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Robust stability criteria for uncertain systems with delay and its
derivative varying within intervals
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Abstract—In this paper, stability criteria are proposed for
linear systems liable to model uncertainties and with the delay
and its derivative varying within intervals. The results are
an improvement over previous ones due to the development
of a new Lyapunov-Krasovskii functional (LKF). The analysis
incorporates recent advances such as convex optimization tech-
nique and piecewise analysis method with new delay-interval-
depedent LKFs terms and a novel auxiliary delayed state.
Stability conditions are provided for the cases when the delay
derivative is upper and lower bounded, when the lower bound is
unknown, and when no restrictions are cast upon the derivative.
The analysis is enriched with numerical examples that illustrate
the effectiveness of our criteria which outperform previous
criteria in the literature for nominal and uncertain delayed
systems.

I. INTRODUCTION

HE phenomena of time delays are often encountered in
T various practical systems, such as chemical engineering
systems, biological systems, aircraft stabilization, networked
control systems, etc [1]. Nonetheless, since time delays can
degrade a system’s performance and even cause system
instability, considerable attention has been devoted to the
subject of stability analysis and design of systems with time-
varying delays (see, e.g., [1]-[9]).

During the last decade, the problem of time-delayed
systems’ stability analysis have been deeply investigated
under delay-dependent criteria, for the exposure of the de-
lay information leads to less conservative results. Various
methods have been taken for deriving stability conditions
using different Lyapunov—Krasovskii functionals (LKFs) [6].
Particularly, the employment of Jensen’s inequality instead of
the cross-terms bounding [10] is a well-established approach
that leads to less conservative results. However, this still is a
conservative analysis, for the time-varying delay is bounded
when considering terms in the LKF derivative containing not
only the delay bounds, but also the delay itself. Instead of
bounding the time-varying delay, the convex optimization
technique incorporated with the Jensen’s inequality proved
to be effective in [3]. Further impovements were obtained
using similar technique with different LKFs (see, e.g., [S]-
[9]). Recently, new Lyapunov functional candidates inspired
on [2] have enriched the stability analysis by extending the
piecewise analysis method from [2] to systems with time-
varying delays, see, e.g., [7]-[9]. Particularly, [7], [9] also
explore the information about the delay derivative’s lower
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bound through the employment of delay-interval-dependent
terms in the Lyapunov functional.

Nevertheless, in practice, it is very difficult to obtain an ex-
act mathematical model due to environmental noise or slowly
varying parameters. Systems with time-varying delays almost
inevitably present some uncertainties. However, most recent
advances in the analysis of systems with time-varying delays
aren’t fully exploited in most recent works concerning robust
stability of delayed systems (see, e.g., [11]-[17]). Therefore,
the results from these works are usually more conservative
than the results from criteria for delayed systems which do
not consider the possibility of model uncertainties (see, e.g.,
(71, [9D.

Therefore, in this paper, we present a novel robust stability
analysis for uncertain systems with delay and its derivative
varying within intervals. New delay-interval-dependent LKF
terms, that are ignored in previous works, are introduced to
exploit all possible information about the delay derivative’s
lower and upper bounds. Moreover, we introduce an auxiliary
delayed state in order to make further use of the delay’s
lower bound value. These methods considerably improve
the stability analysis even for systems with no uncertainties.
The resulting criteria can be applied for the case when the
delay derivative is upper and lower bounded, when the lower
bound is unknown, and when no restrictions are cast upon the
derivative characteristics. Numerical examples illustrate the
effectiveness of the proposed robust stability criteria which
outperform previous criteria in the literature for time-delayed
systems with and without uncertainties.

II. PRELIMINARIES

Consider the following continuous-time linear system with
time-varying delay:
t>0 (D)
1 € [~ Tmax, 0],

£(t)= Ax(t) + Agx(t — d(1)),
x(t)=p(t),

where x(r) € R™ is the system’s state, p(¢) is a given function
which describes the state’s initial condition, and the matrices
A and A; are considered not exactly known, but belonging
to bounded sets: A € o7 C R™*"* and A, € &y C R™**"*_ The
continuous function d(¢) denotes the time-varying delay that
satisfies

Tmin S d(t) S Timax (2)

where 0 < T, < Tnar are constants.
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differentiable with given bounds:
dmin S d(t) S dmaxa (3)

where d,in < dyqx are constants.
Considering the parameter uncertainties, equation (1) can
be rewritten as:

(1) = (A+A)x(t) + (Ag+ A )x(t — d (7)) )

The uncertainties AA e AA, are time-varying matrices with
appropriate dimensions, which are defined as follows:

[AA AAd} :DF(Z‘) [EA EAd} 5)

where D, E4, and E,; are known real constant matrices
with appropriate dimensions and F (¢) represents an unknown
time-varying matrix, which is Lebesque measurable in ¢ and
satisfies F(t)TF(t) <1.

Throughout this paper, the following results will be useful
to derive conditions for the establishment of new delay-
depedent stability criteria for the uncertain system with time-
varying delay (4).

Lemma 1 ([18]) For given scalars ri, r, and matrix
MeR™ ™ such that (ry—r1)>0 and M>0, and any vectorial
function x : [r1,r]— R™, we have:

(=) [T sty ([ l“x<s>ds)fu (/1)

Lemma 2 ([19]) Given matrices
BeR™™  the following statement

'Mx>0 & M+FB+B F'>0,
holds for some FER™ " and any xcR™\{0} such that Bx=0.

M = MT c Rmxm,

III. STABILITY ANALYSIS

This section presents the main results of this paper.
Firstly, we shall, similarly to [7]-[9], divide the delay
range [Tuin, Tmax|. Here we will consider two equally spaced
subintervals: L’L’l,’cz] and [7p, 73], where T/=Tunin, T3="Timax»

Tmax T Tmin

and »h= . Therefore, the linear uncertain delayed

system (4) can be rewritten as
(1) = (A+AA) x(1) + X[z, 5,] (d (1)) (Ag + AAg) x(t — d(1))
+ (1= Xr,0)(d (1)) (Aa+AAG) x(1 —d (1)) (6)
where Y[, ,):)R—{0,1} is the characteristic function of
(71, 2):

1, ifseln,n]
X[Thfz](s) - { 0, otherwise.
The proposed stability analysis for systems with time-
varying delay and model uncertainties is based on the
Lyapunov—Krasovskii functional candidate

=Y Vi), @
where
Vi) = 2 ey 00T 0)| ‘D 200
+ (1= pg 2 (@) 47 () {dg ):TZZP + T;dg) P1:|x(t)7

Va(r)= /;UxT (5)Q1x(s)ds
V3(t):/,:: | [x@fg)w} ' [ﬁi ﬁ;ﬂ L@fg)ﬂlﬂ ds,
V4<”:/;n ] B e

My s 7)}“
L—rl/+ﬁ

Tl
le dS‘dB + = / /
T +ﬁ

X Zpx(s)dsdB + (1o — 11 / /+ﬁ $)Z3x(s)dsdB
(13— / / (8)Zyx(s)dsdB,
Vo), () [ [ A6 k- o) s(sasap|

(1 X rl,‘rz]

“fa /+ﬁ
[

One can note that the if the conditions

Py+P
P= 3; 2 >0, P>0, 0,20, Z;>0, je{1,2,3,4},

((2—71)Z3+R1—R3)>0, ((13—72)Z4+R3—R()>0, (R{+R2)>0,
Ny Nip My My

R3+R4)>0, N= >0, and M= >0, 8

(R3+R4) { 2}, |:M{2 Mzz}* ®)

NITZ Ny
are satisfied, we guarantee the positiveness of (7). Also, it
can be seen that V(¢) in (7) is continuous in ¢, since

d(l%m Vi(r) =T (1) Pyx(2),

hm Ve (1) / /
1) =T, T r+ﬁ
/ /+ﬁ

In the following, we propose novel robust stability criteria
for linear systems with model uncertainties and delay and its
derivative varying within intervals.

U . /t+ﬁ

$)(R1+Ry)x(s)dsd

$)(R3 —Ry) x(s )deﬁ}

s)(R3+Ry)x(s)dsdp.

) (R1 +Ry)x(¢)dsdp

) (R3 +Ry)%(t)dsdp.

Theorem 1 For given scalars Tpin, Tmax, Amin, and dyax
such that 0<Tpin <Tmax and dpmin<dmax, the system (4) with
time-varying delay d(t) satisfying (2)-(3), and uncertainties
described by (5) is robust asymptotically stable if there exist
scalars €,>0 and &>0, and matrices P, i€{1,2,3}, 01, Zj,
Rj, je{1,2,3,4}, N, and M, with appropriate dimensions,
satisfying (8) and

Z]+U1|d d”m>0 ZHr+U; Id(t)ﬂdmax>07 )

Zl+Ul |d t "dmin >0> ZZ+U1 |(j(t)*>dm/-" >0> (10)
and free-weighting matrices Hy € R"*3™ and Hy € RT3,
such that the following LMIs hold:

Qll |d.(l)~>dmin < 07 Qll |d([)*>d’"“>’” < 0
912|d.(l)~>dmin < 0’ Q12|d'(t)*>dm‘” < 0’ (11)
921 |d.(l)~>dmin < 07 Q21 |d(t)*>dmax < 0’
922|d.(l)~>dmin < 07 Q22|d'(t)*>dm‘” < 0,
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where

_(‘P(l)b(:)%k +H131+(H131)T> (n-t)H\Tx HT3D &1 |
Qu= * —(—71) Ak 0 0
* * 781] 0
L * * * —&l
-(\P(z)|d(r)~>f 1<+1)+H232+(H232) ) (‘L’3—‘L’2)H2Fk H>I'sD SzTg-
Qo= * —(3-m)Ax 0 0
* * —821 0
L * * * —&l
with k € {1,2}, and
ri=[0 1 o D=1 0 0, ;=00 o 1",
An=((m—1)Z3+R1+Rs), A=((12—71)Z3+R1+(1—d(t))Ro+d(t)Rs),
A =((13—0)Zs+R3+Rs), An=((13—1)Zs+R3+(1—d(t))Ro+d(t)Rs),

o I 0 0 —-I 00 o I 0 00 —-I0
B={0 -1 0 0 0 I 0O}, By= - 0 0 0 0 1[I,
A A; -1 0 0 0O A A; -1 00 0 O
TE:[EA Es, 0 0 0 O 0},
Wy 0 Whp 2 p w0 0 0 ]
x Wy 0 0 0 0 0
« o« W@E)+ws 0 0 0 0
wl—| =* * * Wy Wus 0 0 A
* * * 0 Wss N 0
* * * 0 x Np—Ni1—U Uy—Npp
s * 0 x * —Us—Ni2 |
-lPll 0 é) ézP +?3 a;g)Pl Wiy 0 0 0 |
* W 0 0 0 0 0
« o« YA)+¥s 0 0 0 0
lp(z): * * * \{"44 “P45 0 0 A
* % * * Wss—Us Np+Us 0
* ok * * * Ny —Ni1—Us —Njp
| * * * * * * —Na2 |
with
2 . ,
Uy = T—I(R1+(1—d(t))R2+d(t)R4)7
U= ((z3—12)Zs+R3+Ra),
B—T
Us = P— ((’L’z—’L’l)Z3+R1+(1—J(I))R2+d(t)R4)7
d(t
Y= %(PI_PZ)‘i‘MII_Zl_Uh
Wy =—(1-d(1)) 01,
12 2 2
- (7> (Z14+22)+(12—11)* Zs+(13—12)* Zs+TaR) + (53— T2)R3,
d(t)—T T —d(t
wg‘;(d(z)):(rg—rz)m+(r2—d(z))R4+r2(() D gy 4 g (2240
=T =T
dt)—T: T3—d(t
‘I’%)(d(t)):(rg—d(t))m+13( U 2)R2+r2(3 ())RL
B—T B—T
Waq =My — My —Zy — 2 - 2U1,
Wss = Q1 +Ni1 —Mxn — 7, - Uy,
Y4 =Z1+M2+Ui,
Yys = Z—Mpp+U;. (12)
[ |

It is also interesting to consider two special cases of the
previous result. The case when the lower bound of the time-
varying delay derivative is unknown and the case when no
restrictions are cast upon delay derivative. For the first case,
by fullfilling the restrictions

P > P, and R; > Ry, (13)

the following corollary arises directly from Theorem 1.

Corollary 1 For given scalars Tmin, Tmax, and dpgy such that
0<Tin <Tmax, the system (4) with the delay d(t) satisfying (2)
and d(t)<dpax, and uncertainties described by (5) is robust
asymptotically stable if there exist scalars € >0, €&>0, and
matrices P, i€{1,2,3}, Q1, Z, R, j€{1,2,3,4}, N, and M,
with appropriate dzmenszons satts];yln% (8), (9), and (13),
and free-weighting matrices Hi€R"3" and HycR7><3"x
such that the following LMIs, with notations given in (12),

hold:
Qll‘d t < 07

Anax

QZI ‘d t ma,\' < O;

le|d l‘ < 07

Amax

9’22|d 1) —dax <0.
O

We shall now consider the second case, i.e. fast-varying
delays. In this case, as we have no information about the
delay derivative, by assuming

Pi=P,=P3, 01=0, and Ry=Ry, (14)
we can eliminate the terms with d(¢) from (12). Then it is
straightforward to obtain the following corollary.

Corollary 2 For given scalars Ty, and Tpgye such that
0< Toin <Tmay, the system (4) with time-varying delay d(r)
satisfying (2), and uncertainties described by (5) is robust
asymptotically stable if there exist scalars €, >0 and & >0,
and matrices P, ic{1,2,3}, Qi, Z;, R;, je{1,2,3,4}, N,
and M, with appropriate dimensions, satisfying (8) and (14),
and free-weighting matrices Hj€R7"3" and Hp€R7"*3"x
such that the following LMIs, with notations given in (12),
hold:

Q1 <0; Qp <0 Oy <0 Qyy < 0.

O

Remark 1 Because of the term Uy, the results are valid only
for minimum delay strictly greater than zero. However it
is straightforward to extend these results to the case where
Tmin=0 by considering U;=0.

Theorem 1, Corollaries 1 and 2 provide stability condi-
tions for linear systems liable to model uncertainties and
time-varying delays, and are the main results of the paper.
Compared with previous criteria, the conservativeness of the
stability analysis is considerably reduced. To improve the
results, we have introduced a new auxiliary delayed state
x(t—%) in the Lyapunov functional, which allows further
exploitation of the delay’s lower bound value. Moreover, fur-
ther improvements were obtained through the introduction of
new delay-interval-dependent terms in (7). The employment
of these terms yields different expression in the derivative of
the Lyapunov functional when d(¢)<7, and when 7,<d(t).

The examples in the next section illustrate the effective-
ness of our criteria. It is important to emphasize that the
stability results are less conservative than previous published
criteria not only for systems with uncertainties, but also for
nominal time-delayed systems.

IV. NUMERICAL EXAMPLES
Example 1 Consider the system (4) with no uncertainties

and
-2 0 -1 0
I R PV ) RV
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TABLE I

ALLOWABLE T4y VALUE FOR dqx=0.1 AND d,j,=— 0.1 (EX. 1)
Method N 0 1 2 3 4 5
He et al. [4] 3.605 — — 3612 4.064 —
Sun et al. [20] 3.918 — — 3918 4.178 5.038
Fridman et al. [thm 1 4.260 4.571 4.622 4.216 4.090 —

[7] thm 2 3.663 4.203 4.456 4.425 4.429 5.097
Theorem 1 4363 4.604 4711 4.698 4.577 5.098

TABLE 1I

ADMISSIBLE Ty, VALUE FOR Ty;;,=1 AND GIVEN d,;;ij, AND dy0x (EX. 2)

unknown dy;y, dpyin = —0.1,
Method (dnax=0.3) (unkn )| (diax=03) (dnax=1)
Te ot al. [4] 22125 1.5187 - -
Shao [6] 2047 1617 - -
Orihuela et al. [8] 2.353 1.792 - -
) Thm 2 241 176 357 77
Fridman et al. m{Thm 1 242 1.79 2.60 1.85
e 3454 1797 3770 1895

Assuming slow-varying delays (—0.1 < d(t) < 0.1), the
maximum values of T,,,, which maintain the system’s asymp-
totical stability for various 7, are listed in Table I. It is clear
that the obtained results are less conservative than those in
(41, [71, [20]

Example 2 Consider the following delayed system de-
scribed by

10 1 10 O - .
PNV LA VPV

For 7,,;,=1, and various d,,;;, and d,;., the results from
various criteria in the literature are listed in Table II. For
unknown dp;, and for fast-varying delays the results are
obtained using Corollaries 1 and 2, respectively. From the
table, it can be seen that our criteria present superior results
when compared to previous methods. Moreover, one can note
that T4 grows for dy,;,—0 and for d,;,,—0.

Example 3 Consider now the uncertain system (4) with

-2 0 -1 0
 CER T ]

10 L6 0 01 0
D:{o 1}’ Ea= {o 0.05}’ EA!':{O 0.3}'

From Corollary 2, we find that the uncertain delayed
system is stable for 7,,;,=0 and various values for d,,,, with
admissible 7,,,, given in Table III. The obtained result rep-
resents an important improvement over those from previous
robust criteria.

Example 4 Consider the following uncertain system (4)
with

[-05 2] , [~05 1] » . 02 0
A—{ 1 —1} Ad—{ 0 0.6} b=i EA—EAF{O 0.2}'

In Table IV, we compare the results from Corollaries
1 and 2 with those in [11], [12], [15], [17] for T,,;=0,
unknown d,,;;, and various d,,,.. From the table, it is clear

TABLE III
ALLOWABLE UPPER BOUND VALUE OF T4y FOR Ty, =0, UNKNOWN d,,,
AND VARIOUS d,qx (EX. 3)

Methods N 0.2 0.4 0.6 0.8

Wu et al. [11] 1.063 0973 0.873 0.760
Lien [13] 1.063 0973 0.873 0.760
Yue & Han [21] 1.063 0973 0.873 0.760
Qian et al. [17] 1.083 1.023 0.986 0.964
Park & Ko [3] 1.099 1.077 1.070  1.068
Corollary 1 1219 1104 1.089 1.089

TABLE IV

MAX. Tyax VALUE FOR Tyi;u=0 AND UNKNOWN d,iy, (EX. 4)

Methods ) Vi 0,5 0,9 Unknown
Wu et al. [11] 0.243 0.242 0.242
Jing et al. [12] 0.243 0.242 0.242
He et al. [15] 0.342 0.338 0.336
Qian et al. [17] 0.379 0.379 0.379
Corollary 1 0.4471  0.4461 —
Corollary 2 — — 0.4461

that our results are considerably less conservative than those
in previous criteria in the literature.

V. CONCLUSIONS

This work’s main result concern the establishment of new
stability criteria for time-delayed systems liable to model
uncertainties and with delay and its derivative varying within
bounded intervals. The case when the derivative’s lower
bound is unknown is also considered, as the case when no
restrictions are cast upon the delay derivative. The conser-
vativeness of the stability analysis is considerably reduced
with the introduction of new delay-interval-dependent terms
and a new auxiliary delayed state in the LKF. Although
this paper deals mainly with uncertain delayed systems, our
criteria, when applied to nominal systems, also yields less
conservative results than previous criteria in the literature.
These analyses are ratified with numerical examples that
illustrate the effectiveness of the proposed criteria.

APPENDIX
PROOF OF THEOREM 1

Firstly, we shall consider the case where d(f) < 7. Taking
the time derivative of the Lyapunov functional candidate (7)
with ¥ =1 yields
. . P, —P.
ViOlaiy < =dO3 ()=

d(t)— —d
A, wdi)
-7 T T
Va(r) =

-7 T—

x(t)+2x¢7 (1)
A (1=1)Qux(t—m) — (1= d(1)) & (t=d(1)) Q1 x(t=d (1)),

)

s T el - s [ %;Hiﬁi 2
N
(t )

Pz} x(t)

Vi(t) _2 }
ol B el B
Vs(t):xT(t){(?l

1

; T [
></ i (5)Z1%(s)ds — 4 :
11 2 Ji-g

T (5)Z3(s )dY*(Tsffz)/

=7y
></
Jt—1, 1—13

Vo (£)la() <z, =% O1(72—d(t) (R1 —R3)+d(t)(R1+R2) +(T3—

) (Zi+2)+ (0 —11)°Zs + (3 — 1) 24} (1) —

i (8)Zpk(s)ds — (1, — 1)

-1y

i (5)Z4x(s)ds,

d(r)) (R3+R4)]x()
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- /.rd(,)xr(‘v) (Ri+(1-d(1)) Ra+d(1)Ra) i(s)ds
1—d(r) —dt)
*/th()(Rl )()dvf/tde

-T2 (]

(8)(R3+R4)%(s)ds. (15)

Suppose now we take Vs(t) and Vs(t)| ()<, in (15) and
expand the integral terms using the fact that 7; < d(r) < 1.
Then, defining

1 - d 1 1—d(t)
_ ¢(s)ds an ::—/ i(s)ds,
Ne=gm ./t—d(t)X(S) * 12 ©—d(t) Ji—z, He)ds

where limd(t)ﬁrl’)/ld:)'C(l‘—Tl), and limd(t)ﬂfz’)/dzz)f(l‘—fz),
and applying Jensen’s inequality (Lemma 1), we have the
following inequalities

. . T
Vs(t)+Ve ()] )<z, <2 (1) [(%)2(21 +22)H 0 —11 ) Z3 (13— 1) *Zs+ TR,

d(t)—T T —d(t
+(3—12)R3+ (13— 12)Ra+(12—d(t)) R4+ 12 do-—n Ry+1y —— ()Rz} x(t)
To—1T1 T—T]

_ [x(t)—x (t_%ﬂT(zﬁ-%(R1+(1—d(t))R2+d(z)R4)> [x(t)_x (,_%)}
[ (_*) xt— ’C])] <Zz+%(R1+(1—d(t))R2+d(t)R4)>[ (t——) xt— Tl)}
ir R3 +R4)>[x(t—rz)—x(t—r3)]
2

T1)Z3+R; +(1—d(t))R2+d(t)R4))Yld
71)Zs +R1 +Ra)) Ya- (16)

— [X(I—Tz) —x(t—T3)]T<Z4+ =
g ([d@) =) (72—
Y (72 =d (1)) (72—

Then, from (15) and (16), after some manipulation, one
can conclude that

VO)law<r, < &7 0 (Qay<r,) 100, a7
where 0
e o @) —1)A 0
Q|d<f><fz_{ . _A<1>} A<1)_{ N 12(r2—d(t))ml}7

and ¥, Ap1, and A, are defined in (12). Also, we have

defined & (r):=[¢8 v, vh] € R”*, where
L) =) " =d@) @) " -F)
t—m) *T(-n) I @-n)], (18)

Suppose now we introduce Bi=[B;; By, €R¥** and
~ T
leLHlT 0]" eRIw>*3r,
weighting matrix, and

N { 0 I 00-10 0} N {(d(t)—n)[ 0 }
Bi1= 0 —1 0 0 0 I 0}, Bp= 0 (Tzfd(t))] .
( 0

where H; is a 7r x 3r free-

A+AA) (Ag+AAg) =1 0 0 0 0 0

It is interesting to note that B1{;(r) = 0. Then a straight-
forward consequence of applying Finsler’s lemma (Lemma
2) is that the right side of (17) is negative definite if E; <0
holds, where

(‘P(l)-l-HlEl]-‘rElTlHlT) H1§12

5= H,B,+BTH =
E1 = Qla(y<r, TH1B1+B1 Hj X A

Here we shall consider the terms E;; and X, that arise
from E; when d(¢) — 1, and d(¢) — T, respectively

= <lP<1)|d(t)~>‘rk+Hl§11+§{1H1T> (72— 7)H T

* —(m— 1) Ak

where I'; and T, are defined in (12), and k € {1,2}.

Note that we have deleted the zero row and column from
Z11 and E12. Now, it can be seen that

¢ (L (1)= “cno 11C11(f)+d(t)__?Csz(f)Elzglz(f),
where C“ C Clz

=[¢I vl]. and & is
defined in (18) Thus C _1C1 is convex in d(¢) and

19)

is negative definite only if the vertices (£1; and E;,) are.

Furthermore, to eliminate the time-varying matrix F(r)
from (19), we use the definition of AA and AA; from (5)

and rewrite By as
By =B +T3[A A4, 0 0 0 0 0] =B, +I3DF(1)Tg, (20)
where By, I'3, and Tg are defined in (12). Then, according

to (20), &1, in (19) is rewritten as
1 T T
= (lI"( )|d(r)~>fk+HlBl+Bl Hj (m—71)H Ty +(XF(t)ﬁ+ﬁTF(t)TOC7;
* —(n—11)Aw

where a=[(H,T3D)" 0] and B=[Tz 0].
Then it follows from applying Lemma 3 in [22] that &4 <
0 holds if and only if there exists a scalar & > 0 such that
|:(lp(l)|d(t)4>rk+HlBl+B{HlT (n—m)Hi Ty

1
+ —aa’ +&BpTB<0
* —(n—T)An

€

holds for k€{1,2}. Moreover, taking the Schur’s comple-
ment, we have Qq; as described in (12). Therefore, & is
negative definite if and only if Q;; and Q; are.

Furthermore, given (3), the following expressions hold

dmax*d.(l‘) d.(l‘)fdmm
Qu=——"7"Quljioa. + 57— ilin)—a >
dmax 7dmin |d<r) i dmax - dmin |d<r) A
dmaxfd(t) d(t)—dmin
Qp=————"7"Q )— + Q12 N .
Amax—dmin |d hnin Amax—dmin |d<t) max

Therefore, Q1 and Q15 are convex in d(t) € [din, dmax-

We will now consider the case where 7, < d(f) < 3.
We shall prove that analogous results can be derived using
exactéy the same arguments of the former case. Taking the
time derivative of the Lyapunov functional candidate (7) with

x =0 yields
P;—P
=~ (0d0 7 —
Vo ()la(ry>z, =+ O1(dO)—2) (Rs—R1 ) +d(t)(Ri+R2)+ (T3 —
B /t.:d(t)XT (‘Y) (Rl+(17d(t))R2+d(l)R4)X(Y)dY

—7 t—d(f) T )
= [ G ER)i)ds - [ ©ReAR)s @D
p rfd(r) -7

and V() to Vs(r) are defined in (15). Then, similarly to
(16), we apply Jensen’s inequality (Lemma 1) to V5(¢) and

Vo (t)law)>m:
g

Vs(£) + Ve(t)lagy <z, < *"(2) {(7 ) 2(Zl +2)+H (0 —1) Z+(1—1) Zs

x(6)+247 (1) {LT(:)__; P+ 77;__[11(:)

d®) (R3+R4)](t)

Vi (t)‘d(t)>12 Pr|x(t),

+0R + (53— 0)R3 + (13—d(t))Rs + 73 (ti(;)—:z) R +1 (133:[{5(:)) Rz} (1)

3)]

x(t ’L']]

,[ zf— (Zl+ (Ri+(1—d)Ro+dt R4>[ x(
[ z—— —xt—1) T<ZZ+ (Ry+(1- d))R2+dt)R4>[(_%>

T

[[ ‘L’l—xt ‘L'z

())Rz-&-d'(t)R4> [x(t— 1) —x(1—12)]

—Pad(t) =) ((z3— Tz)Z4+(1 d(f))Ra+R3+d(t)Ra) a
— Y03 (13—d(t))((z3—T2)Zs + R3 + Ra) a3, (22)
where 1, and 7,3 are defined by
1 -7 . 1 r—d(r).
j/zd::d—(t)ifz./tﬂm)x(s)ds and 7"3"—1341(:)./:43 X(
with limd(t)ﬂfz ]/ZdZX(t—TQ) and limd( 1)—T3 ’)/d3:)€(l‘—‘f3)
We denote &I (1):=[¢0 1, )/dﬂ €R’ where (; is
defined in (18). Then taking V»(z), V3(t) and V4(¢) from (15),

s)ds,
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Vi (t)laty>z, (21), and (22) one concludes that
V)l < &0 (Qagy>e,) &0, @3)

¢ 0 @) _[(d(t)—n)Axn 0

Q'd(f)>‘fz:|: x _A(Z):|7 A :{ 0 (T3—d(t))[\21:|7
and Y@, Ay, and Ay, are defined in (12).

Suppose now that analogously to the case where y=1, we
define a matrix Bo=([B, Ba]+ [I3DF(1)Tz 0]) such
that By G5(t) = 0, where Bj is defined in (12), and By is
defined in an analogous fashion to By;.

Then the condition that arises from applying Finsler’s
lemma (Lemma 2) to the right side of (23) is that
&7 (1) (Qlagr)>z,) &2(1) is negative definite if there exists a
matrix H=[H] 0] TeRY3n quch that 5 < 0 holds,
where Hy€R”"x*3x is a free-weighting matrix and

E2=Ql4(1)>1, HHa B2+ B3 Hj . 24)

Similarly to (19), we consider the terms E,; and Zj that
arise from E; when d(t) — 1 and d(r) — 13, respectively,
After some manipulation, it can be seen that

where

F0200=210 e 021000 + A2 e ()20 tn ()
3—T) Ta—T

where Cle (t):= [CxT y;] , CZTZ(t):: [CxT Ysz]’ and {; is
defined in (18). Then, from the convexity of (I ()2, (t),
it is sufficient to verify the feasibility for =, and for Ej,.

Then it follows from applying Lemma 3 in [22] that & <
0 holds if and only if there exists a scalar & > 0 such that

1
+ —aal +&pTB<0

{(‘P@”denﬂ B+ BIH] ) (n-m)Hly
&

* —(T3—T2)Ax

holds for k€{1,2}. Moreover, taking the Schur’s comple-

—

ment, we have Qj; as described in (12). Therefore, & is

negative definite if and only if Qj; and Qj; are.
Moreover, given (3), the expressions

dpax—d(t) d(t)—dpmin

Q= 2= o1 = Cmin o .

=g 21 () A 21 (1)
dpax—d(t) d(t)—dmin

Qo= "Wl jma. + 5 2l -
G 20 2L 0

hold. Thus, Q;; and Qy; are convex in d(t) € [dnin, dmax)-

We are now ready to complete the proof by establishing
conditions that guarantee the negativeness of the Lyapunov
functional’s derivative. For the first case where d(t) # 1, it
is easy to check that

V)l £, <Xy ) () ST (R 81 () + (1= Ky ) (d(1))) & (0)Q282(0).

For the second case where d(r) = T, using exactly the same
arguments of [7] and [9], we conclude that

V(O)la()=r, < max {&] (161 (1), & ()6 (1)}
Therefore, it is straightforward to conclude that if the
conditions in (11) are fullfilled, then we guarantee that
V(t)<0, which concludes the proof.
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