = (V¥)!+1 x
(U")tTL. Conventionally, we take m* | = ¢.

At each time ¢, after player i observes common obser-
vation ! and private observation y¢, he generates control
action u! and updates his private memory according to

up = g5 (M1, 1, Your)
3

my = (y(i):tv Uf):t) = (miflv yiv gi(miflv yiv yg:t))v

where g! € G! is any control policy.

The objective is to select a set of control policies K =
(g',¢?) with g* = (gi.;_,) such that it minimizes the
finite horizon cost J(K) = E (Z;f:o pe (e, up, uf)) This
problem is a non-classical POMDP since the observations
are different for each player.

Mahajan et al. suggested a framework to transform a
decentralized control problem into a centralized control
problem from the perspective of a fictitious player, with
respect to a fictitious plant, through sequential decom-
position in [5]. Consider a fictitious player who observes
common observations and determines maps gi € G! for
each player ¢ such that gj(m{_1,y;) = g{(mj_1, ¥}, yo.e)-
Each player ¢ then generates his private action with
uj = gi(mj_,y;) and updates his private memory upon
receiving private observation y;.

The controller is centralized from the perspective of
the fictitious player. We now reformulate the (fictitious)
plant from the perspective of the fictitious player, where
all real players are part of the fictitious plant. Let sf be
the state of the fictitious plant, where

S% = (xtvm%—lvm%—l) € Stlu
St2 = (xtvmz%v m%—l) € St27
S? = (xtvmz%vm?) € Stgu

and S} = X x M} x M?_|, 87 = X x M} x M?_,, and
8P = X x M} x M?. According to the sequential decom-
position, one time step t is decomposed into several sub-
time steps t* with k € {1,2,3}, and the states evolve in
the order of s, s7, s7, s{,; and so on. At time ', the state
evolves according to x; = l—1(z—1,uf_y,u?_,wi_ ),
and the fictitious player measures a new common ob-
servation yY. At time t*, the fictitious player deter-
mines optimal map gF to be his control action. At
time 3, cost pi(sP) = pi(we,uf,u?) is incurred. The
objective of the fictitious player problem is to find op-
timal policy K = (g',g°%) with g = (gi.p_,) such that
J(K)=E (ZtT:o ﬁt(sg)) is minimized.

The fictitious player framework is, in fact, a cen-
tralized POMDP problem. From the perspective of
the fictitious player, he measures common observations
and determines control actions gF without further con-
straints. This centralized framework allows us to define
belief states and value function recursions as a classical
POMDP. The information state given to the fictitious
player at time t* is the following:

(11)

& (y(g:t?g(i):t—}égg:t—l) k= 17
I = (yg:tv.gg:tvgg:t—l) k=2, (12)
(yO:t’ 90:¢> gO:t) k= 37

and the belief state is 75 = Pr(sf|IF). Furthermore, we
have the value function recursions as follows:

Lemma 2. The Value function recursions for the cen-
tralized fictitious player problem of the two-player decen-
tralized state feedback problem are as follows:

V%+1 (ﬁ%’-i—l) =0,
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and fort=0,...,T

VE(aE) = E{pu(s?) + Vi (miy) | mf = 7}, (13)
‘42(ﬁf)=i;12f{]E(W3(7Tf) |7 =77.97)} (14)
V'tl(ﬁtl)zi;llf{]E(Vf(Wf)|7Tt =7, 0)} - (15)
Furthermore, the optimal cost ming J(K) = E(Vg (7).

Just like the framework for a classical POMDP, the set
of value function recursions provide an algorithmic proce-
dure to solve the optimal policy. However, this procedure
does not guarantee that the optimal policy is linear.

For every policy K in the decentralized problem, there
exists a unique control policy K such that gi(mi_,,yi) =
gi(mt_1 vt y0,), and they achieve the same cost, and
vice versa. To prove this, we can list the POMDP tuples
for the centralized and decentralized problems, and show
that there is a bijection between the centralized and the
decentralized policies. Therefore, if there exists a policy
K that minimizes cost J(K), then the corresponding K
must also achieve the same optimal cost in the centralized
framework, and vice versa.

We simplify the fictitious states above according to two
facts. First, note that the map between (yd.,, ud.,) and
(yb.4, o) is bijective. Second, Theorem 1 in [10] sug-
gests that u? is a function of only (y3.,,y7) for our par-
ticular decentralized MDP problem, where 3} = 0 for all
t. Thus, we can define m} = (gi,) and m? = (yZ,g?)
and change M!, G/, and G! accordingly. All statements
above now hOId Wlth u% = gi}(g(l):tfl) - gi}(g(]i:tflvyg:t)
and u? = g2(v?) = g2(y2,y0.). In fact, we will use this
definition for m! throughout the paper.

5 POMDP Formulation

We first define the states, the observations, and the ac-
tions for the decentralized POMDP. We incorporate n;
into the observations y;4; so that the controller can uti-
lize ny. Thus, we incorporate n; into the states as follows:

t=0,

_ 20
o { (21}’21527’”1]{717”%71) 0<t<T. (16)
We define the common observations to be
1
0 _ <0 t= O7
e { (Ztlvnifl) 0<t<T. (17)

where we denote y9* = 2} and y? = n;_,. We define the

private observations to be y} = ¢ and
2
2 _ ZO t = O7
Yo = { (z2,n?_ ;) 0<t<T. (18)
where we denote y7! = 27 and y?? = n?_,. By conven-

tion, we let yJ? = nl, = ¢ and y3% = n?, = ¢.

We now define the centralized POMDP. Let centralized
state sf and information state If be as defined in (11)
and (12).

Definition 3. (Centralized POMDP) Define the central-
ized fictitious POMDP tuple (A, C,p) as follows:

1. A is a sequence /LlJ, flg, Ag, fl}, A%, Azl)’, e A%F,
A% A3 with A} € Msy, and fort > 1, Al 2 S} x
S 1 +— [0,1] such that A}(-,s) € Mgy for all s €
S3 .. Forallt>0, AF: SF x SF1 % GF1 1 [0,1]
such that AF(-,s,gF ") € Mgy for all s € Sk and
gt e GF 1 with k € {2,3}.

2. Cis a sequence Cy, . .., Cp with Cy : Y° xSt +— [0, 1]
such that Cy(+, ) € Myo for allt >0 and s € S}.

3. p is a sequence po,...,pr with p; : 8§ — R for all

t>0.

Definition 4. (Centralized Policy) A POMDP pol-
icy for the centralized fictitious player problem is a
sequence K = (K}, K2, K}, K?,...,K+ K2), K} :
(") x T4 (2 % G2) > [0.1] and K7 + (3°)+ x
H (gl X 92) x Gt — [0,1] such that for all t > 0,
Kl( yOt?QOt 1)€M91 and KZ(., Y00, GO 1=9t)€M92
for all y® € Y° and gi € Gi with 7 € {0,...,t}.

We label the entries of m} as m; = (¢,,) and m? =
(y?,¢?) to avoid confusion between the state variables ¢
and the actions gi. Let b;(n;) be the PDF of n;, then
b(ny) = det(NyN + (I — N;)(I — N)) with the convention
that b(¢) = 1. Similarly, we define b’(n}) = det(N/N® +
(I — N})(I — N%)) and b'(¢) = 1.

Definition 5. The POMDP tuple (A,C,p) defined in

Definition 8 has the explicit form for the problem defined
in Section 2:

1. The state transition A

Ad(20) = fs. (20 — ps)
1
t

(s%,st 1) = 5(mt 1am% 21)b(”t71)

SESS|
2 %1(‘1012)})
X — AZ_1 — BNy |55 ,
ny <2’t Zt—1 t—1 [qg—l(y%—l
A2(S?v'§%7gi}) 5( )5(mt 1,7’7’13{ 21)5(qi}7§i})7
Af(sf,éf,gt) 5(17ta17t)5 tamt)

(m
Xé(‘]tv )6(% 5 ?)5(3/26 7nt 1)

with zp = xg = s(l),

2. The observation C

ét(y?; Si}) = 6(2237 yi?l) 6(”%717 yi?2)

3. The cost p

pr(s3) = 2-Qrzr  at t =T otherwise

pels?) = 2/ Qzt

+ [qth(g?;g)l)]TE(NtRNt) [

qtl (qé:t—l):|
awi) |
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where ¢, ¥9, y? are given by (16), (17), (18), and

S% = (xtvm%flvmgfl)v §% (itvm% lvm% 1)

St2 = (xtvmz%vm%—l)v St2 (xt,m%,mf 1)
S? = (xt?m%’m%)v S? (xtvm%am%)

6 Estimation and the Belief States

Since controllers are separable in centralized problems,
the optimal controller can be calculated through belief
states and value function recursions.

Definition 6. Define the belief states
mf (st) = Pr(sy | 1))

where IF is given by (12).

forall k € {1,2,3},t >0,

In a centralized POMDP, we can derive the explicit
formulations for the belief states through Kalman filter.

Theorem 7. (Belief States of the Fictitious Player)
Consider the centralized fictitious player POMDP model
as gwen in Definition 5, the belief states are

yoh) Co(25),
yo') Co(25) 8(a5+86):
o) 6(=5. vo") 6(as- &8) 6(ag. 85) Co(wdh),

and fort >0,

7Tt1 (5%) = 5(‘1(1)::5717 g(l):tfl) 5(%2717 gt{l) Gi—1 (yi%ll) bz(yle)

X 02,y ") Gi(2f) 0(ng_y,¥i*) b (nf_y),

mi (s7) =5(qét,§6t) 0(af 1, 8 -1) Ge-1(yit1) b (424)
x Oz, ¥1) Gel2) 8(ng 1, yi®) b (nf 1),

o

T (57) = 0(doues Bot) (ai s &7) Gelyi ) U ()

X 8z, yet) 0(22,yih) 6(ng_y,yi?) 0 (ni_y, y7?),
where (1(z) is a PDF on z such that E(z) = p: and
cov(z) = B¢ with (o(2) = fe2(z — p2), ie. po = p2,
Yo = X2, and

per = APyt + A%
+ B diag(yi}1)g: (80—1) + B NG, (19)

Sipr =92 4+ A2%, 4227 4 B2 cov(N2u2 |11, )B%2

where U7 = E,2 (&7 (v7) | |%+1)'

Proof. Prove by Induction using the POMDP formula
in Corollary 5. The full formulation for ;41 (27, ) is

)f22 (Zt+1 Aﬂygl

Ge1( Zt+1 /Ct
_A22 Ye '—-B?! dlag(YH—l)gt (gO:t—l) B22N2 i (y ))dyt

The proof is omitted here due to space constraints. ®

7 Controller and the Value Function Re-
cursion

In a centralized POMDP, there is a standard procedure
for value function recursions through dynamic program-
ming. We will repeat the procedure to our centralized
fictitious player problem. While the procedure to the re-
cursions is standard, the difficulties lies in exploiting the
structure of the value functions so that the recursions are
remain tractable as we progress recursively.

Theorem 8. (Fictitious Controller) Consider the cen-
tralized fictitious player POMDP tuple as given in Def-
inition 5 and the belief states as given in Theorem
7, let VE be as given in Lemma 2, then V}(r}) =
[ ol(si)mt(st)ds; where

z T P, z
1.1\ _ t ¥ ¢
oy (sy) = [ztz —,ut] [ Y; — Ptzz} Ltz —Mt} + 7,

and Py, Yy, and ry are defined by recursions (4), (5), and
(6), respectively, with Pr=Qr, Yr = Q?, and rp = 0.
The optimal cost ming J(K) =

pll pi12 pll pi12
t 0 0
E trace ([Pm Y, } EU> + trace ([Pom Y, ] Es>,
and the optimal controllers are

gt(QOt 1) = Kll Ktl2Mt7
gt(zt) = _K21 1 Ktm,ut -

(20)

Ji(zf =), (21)

with constant matrices K; and J; as given in (7) and (8).
pe in (19) then becomes a function of (24, nd.,_1) by

pe = AL (N{_ )1 + B (Ni_1) 2, (22)

where AK(N}) and BE(N}) are functions of N} as given
in (9) and (10).

Proof. Prove by backward induction by using Lemma
2. Suppose Vi (Ti1) = [olyi(siv) @i (sip)dsiis.
Let W, =Y; — P?2 for all t. By (13), we have V2(7}) =
[ o} (s3)7}(s?)ds} where o} (s}) equals
&tS (Zt 7ut)
=
2t 2t
Ut « Ut
+r
/ 2 — { 5] ZF — !
ui — uf —

X 0(uy, G (90.0-1))0(uf 7 (u7)) dus,
with Ty = trace(PHl EU) + trace(WHlEg) + Tt41 and

o — Q+ATP A ATP.1BN
NB'P,,1A  E(N{(R+ B"P,11B)N;)
A22TW,5+1A22 A22TW,5+1B22N2 1

B=| 5 oo
N2B22 Wt+1A22 E(Ntz (B22,TWt+1BQQ)Nt2)
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By (14) and after some calculations, we have

VA(7}) = /iigf (@3(%Ut)|zg:ygl,z§:y§1,ug:gg(gng))
t
X Gy ") 0% (972 dy; -
2

By taking derivative with respect to uj inside inf,2 (")
and set to zero, we have the following

u; = —(F?) Y FHu) + H? 2} + H?? ), (23)
w? = —(F2)~1p2lyl  p=l(522(F22) 122 _ g2y,
—(F2)T1gR,l _ pl(g2 4 g22),2 (24)
where @7 = E,2(u7) and
F =a* =E(Ny(R+ BTP11B)Ny),
H =0 =NB"P,_ A,
E = E(N2(R® —i—BQQTYHle)NtQ) — 52 L p2

Then, VZ(R?) = [od(s})i3(s])ds] where o¥(s?) =
fa'?(ztaut)|(24)5(u%agtl(g(l)tfl))du% Similar1Ya by (15)a

v et) = int { [ 62 uland(el )6 (H e .

Uy

By taking derivative with respect to u; inside inf,:{-}

and set to zero, we have u} as in (20) where

K}?
]

11
Kt

K,=F'H= {Kfl

By plugging (20) back to (24) and let J, = E~1(8?! +
H??) be as given in (8), we have u? as in (21). Fi-
nally, by plugging (20) and (21) back to V;}, Vi}(7}) =
[ ol(s})7}(st)ds; with o} (s}) as given in the theorem.

The optimal cost is straightforward by calculating
ming J(K) = Eo (Vg (r})) with ps = 0. By plugging
(20), (23), and (173 into (19), we have the recursion (22).
[

We are now ready to prove the main Theorem.
Proof. (Theorem 1) Given the optimal centralized ficti-
tious player policy as in Theorem &, the rest is to show
the corresponding decentralized cost and policy. Accord-
ing to Section 4.2, we know that for any policy K in the
fictitious centralized problem, there exists a decentral-
ized policy K with the same cost. Given that (20) and
(21) are optimal policies with the optimal cost

T
Ptll Pt12 Poll P012
Z trace ( {Pm Y, Y, | + trace P2y, s
P t 0

for the centralized problem, the optimal cost of the decen-
tralized problem must be the same, and the correspond
decentralized policies must be uj = ¢} (Gd.s_1,¥9.:) =
9+ (90:4—1) and uf = g7 (27, y0.,) as in (20) and (21). Also,
note that the recursion for p; and & are exactly the same.
This completes the proof. [

8 Conclusion

In this paper, we derived the explicit state space formulae
for a decentralized two-player problem under TCP-like
erasure channels with state feedback. We first character-
ize the problem as a decentralized POMDP and recast it
as an centralized POMDP in the fictitious players frame-
work. By calculating the belief states and the value func-
tion recursions, we solved the estimator and the optimal
controller for the decentralized problem.

The main Theorem of this paper is a generalization of
the main results in [7] and a decentralization of the main
results in [2]. We showed that the optimal decentralized
controllers for both players require an estimator of the
state of the subsystem 2 conditioned on the information
given to player 1.
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