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Robust stability analysis for feedback interconnections of unstable
time-varying systems

Ulf T. Jonsson and Michael Cantoni

Abstract— We consider the problem of robust stability anal-
ysis for feedback interconnections of causal linear systems that
are potentially time-varying with unbounded gain over the
space of finite-energy inputs. To this end, a combination of -
gap metric and integral-quadratic-constraint based analysis is
employed. The main results are developed in an abstract setting
using generalized Wiener-Hopf and Hankel operators and the
Fredholm index. Underlying assumptions are then verified for
two important classes of system: multiplication by constantly
proper Callier-Desoer transfer functions; and stabilizable and
detectable finite-dimensional state-space systems with coeffi-
cients of bounded and continuous variation across time.

Index Terms— Feedback, robust stability, integral quadratic
constraints, v-gap metric, time-varying linear systems

I. INTRODUCTION

Recent work [16], [6] considers the problem of struc-
tured robustness analysis for feedback interconnections of
transfer functions, via a combination of v-gap metric [21]
and integral-quadratic-constraints (IQCs) [18] based analysis.
Importantly, the use of IQCs to characterize the elements of
the interconnection permits exploitation of structure, beyond
small gain and passivity. On the other hand, v-gap metric
based analysis facilitates the direct accommodation of po-
tentially unstable transfer functions in the interconnection.

The main objective of this paper is to extend the results
of [16], [6] to accommodate feedback interconnections of
causal linear time-varying systems, including those without
bounded gain over the space of finite-energy input signals.
Towards this end, an abstract framework is developed in
terms of generalized Wiener-Hopf and Hankel operators
which are defined with respect to bounded linear operators
over doubly-infinite time. Eventually, a v-gap measure of
distance is established in terms of the Fredholm index of
a Wiener-Hopf operator associated with a composition of
normalized coprime representations of the system graphs
and the compactness of a corresponding Hankel operator.
Together, these generalize the well-known winding number
condition used for the time-invariant case [21], [6]. In the
development, the normalized representations of the graphs
are assumed to exist on the basis that this is true for important
classes of linear system. These include: time-invariant map-
pings corresponding to multiplication by constantly proper
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Callier-Desoer transfer functions (see also [6]); and linear
time-varying systems that admit stabilizable and detectable
finite-dimensional state-space realizations with coefficients
of bounded and continuous variation across time, as recently
shown in [19].

As in [6], the main result provides a sufficient condition
for the robust stability of a family of potentially time-varying
feedback interconnections, parametrised in terms of (i) a
path of corresponding open-loop systems that is assumed to
be continuous with respect to the v-gap measure of distance
introduced; and (i¢) the satisfaction of an IQC along this
path. Its development involves consideration of behaviour
over the doubly-infinite time axis, as also arises in the purely
time-invariant case. In keeping with the time-varying setting
of the paper, we take care to not attribute special significance
to any particular time dividing the past and the future, while
still maintaining a handle on the causality of inverses via a
condition on the corresponding instantaneous gains. Indeed,
these points differentiate the work presented here from pre-
vious studies of general linear feedback interconnections via
the gap metric, where behaviour is considered over a fixed
positive time index set, and causality is either not treated at
all, or only as an after-thought; see e.g. [11], [7].

The paper evolves along the following line. First some
preliminaries are developed in Section II, including the gen-
eralized Wiener-Hopf and Hankel operator framework. The
stability of feedback interconnection of possible unbounded
but causal linear systems is then considered in Section III,
in terms of causal and causally invertible normalized rep-
resentations of the system graphs. Section IV provides an
initial definition of a v-gap metric for time-varying systems
and the main robust stability result. An alternative, more
familiar, formulation of this is then established in Section V,
under an assumption that the Hankel operator associated with
normalized left representations of the system graphs are com-
pact. In Section VI, all assumptions underpinning the abstract
development are then verified for the aforementioned classes
of system. Finally, some illustrative examples involving the
application of the main result are presented.

We refer to [15] for proofs of the results in this paper.

II. PRELIMINARIES
A. Basic Notation and Operator Theory

The real and complex numbers are denoted R and C.
The transpose of a matrix M € RP*™ is denoted M T the
complex conjugate transpose of an M € CP*™ is denoted
M*, and the largest and smallest singular values of M in
either case are denoted o pax (M) and omin (M), respectively.
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Let H;,Ho be Hilbert spaces and X : H; — Hs be a
bounded linear operator. The Hilbert adjoint X* : Ho — H;
is uniquely defined by the equation

(Xw, v)y, = (w, X*v),, Yw € Hy and v € Ho.

It follows that img(X)+ = ker(X*) and ker(X)t =
climg(X*), where 1 denotes the orthogonal complement
and cl the closure of a subspace; see e.g. [17, Theorem 3].
Next we make note of some useful gain relations. Given
bounded X, X; : H; — Hs and X5 : Ho — Hs, let

7F(X):= sup [[Xwlls, and
llw|lr, =1

V(X)) = inf | Xwl|p,,
llw||z, =1

which satisfy the relations F(X*) = F(X), ¥(X*X) =
7(X)?,
F(XoXp) <FH(X2)F(X1), y(XeXy) > y(X2)v(X1)

and, if v(X) > 0, then v(X*) = ~(X). When X has a
bounded inverse we have 7(X~!) = 1/+(X). Finally, if
[¥]: H1 — Ha x Hs is such that X*X + Y*Y =TI (i.e.
it is an isometry) then F(Y)? = 1 — v(X)?; similarly, if
[X Y] :Hi xHa — Hs is such that XX* + YY* =T
(i.e. it is a co-isometry) then F(Y)? = 1 — v(X)?; see e.g.
[5, Lemma 3]. B

In this paper, Fredholm operators play an important role.
Indeed, the associated Fredholm index is eventually used to
define a v-gap measure of distance between systems.

Definition 1: A bounded linear operator X : H; — Ho
from a Hilbert space H; to a Hilbert space Hs is of Fredholm
type if both dim ker(X) and codim img(X) = dim coker(X)
are finite, where dim denotes the dimension of a subspace
and coker denotes the quotient space of the codomain by
the image; note img(X) is necessarily closed. The Fredholm
index is defined to be

ind(X) = dimker(X) — codim img(X)

Lemma 1: Let X, Xy : H; — Ho and Xy : Hy — Hs be
Fredholm operators. Then:

(1) ind(X*) = —ind(X);

(ZZ) ll’ld(ngl) = 1nd(X2) + il’ld(Xl);

(#91) if Y : Hy — Hs is a bounded linear operator such
that v(X) > 7(Y), we have ind(X +Y) = ind(X);
and
if K : H1 — Ho is a compact linear operator, we have
ind(X + K) = ind(X).

In what follows, operators mappings between time-domain
signal spaces are of central concern. For any time interval
X CT:=(—o00,00) =R, the notation -£,"(X) is used for
the Hilbert space of square integrable R™-valued functions
with support on X, inner product

(w0, 0 = [ WO o(O)

(iv)

and norm |lwl| &, (x) = (w, w}jéf(x). We sometimes suppress
the spatial dimension m from the notation.

When studying feedback interconnection of linear map-
pings that act causally on subspaces of %5 (T) it is convenient
to split the doubly-infinite time axis in to the past T_ =
(=00, tp) and future T = [tg, c0) relative to a ty € T; see
Section III. Defining v(t) = 0 when ¢ < ¢y for v € % (T),
and v(t) = 0 when ¢ > to for £ (T_), we get the useful
subset inclusions % (T_), % (T+) C Z(T) and the direct
sum decomposition %5 (T_) & % (T4 ) = Z(T).

The frequency domain space Z3"(jR) comprises the
Fourier transforms of signals in £,"(T). The time and
frequency domain spaces are isometrically isomorphic; i.e.
lv]l %y = ||?]|.2,(jr), Where © denotes the Fourier trans-
form of v. Finally, we let

L7 (GR) = A{IL: jR — C™™ [ < 00},

where ||II||cc = sup,ecr Omax(II(jw)). In developing the
main stability result in Section IV we use quadratic forms
defined by a frequency-dependent multiplier IT € £ %™ as

(0,116) gy gy = [ 900 THG)0 )

This satisfies the bound (0, II0) o, ;) < [[T]]oo[|011%, (jm)-

Let M : Z"(T) — %45 (T) be a bounded linear operator.
Its restrictions to 25" (T4 ) and £5"*(T_) are denoted by
M| (1, and M| oz (T_). Tespectively. M is said to be
causal if

PTM(I — PT) =0 VTeT,

where Pr denotes the truncation operator defined by
(Pro)(t) = o), t < T and (Ppu)(t) = 0, ¢t > T
for any v € ZJ*(T), which is a projection; in this case,
img(M| ¢y (r,)) C £5 (T4). M is called anti-causal if

(I-Py)MPr =0 VT €T,

in this case, img(M|gmr_)) C Z5(T_). Note that M is
causal if, and only if, M* is anti-causal.

B. Wiener-Hopf and Hankel Operators

In this section we introduce some preliminary results on
generalized Wiener-Hopf and Hankel operators. These are
used in the proof of the main robust stability result.

Definition 2 (Wiener-Hopf and Hankel operators): Let
M : ZM(T) — £P(T) be a bounded linear operator
and given a ty3 € T, let P, denote the projection
from Z2(T) to £7(T,) defined by (Piv)(t) = v(t)
when t € T, = [tg,00) and (Pywv)(t) = 0 when

t € T = (—o0,tp). Finally, let P_ := I — P,. We
associate with M:
1) the Wiener-Hopf operator Ty L (Ty) —

Z3 (T4 ) defined as Ty = P M| o1, )3
2) the forward Hankel operator Hy, : Z"(T_) —
Z3(T,) defined as Hy; = P, M|, (r_); and
3) the backward Hankel operator Hy; : Z"(T4) —
Z5(T_) defined as Hy;” = P_M| g,(1,).
Remark 1: Note that the projections and, in general, the
Wiener-Hopf and Hankel operators defined above all depend
on the choice of ¢y € T. For notational convenience this
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dependence is left implicit. Reference to the corresponding
to is made where necessary, often implicitly (again) via the
intervals T_ = (—o0,tg] and T4 = [to, 00).

The following result establishes some basic properties of
the generalised Wiener-Hopf and Hankel operators.

Lemma 2: Let M : Z"(T) — £2(T) be a bounded
linear operator. For any ¢y € T, we have

(i) Tys = Tm- and

(i) (H+ )* = Hy;t and thus, Hym = (HiL )"

Lemma 3: For any ty € T, the Wiener-Hopf operator

M L(Ty) — £3(T4) associated with a bounded
linear operator M : Z*(T) — £3*(T) has a bounded
inverse if, and only if,

(i) v(Tm) > 0 and

(ii) ind(Tp) = 0.

In the applications of this paper we need to establish con-
ditions under which the inverse of a Wiener-Hopf operator
is causal. To this end, the following results prove useful.

Lemma 4: Let M,M; : Z™(T) — £2(T) and My :
L2 (T) — % (T) be bounded linear operators. The follow-
ing properties hold for any ¢o € T:

(i) If M is causal then Ty = M|y, r,) and Ty is

causal in the sense that P Ty (I — Pr) = 0 for all
T > to;
(Z’L) TMle = ’:[‘1\/[2']:‘1\/[1 + H H_
(a) if My is causal, then TM2M1 = T'nm, T, ; and
(b) if M;,My are both causal, then Tn,n, =
T, T, = MaMi| o, r,).

Definition 3: A bounded causal M : £} (T) —

is said to have non-singular instantaneous gain if

PrI (M) déf tlzréf]r 5itr;f0 1((Pt’+§t — Pt’)M(Pt’+5t — Pt/)) >0
Lemma 5: Suppose a bounded causal operator M
ZMT) — Z7(T) has non-singular instantaneous gain.
Then, for each t; € T, the Wiener-Hopf operator Ty

is injective and the corresponding inverse map TR,Il

Z5(T)

img(Tnv) — Z5(Ty) is causal in the sense that
PrTyo = 0Vo € {v: v € img(Tm); Prv = 0} and
all T > t,.

The above lemma can be strengthened when the Wiener-
Hopf operator has a bounded inverse, as summarised below.

Lemma 6: For a bounded causal operator M
L3 (T) — £3¥(T) suppose the Wiener-Hopf operator Ty :
L3 (Ty) — £ (T4) has a bounded inverse for all ¢ € T.
Then TR/Il is causal if, and only if, M has non-singular
instantaneous gain.

Finally, in developing the main stability result we exploit
particular relationships between the gains

M) = sup [[Muwl| gy,
||U1H:£2"<1r)=1
M) = inf ||Mw||$;(1r)
||w‘|2§(1r):1
W(TM) = sup ||TM’LU||$271(T+) and
||1UH$2"(T+)=1

||w\|22"(1r+):1

Lemma 7: Suppose M : 23 (T) — £5*(T) is a bounded
linear operator. Then 7(Tn) < 7(M) and if in addition M
is causal we have y(M) < v(Twm).

III. MAIN FEEDBACK STABILITY CRITERION
Let linear operators H : dom(H) C £"(T) — £7(T)
and A : dom(A) C ZP(T) — £™(T) be causal in the

following generalized sense:

PGy C £ P(T) C L))

is a graph (resp. inverse graph) of a linear operator for all
T e T,' where

Ou = { {I-EJ :e1 € dom(H);
(resp.
GA = { {Aejg] teg € dom(A);

is the graph of H (resp. inverse graph of A). Cor-

respondingly, img(H|qom@)ngy(r)) C £5(T4+) and

img(Algom(ayngzr(ry)) C Z5"(T4) for all to € T; recall

that T := [tg, 00

Consider the feedback interconnection [A, H] defined by

e1 = —Aes +1

es = —Heq + ro.

Definition 4 (Feedback Stability): We say that the inter-
connection (1) is stable if, for all ty € T,

I A

th = |:H I:|

has a bounded and causal inverse.
Towards characterizing the existence of a bounded causal
inverse

— T m
Ftol = [r;] € .2 P (Ty)

( resp. P7GA

es = Hey € XQI)(T)}

e1 = Aey € gzm(qr)})

)

2

(dom(H) xdom(A))N.L" TP (T.)

— [zj € ZP(T,) N (dom(H) x dom(A)),

we now assume that the graphs of H and A admit
normalized right and left coprime representations; this
is known to be the case for various classes of lin-
ear systems, including time-invariant systems with con-
stantly proper transfer functions in the Callier-Desoer al-
gebra [6] and time-varying systems with stabilizable and
detectable finite-dimensional state-space realisations [19],
for example. In particular, we assume the existence of
bounded causal operators V, U, V U XH,YH,XH,YH
and N, M, N M XA,YA,XA,YA, defined on the whole
of .Zg( ), such that the following properties hold:

(A1) the double Bezout identity

XHYHV YH_['
U V]|u Xg| 7

A subspace G is a graph of linear operator if ( g) € G implies w = 0,
and an inverse graph if () € G implies v = 0.
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(A2) the double Bezout identity

Ya Xa] [N Xa =T
M -N||M —-Ya|

(B1) the graph symbols
v ~ ~ o~
Gu = H and Gg=[-U V]|

are normalized — i.e. Gf;Gg = I and éHé;‘d =1
(B2) the (inverse) graph symbols

rA:m and Ta=[-M N

are normalized — i.e. Ty Ta = I and TaT% = I;
(C1) for every ty € T we have

Gir = Gu N %(Ty)
= img(Gulzr,)) = ker(Gulz(r,))-
(C2) for every tp € T we have
GX = Ga N A(T)
=img(Ta|zr,)) = ker(f‘A|$2(T+)).

(D1) V and \tfvhave non-singular instantaneous gains; and
(D2) M and M have non-singular instantaneous gains.

Note that the graph symbols just defined are causal and
that by properties (Al), (A2) and Lemma 4, the following
additional properties hold: Gf; = img(Tgy) = ker(Tgz,, );

TE;H Gu

= TéH TGH = 0;
TGy, has a causal left inverse T x,; vy s TéH has a causal

right inverse T( g 5. 1.; G4 = img(Tr,) = ker(Tg,);

Tf‘AI‘A = TFATFA = O;

Tr, has a causal left inverse Ty, x,]; and Tf‘A has a
causal right inverse T, Xy -VxI* . .

We are now in a position to characterize the existence
of a bounded inverse for F, ; causality follows under an
additional assumption as described after the following result.

Lemma 8: For any to € T the operator F;, in (2) has
bounded inverse if, and only if], TGHFA has a bounded
inverse. Moreover, in this case,

_ -1 0 _ I 0
B’ = { 0 1} Tra(Taura) Ta, + [0 0} ‘

By the formula for Ft_o1 in Lemma 8 and the properties that
Tr, has a causal left inverse and T has a causal right
inverse, it is immediate that F;)l is causal if, and only if,
(TéHFA)_1 is causal. This leads to the following feedback
stability result. B

Lemma 9: Suppose GuI'a has non-singular instanta-
neous gain. Then the feedback interconnection [A,H] is
stable if, and only if, for all {5 € T,

(1) 1(Tg,r,) >0 and

(i) ind(Tg ) =0.

To this point the normalization properties (B1) and (B2)
have not been used. These lead to the following identities
on %(T), which play an important role in establishing the
main robust stability result of the next section:

Sllen an] -0 7] o

GG + GuGiy = I. (4)

and

The last property follows from (3) by an argument used in
the proof of [5, Proposition 4]. Indeed, from (3) we have

o []) -7

and by the structure of this that

ker (EED = ker(Gn) Nker(Gl)
= ker(é?) Nimg(Gu)* = {0},

E} is boundedly invertible,

which together imply that [G
Gh

whereby (4) holds.

IV. ROBUST STABILITY ANALYSIS (MAIN RESULT)

Consider a family of feedback interconnections of the
form (1), parametrized by Hy with § € [0,1]. We let
H,; = H so that §# = 1 corresponds to the system of interest.
Furthermore, as in the preceding section, we assume that
each Hyp, 6 € [0,1], has normalized graph symbols Gg,
and Gy, satisfying the properties described above, so that
the following is well defined for a,b € [0, 1]:

i(éHaGHb) if G'Ha,é';lb eN
1 otherwise

6V(Ha7Hb) = { 5 (5)

where

N ={M: L’(T) — £(T) : M has bounded inverse;
ind(Tnm) = 0 and Hy," is compact}.Vty € T

The condition in (5) requires l(éHa éf{b) > 0 and
TéHaéi&b to be Fredholm with 1nd(TéHa é;{b) = 0. The
nature of ¢, (-,-) is considered further in Section V.

Assumption 1: The path 6 € [0, 1] — Hy is continuous in
the following sense: for any 7 > 0, there exists § > 0 such
that 0, (H,, H,) < n whenever |a — b| < 4.

The main result below is formulated in terms of IQCs.
Specifically, given II € .Z&T™*PH™) (iR) we say Hy
satisfies the strict IQC defined by II (denoted H € SIQC(II))
when there exists € > 0 such that

(0, T19) 1, 2y = €%, gmy Vv € img(Gr,) © Za(T),

where U denotes the Fourier transform of v. Similarly, A
with normalized right graph symbol I' o is said to satisfy
the complementary IQC (denoted A € IQC®(II)) when

(i, Tb) g, ) < OV w € img(Ta) C Zo(T).
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Assumption 2: for each 0 € [0,1], Gu,T'a has non-
singular instantaneous gain.

Theorem 1: Suppose Assumptions 1 and 2 hold. Then the
feedback interconnection [A,H] in (1) is stable if

(i) [A,Hp] is stable and

(ii) there exists IT € .ZFT™* @™ (i) such that:
(a) A €IQC(II); and
(b) Hy € SIQCT)VH € [0, 1].

V. AN ALTERNATIVE FORMULATION OF THE v-GAP

In this section we consider the nature of the v-gap defined
in (5), including an alternative formulation of it, under the
following assumption, which is known to hold for LTI sys-
tems with constantly proper transfer functions in the Callier-
Desoer algebra and LTV systems with finite-dimensional
state-space realisation; see the next section.

Assumption 3: For all a € [0,1], the Hankel operator
HJr is compact.

The next result shows that 0,(-,-) as defined in (5)
under the above assumption has simpler and more familiar
formulations. The arguments employed in [21] can be used
to conclude that 6, (-, -) is a metric.

Proposition 1: Suppose Assumption 3 holds. Then

7(Ga,Ga,)  if 7(Ga, Giy,) > 0 and
5, (H,, Hy) = 1nd(TG &, ) =0V €T,
1 otherwise
(6)
where §,(+,) is defined in (5). Furthermore,
(G, Gr,) = (G, Giy, ).
7(Gu, Gr,)* = 1-7(Gu, Gi,)* and (M

ind(TG;laGHb) =0 < 1nd( Cu G* ) = O,

whereby
7(Gu,Gn,) if v(Gf,Gn,) > 0 and
5V(Ha, Hb) = ind(TGI*_I( GHb) =0VtypeT.
1 otherwise

VI. SYSTEM CLASSES

In this section we illustrate with some examples of systems
that satisfy the required properties.

A. The Callier Desoer Class of LTI Systems

We let A?*™(3) be algebra of transfer functions obtained
as the Laplace transforms of the impulse response functions
(see [10], [9])

h(t) = t)+ > hid(t = 71),

k=0
where e #h,(t) € € .ZP*M0,00) == {f : [0,00) — RP*™ :
fo ‘flj‘dt < 00} hpy € RP*™ 70 =0, 1, >0, k>1,
> e P hi| < oo, O(+) is the unit step function and §(-)
is the Dirac distribution. For convenience let A := A(0).

To each H € AP*™ we associate the causal time-domain
operator H : ZJ"(T,) — 43 (T, ) defined by

(Hv)(t):/th t—T7)v +thvt—Tk

to

This is bounded, with induced norm |H| =
SUP,cp Omax(H (jw)). The extension H : Z"(T) —
ZP(T) is defined similarly, except that the lower

bound of the integral is now t; = —oo. Finally, we
let AP = {A*™(3): 3 <0} and AL be the subclass
of constantly proper transfer functions corresponding to
hi = 0 for £ > 1, which implies that the transfer functions
are constant at infinity.

The Callier-Desoer class BP*"™ consists of transfer func-
tions where each element belongs to the quotient algebra
A_[Ax] and A = {G € A_ : limjg— o0 omin(G(s)) >
0}. Each transfer function from B”*™ has a normalized right
and left coprime factorization H = UV ! = VU, where
U U €A™ Ve AmXm TV € APXP are such that

U(jw) U (jw) + V(jw)"V (jw) = I,
U(jw)U(jw)* 4+ V(jw)V (jw)* = I;
see [3], [4]. To H € BP*™ we associated a causal time-

domain operator H : dom(H) ¢ 4"(T;) — £ (T,),
with graph defined by

Q;}{v

where the explicit expression for the domain is

dom(H) = {v: 0 = Vab; W € e ¥},

{”1] L0y = Vb by = U 0 € eiwtﬂjzgm}

U2

and the frequency domain space .7, comprises the Fourier
transforms of signals in .25"[0,00). The operator H is
unbounded outside this domain of definition and therefore
regarded as an unstable system.

In order to define the v-gap we use the subclass of con-
stantly proper transfer functions BLX™, where each matrix
element belongs to the quotient algebra A, _[A¢p o] and
Acpoo = {G € Acp,— & limjg oo omin(G(s)) > 0}. Any
two Hy, Hy € BEX™ have normalized right and left coprime
factorizations Hk = U;CV,;1 = 17,6*1(};“ from which we can
define so-called right and left graph symbols

GHk = [[‘;i:| € Acgfm xm and
éHk = [—ﬁk ‘7}.3] .AI:;(_pxm)

The Hankel operator H+

So Assumption 3 holds. "Ibherefore by Proposition 1 the v-
gap in (5) can be formulated as in (6), which in turn reduces
to

is compact by [9, Lemma 8.2.4].

i(éHlGHz)v l(é[{lg}qul > (0 and
5,/(H1,H2) = WI’IO(GHIG;IQ) =0
1, otherwise
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where

7(6H1 Gu,) = Sug UmaX(éHl G, )(jw)
we

l(é[{lé;b) = irelfromin(éH1é*Hg)(jw)

and where the winding number is defined as

wno(@) = lim MB(AH(G(w))) — arg(det(G(—jw))

w—00 2T

The fact that the index is equal to the winding number is
well known; see e.g. [12, Chapter XII].
B. Finite Dimensional LTV Operators
Consider a time-varying linear system on the form
z(t) = A(t)x(t) + B(t)u(t)
y(t) = C@)x(t) + D(t)u(t).

It is assumed that A, B,C, D are continuous and bounded
matrix valued functions

®)

A:T — R,
C:T — RP*™,

B:T — R"™™,
D : T — RP*™,

We let X(-) denote the invertible fundamental matrix
defined by the solution of %X (¢) = A(t) X (t) with X (t) = I
for ¢ € T, which exists by the assumptions on A(-); see
e.g. [2], [13]. It follows that the state transition matrix
D4(t,s) = X(t) X (s)~ ! satisfies

%@A(t7 5) = A(t)q)A(t7 5)7

Definition 5: The continuous and bounded matrix func-
tion A : T — R™*"™ defines an exponentially dichotomous
evolution with associated exponential dichotomy (projection)
P = P? € R™ ™ if there exist constants p > 0 and o > 0
such that

Dt t)=1.

| X(6)PX(s)™ | < pe =)Vt > s and
X)) (I —P)X(s)7 < pe "D Vs>t
This is equivalent to the following requirement: for each ¢g €
T, there exist a projection P, (= X (to)PX (tg)~!) such that
|®A(t, to) Py ®a(to, s)|| < pe 9 V> s and
[@a(t,to)(I — Pry)@alto,s)|| < pe oD Vs>t

which implies

img(P,) ={x € R" : 4(-,t0)z € £ (T+)} and
ker(Py) = {z € R" : D 4(—,tp)x € L (T_)}.

Note that rankP = rankP; . If P = I, then A defines an
exponentially stable evolution.

When A defines an exponential dichotomy it follows
that the state space system in (8) can be interpreted as a
convolution operator M : ZJ"(T) — £2(T) defined by the
integral equation [13, Theorem 1.2.3]

(Mu)(t) = [ k(e s)u(s)ds + D), ©)

where

k(i) = { COXOPX () B(s),
’ —CH)X ()T - P)X(s)"' B(s),

tzs.
s>t

the first case corresponds to the causal part of the operator
while the second case corresponds to the anti-casual part of
the operator. The class of all such operators is an algebra [13,
Theorem 1.2.4]. The corresponding Wiener-Hopf operator is
defined by

(Tmu)(t) = /OO k(t, s)u(s)ds + D(t)u(t),

to

where k(t,s) is defined as above. We notice that since the
state corresponds to

x(t) = Pa(t,to) P, /t D 4(to, s)B(s)u(s)ds

— Dy (t,to)(I — Pyy) /too D 4(to, s)B(s)u(s)ds,

we have x(tg) € Im(I — Py,); i.e. z(to) € kerPy,.
The operator in (9) is henceforth denoted in terms of the
state space realisation as

- [243]

In order to define the Fredholm index we use the inverse
dynamics, which has stabilizable and detectable state-space
representation

(10)

N [ A-BD'C | BD™! }

-D~IC ‘ D71
where it is assumed that D! is uniformly bounded. If we
further assume the matrix AX := A — BD~'C has an

exponential dichotomy defined by the projection P*, then
the Fredholm index of Ty can be computed as

ind(M) = rank P — rank P>
= dimImP — dimImP*
= dimkerP* — dimkerP;
see [13, Theorem I1.5.2].
The verification of upper and lower gain bounds must for
this class of operators be performed using optimal control

theory. Suppose (M) < 7. This implies that the cost
function

J(u) = <{Z]7 {:gzg ﬁ;—CDTgD} [ﬂ >_%’2(T)

is strictly positive over all solutions (7, u”)T € £ "™ (T)
of # = Az + Bu. Similarly v(M) > v if

T(u) = <{I] {7CTDT_TD_1C 7CTD_TTD } [1}>
= s _ -1 —2_ - —1
u DTD'c  42-D"TD ay

is strictly positive over all solutions (7, u™)T € £ "™(T)
of i = (A — BD7'C)z + BD u. Riccati theory for
verifying these conditions can be found in [14]. An alter-
native technique to estimate gain bounds is obtained using
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the integral operator formulation in (9). We may the use the
following result from [10].
Lemma 10: The integral operator in (9) satisfies

M) < /71700,

where

71 = sup / Ik(t, 5)dt,

seR J -0
o0

Yoo = sup/ |k(t,s)|ds.
teR J -0

Remark 2: Notice that both v; and v, are bounded since
A defines an exponential dichotomy.

Now, without assuming that A defines an exponentially
dichotomous evolution, if the pairs (A, B) and (A,C) are
stabilizable and detectable, respectively, then from results
in [19] there exists normalized coprime representations of
the graph satisfying the properties identified in Section III;
see also [1], [20] where the same result is obtained under
stronger assumptions;

A+ BF | BR™/?

Gu = [U} =| C+DF|DR™'2 | and
F R71/2
Gu=[-0 V)= | Fet e
where
R=I+D"D, F=-RYD"C+B"X),
R=1+DD", L=—(BDT"+YCT)R',

and X = X7, respectively Y = Y7, are the exponentially
stabilizing solutions to the differential Riccati equations

X =X(A-BR'DTC)+ (A- BR'DTC)'X
— XBR'BTX + CTR™'C, respectively

Y =(A—BDTR'C)Y +Y(A - BDTR'C)T
~YCTR™'CY + BR'B”.

Indeed, any such time-varying system may be as-

Al|B
C|D
socited with a causal operator H : dom(H) C £ (T4) —
ZP(T.), with graph defined by

QIJfI = {1} = Bl] :v1 = Vw; vg = Uw; w € fg('ﬂ‘+)},
2
where the explicit expression for the domain is
dom(H) = {v:v=Vw,we L"(Ty)},

and U and V are defined as in the normalized right coprime
realization above.

The Hankel operator can be factorized as HI = LcLp,
where Lo : R" — £P(T,) and Lp : 32’”(71‘_1){ — R™ are
defined by

(Lowo)(t) = C(£)®(t, to)zo and

(Lo)(t) = / " B(to, s)u(s)ds.

— 00

Since both L and L have finite rank it follows that Hg;
is compact. Hence, Assumption 3 holds and therefore, by
Proposition 1 the v-gap in (5) can be formulated as in (6),
which here reduces to

9, (Hy, Hy)
¥(Gn,Gu,); 7(Gn,Gi;,) >0 and
= 1rank1:’c~_}1 G~ rankPélé; =0
L, otherwise,
where
CN}HIGH2 = { g, | Bac, } ’
G1Go G1G»
~ ~ A=~ = B~ ~
* GG} G,G*
GG = | Cara: | Daves ] ’
1 2 1 Py

L x o .
and where Pg s and Pélé; are the projections defining

and AX ., =
G1G2

respectively. Bounds on

the exponential dichotomies of Aélcg

—1 o
¥(Gn, Gn,) and 7(Gn, Gij, ) can be verified using optimal
control techniques, as discussed above.

G1G; GG

C. Interconnections of LTV and LTI Systems

The theory in the previous sections can be applied to
interconnections where an unstable system from the Callier
Desoer class is stabilized by a finite dimensional linear time-
varying system. We will here show that the assumption on
nonsingular instantaneous gain necessarily will be satisfied if
the interconnection is well-posed. The remaining conditions
can be verified using the results discussed in the previous
subsections.

Let H be defined by a transfer function from B and
let A be a finite dimensional LTV system. To establish the
assumption on nonsingular instantaneous gain we use the left
graph representation

t
(Gaw)(t) = Dg_, (Hw(t) + / hg,, (t — s)w(s)ds

— 00

and the right graph representation

(Tav)(t) = Dra (Ho(t) + / ki (£, $)0(s)ds,
where

kFA (tv 8) = CFA (t)(I)AFA (t’ S)BFA (5)

Note that both representations are causal with exponentially
decaying integral kernels. This implies that there exists o >
0 such that

eathéH (t) IS %] [0, OO) (11D
and |® 4., (t,s)| < ce(=*) which in turn implies
|kpa(t,s)] < pe(=*) (12)

for some p > 0.
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The next result shows that the instantaneous gain is equal
to the product of the direct terms. This implies that the
assumption on nonsingular instantaneous gain necessarily
will be valid in a well-posed interconnection.

Proposition 2:

p1(Gula) 2 inf ouin(Dg,, Dra(t))-

VII. EXAMPLE

Consider an interconnection [A,H], where H € B <"
and A is an exponentially stable LTV system with stabi-
lizable and detectable state space realization as in (8). We
assume the circle constraint

FJ(A —cl)<r

for some center position ¢ and radius » > 0. By Lemma 10
this holds if

sup [D(t) — cI| + /71700 <7
teR

where v, and 7, are computed as in the lemma. This implies

that A € IQC(II), where II = —il (2 __07{2)1 .
By Theorem 1 it follows that [A, H] is stable if
() there exists a v-gap continuous parametrization Hy with
H; = H and [A, Hj] stable.
(ii) Hy € SIQC(II), V6 € [0, 1].

Let us for simplicity specialize to the single-input single-
output case. Let ¢ = —2, r = 3/4 and Hy(s) = -;. Then
the interconnection [A,Hy]| is stable, which is straightfor-
ward to verify since - [| 7=z [lc = 5 < 1 and the stability
follows from the small gain theorem. The IQC condition in
(7i) above simplifies to the circle condition

2 2
) c r
Hy(jw) — 22| > @ VYw € RU {oo}.
13)
Consider the following parametrizations
1 e—s&fz
T s o120 M T ST

for 6 € [0, 1]. It is shown in [8] that these parametrizations
are v-gap continuous and the Nyquist plots in Figure 1 shows
that the circle condition in (13) is satisfied in both cases. We
conclude that all systems are stable.
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