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Abstract— Series multi-cell converters introduced more than
ten years ago provide many degrees of freedom like the possibil-
ity to distribute the voltage constraints among series-connected
switches and to improve the output waveforms. Direct control
laws make perfect use of them during transient behaviors, but
leads to disorderly and imperfect steady-state operations. This
paper deals with some solutions for the direct control of the
voltages across the flying capacitors in the presence of fast
variation of the input voltage by reach an optimal steady-state
trajectory defined by the PWM control technique.

I. INTRODUCTION

The power electronics [1] are well known important tech-

nological developments. This is carried out thanks to the de-

velopments of power semiconductors and new energy conver-

sion systems. To assume the increase of power consumption,

inverters have to be controlled more efficiently and increase

their power. A solution to obtain both conditions is to use

multilevel inverters [2] which combines switching frequency

capability and reduce stress voltage on the power switches

[3]. The use of multicellular converters which uses floating

capacitors offers additional advantages as low switching

ripple, few conduction losses (better energetically switching),

small dV/dt and modularity of the topologies. These qualities

make this new topology very attractive in many industrial

applications. For instance, GEC/ACEC implements this pro-

posal to realize the input converter which supplies their

“T13” locomotives in power. Three-phase inverters called

“symphony” developed by Alstom for driving electric motors

are also based on the same principle. However the flying

capacitors of this converter must be carefully controlled since

the survival of the converter depends on it. Various researches

[2], [4] guarantee natural balancing of the flying voltages

with a simple open-loop control under certain conditions.

The natural balancing operation of the series p-cell converter

is obtained when the voltages are close to the multiple of

E/p where E is the source voltage and p the number of

cells. Nevertheless, in this case, the dynamics involved in

the balancing transient depend on the impedance of load at

the switching frequency. If the impedance at the switching

frequency is high (small current harmonic at this frequency)

then the natural balancing is very slow and inversely. This

fact has allowed the development of solutions based on an

extra “balance booster” which is a simple RLC circuit whose

natural frequency equals the switching frequency [5]. Other

solutions based on input-output linearization control can be
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found in [6]. However, although the dynamics of rebalancing

are really improved, they may still be too slow to follow fast

variations of the input voltage and they are not very robust

against load variations.

This paper is organized as follows: Section II recalls

the mathematical model and PWM control of multicell

chopper. In Section III, the proposed direct control based

on sliding mode techniques is presented. This control allows

to follow rapid variations of the input with good properties

in steady state conditions under load variations. Simulation

and experimental results are illustrated in section IV to

highlight the applicability of the proposed control. Finally,

some concluding remarks are given in the last section.

II. MATHEMATICAL MODEL AND PWM

CONTROL FOR MULTICELL CHOPPER

A. Multicell chopper description

The multicell structure is based on the implementation

of series switching cells (pairs of complementary switches),

between which a floating voltage source is inserted. These

voltage sources are realized by floating capacitors.

This structure can operate in several configurations: chopper

or inverter, implemented as a half or full-bridge.

Figure 1 shows the schematic of an N levels series

multicellular converter, consisting on n = N − 1 cells.

Fig. 1. n cells multicell series converter

The purpose of this paper is to present a sliding mode

based control law in order to achieve a balance of internal

capacitor voltages described by the following expression:

VCk
= k

E

n
(1)

1) Cell voltages: Under each cell there are 2 floating

capacitor voltages: VCk
and VCk−1

, with VC0
= 0 and

VCn
= E. Then

VCellk = VCk
− VCk−1

. (2)

2011 American Control Conference
on O'Farrell Street, San Francisco, CA, USA
June 29 - July 01, 2011

978-1-4577-0079-8/11/$26.00 ©2011 AACC 751



Under equilibrium conditions (eq.(1)) the cell voltages take

the same value:

VCellk =
E

n
. (3)

2) Capacitors and output voltages: The output voltage vs

is a function of the n cells switch positions.

vs =
n

∑

k=1

v
ūk

=
n

∑

k=1

uk vcellk (4)

In the particular case where the n cell voltages are identical,

the output voltage can be expressed as

vs =
E

n

n
∑

k=1

uk (5)

The evolution of the capacitor voltages is a function of their

flowing current:

i
Ck

= is (uk+1 − uk) (6)

v
Ck

(t) = v
Ck

(0) +

∫ t

0

i
Ck

Ck

dt (7)

In equation 5 it can be seen that, for a given output voltage,

no matter what switches are closed, just how much of them.

This means that the capacitor voltages can be controlled

independently of the output voltage (see III-A).

B. PWM control for multicell chopper: brief recall

Despite the good internal properties of the multicell chop-

per described in introduction, it is preferable to improve the

convergence dynamics to the equilibrium condition without

adding the dissipative elements. To do this, the capacitor

voltages VCk
must be controlled by modifying the different

duty cycles αk. For more details, this method of control is

developed in [7] where the voltages VCk
and the load current

Is are measured and the following average model is used

V̇Ck
=

ICk

Ck

= is(αk+1 − αk) (8)

Vs = αnE +

n−1
∑

k=1

VCk
(αk − αk+1) (9)

The convergence to the equilibrium allowed by this control is

faster and less oscillatory than natural response. However it

is based on the average model and the dynamics of balancing

remains slow. That is why we propose in this article a new

control allowing the converter to follow fast variations of the

input and to have good properties in steady state conditions.

This control is based on the instantaneous model which is

described in the following.

C. Instantaneous model

This model takes into account the instantaneous states of

the system (switch positions and capacitor voltages). The

dynamic of the Ck capacitor is given by:

dv
Ck

dt
(t) =

iCk
(t)

Ck

=
[uk+1(t) − uk(t)]

Ck

is(t) (10)

The output voltage can be calculated by applying the second

Kirchoff’s law. By adding the voltages of the lower switches

ūk:

vūk
(t) = [v

Ck
(t) − v

Ck−1

(t)]uk(t), (11)

the output voltage is obtained as

vs(t) =

n
∑

k=1

vūk
(t) (12)

=

n
∑

k=1

[v
Ck

(t) − v
Ck−1

(t)]uk(t), (13)

with v
C0

(t) = 0 and v
Cn

(t) = E.

Finally, by regrouping expressions (10) to (13) in the state

equations form, we obtain:

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





v̇
C1

=
[u2(t) − u1(t)]

C1

is(t)

v̇
C2

=
[u3(t) − u2(t)]

C2

is(t)

...

v̇
Cn−1

=
[un(t) − un−1(t)]

Cn−1

is(t)

vs(t) =

n
∑

k=1

[v
Ck

(t) − v
Ck−1

(t)]uk(t)

(14)

Equations (14) shows that the multicell serial converter is

a particular class of hybrid dynamical systems (HDS) (see

[8] for a nice written of HDS, for multicell serial converter

described as a HDS, see [9]).

III. PROPOSED DIRECT CONTROL FOR 3 CELLS

CHOPPER

A PWM control-based allows a simple and effective

control of the internal tensions, but only for the cases where

the number of cells is prime. In addition, this control is based

on an average model, which benefits the slow variations.

It is desirable a valid control law for any number of cells

allowing, at the same time, a faster convergence. In order

to obtain these features the controllability of the multicell

structure will be analyzed at first. After this, a sliding mode

based control will be proposed.

A. Internal Controllability

The controllability describes the ability of an external

input to move the internal state of a system from any

admissible initial state to any other admissible final state in

a finite time interval.

In the particular case of a multicellular converter it can

be translated as follows: “Is it possible to find a n-uplet of

finite time intervals δtk associated to n commands uk so as

to bring the system state x to a neighboring state x + ∆x,

for a given λ∗ output level voltage?”. We can express this

∗Under equilibrium conditions, the output level voltage can take n + 1

values or discrete levels: vs = λ
E

n
, where λ is an integer number between

0 and n.
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question mathematically:






















n
∑

k=1

δtk
dx(uk)

dt
= ∆x

n
∑

k=1

δtk = T

(15)

The “unidirectional flow of time” constraint must be added,

that is to say:

δtk > 0.

From the hybrid time trajectory defined in [10] and using

equation (10), a controllability condition of system (14) can

also be expressed as a rank condition. For the sake of place,

only the three cells converters are treated (figure 2).

Fig. 2. 3-cells converter

Case 1 : λ = 0 or λ = 3
In this case internal voltages (state variables) are not con-

trollable (no capacitor is requested). The output voltage vs

is equal to 0 or E, respectively for the two combinations of

inputs u3 = u2 = u1 = 0 or u3 = u2 = u1 = 1 during T .

We have v̇
C1

= 0 and v̇
C2

= 0. Then

rank
[

0 0
]

= 0

Case 2 : λ = 1
In this case, the output voltage vs = E

3
for the three com-

binations of inputs (u3, u2, u1) = (0, 0, 1), (u3, u2, u1) =
(0, 1, 0) and (u3, u2, u1) = (1, 0, 0) during T . Consequently

the rank condition leads to

rank





− is

C1

0

− is

C1

is

C2

0 − is

C2



 = 2

with is 6= 0.

Case 3 : λ = 2
In this case, the output voltage vs = 2E

3
for the three com-

binations of inputs (u3, u2, u1) = (0, 1, 1), (u3, u2, u1) =
(1, 0, 1) and (u3, u2, u1) = (1, 1, 0) during T . Then the rank

condition is obtained as

rank





− is

C1

0

− is

C1

is

C2

0 − is

C2



 = 2

with is 6= 0.

The “unidirectional flow of time” condition is accom-

plished because the internal voltages can vary in both positive

or negative directions by the action of switch commutations,

so it is not necessary to have negative δtk coefficients†.

We can conclude that multicell converters are controllable,

during T , for any λ level different from 0 or 3 if, and only

if, the current is different from zero .

B. 3-cells chopper sliding mode based control

In order to obtain the same voltage over each cell, the

capacitor voltages must take the following values: vC1
=

E/3 and vC1
= 2E/3. These are the reference values for

the capacitor voltages.

To satisfy this objective, we apply the first order sliding

modes technique described in [11] The proposed manifolds

are the following:

s1 = vC1
− vref1

= 1

C1

∫ t

0
(u2 − u1)is(τ)dτ − vref1

(16)

s2 = vC2
− vref2

= 1

C2

∫ t

0
(u3 − u2)is(τ)dτ − vref2

(17)

Let us call (u2 − u1) = p1 and (u3 − u2) = p2. The

derivatives of the manifolds are:

ṡ1 =
p1

C1

is − v̇ref1
(18)

ṡ2 =
p2

C2

is − v̇ref2
(19)

Note that there are three inputs but two manifolds! This

is because the inputs are “coupled”: the input u2 is “shared”

between the capacitor C1 and C2. p1 and p2 are not inde-

pendent, therefore neither are the surfaces . This fact means

that, in general, it is not possible to converge to both surfaces

at the same time. When the control acts over one of the

manifolds, the other one may keep invariant or must be

“disturbed”.

In order to achieve an effective control under these condi-

tions, a priority over the surfaces must be taken into account.

This is done by applying the algorithm shown in figure 3[12].

After the λ output voltage level is decided (throught an

independent algorithm), this value is compared to 0 and 3.

These are the non-controllable levels. If there is a match,

the “non-controllable phase” is executed, otherwise, the

”projection” phase. The “non-controllable phase” consists on

the application of the actual λ level during a half switching

period.

The “projection” phase calculates the combination of

switches which approximate the actual capacitor voltages

to their references values. This is done by computing the

projection (dot product) between v̇Ck
and [vCref − vC].

v̇Cp
: v̇Ck

/ max{v̇Ck
· (vCref − vC)} (20)

The v̇Ck
vector which provides the largest projection value,

called v̇Cp
in equation (20) ,is applied during a time interval

of Ts

3
; this task is accomplished by choosing the correspon-

dent switches combination.

†If T is not large enough, one or more δtk may be negative. For the
time, T is not fixed at a predetermined value, just bounded.
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Fig. 3. Priority algorithm

As an example, consider the case where the output level

voltage is the correspondent to the level λ = 1, that is

to say, vs = E
3

(figure 4). Let’s place the [vCref − vC ]
vector at the origin of the system of coordinates. As we can

see, the vector which provides the largest projection is the

correspondent to the (0, 1, 0) switch combination. So in the

v̇C1

v̇C2

(1, 0, 0)
(0, 0, 1)

(0, 1, 0)

i(t) > 0

[vCref − vC ]

Fig. 4. Example of projection phase for λ = 1

next Ts

3
time interval this combination will be applied. After

that a new computation of the projection value is done (only

in the cases when the actual phase is the “controllable” one).

In this particular case, the two manifolds are modified at the

same time. Supposing that the reference value is a constant:

ṡ1 =
1

C1

is (21)

ṡ2 = −
1

C2

is (22)

Both capacitors voltages are approached to their reference

values.

When the priority (value of the projections) of one the

vectors v̇Ck
is the highest one, only one capacitor voltage

will be approached to its reference.

After a certain transient period there will be two vectors

v̇Ck
which will have the same priority (the same projection

value). From that moment the two switch combinations

correspondent to these vectors will be applied consecutively.

The surfaces s1 and s2 will converge to zero at the same time.

During this transient period the commutation frequency will

be 3 fs

2
.

When the surfaces are zero, the three possible switch combi-

nations will be applied. Under these conditions the switching

frequency will be fs.

The algorithm presented is designed to be used in con-

verters of any number of cells.

IV. SIMULATION AND EXPERIMENTAL RESULTS

In this section the simulation and experimental results will

be presented in order to show the behavior of the proposed

control.

A. Simulation results

The simulation parameters are the following:

• voltage source E = 300V
• current source is = 1A
• capacitances C = 33µF
• fs = 20kHz

In figure 5 the capacitor voltages of a first simulation are

shown, for initial values vC1
(0) = vC2

(0) = 0 and output

voltage vs = E
3

(λ = 1)

In figure 5(a) the temporal evolution of the capacitor

voltages are shown.
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(a) Capacitor voltages
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Fig. 5. Capacitor voltages for simulation 1

From zero to 5ms the algorithm gives priority to the

combination (u1, u2, u3) = (0, 0, 1) which lets the vC2

voltage evolve, only. From 5ms to 13ms the combinations

(u1, u2, u3) = (0, 0, 1) and (u1, u2, u3) = (0, 1, 0) take the

same priority, so the both are applied consecutively and the

actual switching frequency is 3 fs

2
= 30kHz. At 13ms the

two capacitor voltages reach their reference values, hence

the sliding mode is reached, and the three combinations

are applied. From this moment, the switching frequency is

fs = 20kHz.

The three mentioned steps can be analyzed from the state

space in figure 5(b). When the combination (u1, u2, u3) =
(0, 0, 1) takes priority, the voltage of capacitor C2 evolves

from zero to 145V . Then, the combinations (u1, u2, u3) =
(0, 0, 1) and (u1, u2, u3) = (0, 1, 0) are applied consecu-

tively. This is shown in detail in figure 6(a). Finally, when the

sliding mode is reached, the three combinations are applied,

that can be seen in the “triangular form”‡ shown in figure

6(b). Note that, under ideal sliding mode conditions and

for constant reference values, the sliding mode behavior is

represented as a point in the state space.

‡The “triangular form” shows the presence of chattering, a phenomena
present in all real sliding mode conditions due to the non-infinite switching
frequency.
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(b) Sliding mode behavior

Fig. 6. State space detail

The output voltage and the desired output level are shown

in figure 7. As we can see, the desired output level λ
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V
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(a) Output voltage evolution
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L
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v
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l

(b) Output level λ

Fig. 7. Output voltage and level of simulation 1

(computed as λ = u1 + u2 + u3) is always one, but

the correspondent output voltage is not reached until the

capacitor voltages take their reference values at 13ms.

In order to show a more realistic behavior of the proposed

control law, another simulation will be made. This time, the

3-cells structure will be configured as a half-bridge inverter

and a RL load will be placed instead of a current source

(figure 8). The switching frequency will be fs = 10kHz.

An independent algorithm (based on sliding modes[12]), will

control the output current and a sinusoidal perturbation will

be added to the voltage source.

In the half-bridge inverter configuration the output voltage

can take positive and negative values. Under equilibrium

conditions these are: ±E/6 and ±E/2. The simulation

parameters are:

• voltage source of 300V with a 50Hz sinusoidal pertur-

bation of 10V peak value.

• reference current: sinusoidal waveform of 1.5A peak

value and 200Hz.

• RL load: R = 33 and L = 50mH .

Fig. 8. Half-bridge inverter configuration associated to a RL load

The output current, its reference and the output voltage are

shown in figure 9. It can be seen that, after a transient period,
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(a) Reference and output currents
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(b) Output voltage

Fig. 9. Current and output voltage of second simulation

the output voltage takes its four possible values: ±50V and

±150V . Note that these output levels are affected by the

sinusoidal perturbation of the voltage source.

In figure 10 the capacitor voltages and the correspondent

state space are shown. It can be seen that, after a transient
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(a) Capacitor voltages
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Fig. 10. Internal voltages of second simulation

period, both surfaces converge to their reference values at the

same time, so the sliding mode is reached. As we can see in

figure 10(b), there are different freedom degrees depending

on the actual output voltage level. That’s why the sliding

mode condition is reached in a different way this time.

Performing a zoom over the state space we can see in detail

the sliding mode behavior (figure 11). The three possible

95 100 105

195

200

205

State space

vc1[V]

v
c
2
[V

]

Fig. 11. Sliding mode behavior detail on state space

combinations for each λ level are taken. In this case the

reference values are not fixed, so the surfaces are variable

ones, that is the reason why in sliding mode conditions there

is no “triangular form” like in the first simulation (figure

6(b)). The switching frequency is fs = 10kHz again.

Finally, in order to show the robustness of both control

laws, another perturbation will be added: the value of the

load resistance will vary between ±100%. The variation law

follows a sinusoidal waveform with 100Hz of frequency. In
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figure 12 the output current and the capacitor voltages are

shown. As it can be seen, both of them converge rapidly

to their reference values. The resistance variation doesn’t

perturb them.
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Fig. 12. Capacitor voltages and output current for a variable load

B. Experimental results

In this sub-section some experimental results will be

shown. The experimental set-up is the following:

• A 3-cells structure converter is used. The capacitor

values are 33µF .

• The power supply E is a 60V source.

• A RL load is connected to the output. It consists of an

48mH inductance and a 50Ω resistance.

• The switching frequency is fs = 6.6kHz.

• The sampling frequency is 33kHz.

1) Experimental results for priority algorithm: The fol-

lowing tests correspond to the current control of a RL load.

The algorithm used for this purpose will not be detailed in

this paper (see[12]), it is relevant to mention that this control

is based on sliding modes, thus the presence of chattering

will be noted at the output.

The first test corresponds to a chopper configuration. A

0.5A current reference is used. The results are shown in

figure 13. The output current and the capacitor voltages are
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Fig. 13. Experimental results for a constant reference current

coincident to their reference values except for the presence

of the chattering phenomenon. This effect can be reduced

by decreasing the current or by augmenting the switching

frequency.

The second test (figure 14) corresponds to a half-bridge

inverter. In this case a sinusoidal reference current of 300Hz
frequency and 0.5A peak value is used. Again, the capacitor

voltages and the load current are coincident to their reference

values. The chattering is variable this time: the larger current

values, the larger chattering.
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Fig. 14. Experimental results for a sinusoidal reference current

V. CONCLUSION

In this paper a direct sliding mode control algorithm

applied to a flying capacitor converter has been presented

and developed. It has been showed that the proposed direct

control ensures a good convergence of the voltages across the

flying capacitors under fast variation of the input voltage.

Furthermore an optimal steady-state trajectory is obtained

according to the adjacency rules of the power switches.

The simulation and experimentation results affirm a good

performance of the proposed direct sliding mode control.
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