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Mean-Square Joint State and Parameter Estimation for Uncertain
Nonlinear Polynomial Stochastic Systems

Michael Basin Alexander Loukianov Miguel Hernandez-Gonzalez

Abstract— This paper presents the mean-square joint state
filtering and parameter identification problem for uncertain
nonlinear polynomial stochastic systems with unknown
parameters in the state equation over nonlinear polynomial
observations, where the unknown parameters are considered
Wiener processes. The original problem is reduced to the
filtering problem for an extended state vector that incorporates
parameters as additional states. The obtained mean-square
filter for the extended state vector also serves as the mean-
square identifier for the unknown parameters. Performance of
the designed mean-square state filter and parameter identifier
is verified for both, positive and negative, parameter values.

I. INTRODUCTION

The problem of the optimal simultaneous state estimation
and parameter identification for stochastic systems with
unknown parameters has been receiving systematic treatment
beginning from the seminal paper [1]. The optimal result was
obtained in [1] for a linear discrete-time system with constant
unknown parameters within a finite filtering horizon, using
the maximum likelihood principle (see, for example, [2]), in
view of a finite set of the state and parameter values at time
instants. The application of the maximum likelihood concept
was continued for linear discrete-time systems in [3] and
linear continuous-time systems in [4]. Nonetheless, the use of
the maximum likelihood principle reveals certain limitations
in the final result: a. the unknown parameters are assumed
constant to avoid complications in the generated optimization
problem and b. no direct dynamical (difference) equations
can be obtained to track the state and parameter estimates
dynamics in the ”general situation,” without imposing special
assumptions on the system structure. Other approaches are
presented by the parameter identification methods without
simultaneous state estimation, such as designed in [5], [6],
[7], which are also applicable to nonlinear stochastic systems.
Robust approximate identification in nonlinear systems using
various approaches, such as H., filtering, is studied in
a variety of papers [8]-[22] for stochastic systems with
bounded uncertainties in coefficients.

This paper presents the mean-square joint filtering and
parameter identification problem for uncertain nonlinear
polynomial stochastic systems with unknown parameters in
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the state equation over nonlinear polynomial observations.
The solution starts with reduction of the original identi-
fication problem to the mean-square filtering problem for
nonlinear polynomial system states over nonlinear polyno-
mial observations, upon considering the unknown parameters
as additional system states satisfying linear stochastic Ito
equations with zero drift and unit diffusion, i.e., standard
Wiener processes. In doing so, the unknown parameters
are incorporated into the extended polynomial state vector,
which should be mean-square estimated over polynomial
observations. The obtained filtering problem is then further
reduced to the filtering problem for polynomial system states
over direct linear observations, assuming the nonlinear drift
components in the observation equation as more additional
states and including them in the extended state vector. The
latter filtering problem is solved using the mean-square
filter for nonlinear polynomial states over linear observations
([23]). The designed mean-square filter for the extended
state vector also serves as the identifier for the unknown
parameters.

In the illustrative example, performance of the designed
mean-square filter is verified for a nolinear system state
over nonlinear polynomial observations with multiplicative
unknown parameter in the state equation. Both, positive and
negative, values of the parameter in the state equation are
examined. The simulation results demonstrate reliable perfor-
mance of the filter: in both cases, the state estimate converges
to the real state and the parameter estimate converges to the
real parameter value rapidly.

II. MEAN-SQUARE JOINT STATE AND PARAMETER
ESTIMATION PROBLEM FOR NONLINEAR POLYNOMIAL
SYSTEMS

Let (2, F,P) be a complete probability space with an
increasing right-continuous family of o-algebras F;,t > to,
and let (Wy(t),Ft,t > to) and (Wa(t),Fi,t > to) be
independent standard Wiener processes. The F;-measurable
random process (x(t),y(t)) is described by a nonlinear
polynomial differential equation for the system state

da(t) = F(z(t), 0(t), t)dt + b(t)dWy (t) (1)

and a nonlinear polynomial equation for the observation
process
dy(t) = h(z(t), t)dt + G(t)dWa(t) ()

here x(t) € R" is the state vector and y(t) € R™ is the
observation vector, m < n. The expressions F'(z(t),0(t),t)
and h(z(t),t) are considered polynomials of n variables,



components of the state vector z(t) € R". Since z(t) is
a vector, this requires a special definition of the polynomials
for n > 1. In accordance with [24], a p-degree and an r-
degree polynomials of a vector z(t) € R" are regarded as
p-linear and r-linear forms of n components of x(t)

F(x(t),0(t),t) = Fo(0(t), 1) + F1(0(t), t)x(t)
+F(0(t), t)x(t)z " (t) + ...
+Ep(0(), ) (D)(t) . times -7 (1),
h(x(t),t) = Ho(t) + Hy(t)z(t) + ...
+H,.(t)x(t)z(t) .. z ' (t)

where Fy(6(t),t) is a vector of dimension n, Fy(0(t),t) is
a matrix of dimension n x n, F5(6(t),t) is a 3D tensor of
dimension n X n x n, F,(0(t),t) is a (p + 1)D tensor of
dimension n X n . . “(p+1) times -+ X7 and T X ...p times --- T
is a pD tensor of dimension n X ..., times --. X 1 obtained
by p times spatial multiplication of the vector z(t) by itself.
Such polynomial can also be expressed in the sumation form

3)

-7 times - - -

Fio(x(t),0(t),t) = Fox(6 ZFW Jzi(t)
+ Z F145(0 Z(t)xj ) +...
+ D Fpriniad, (0(8), )z (Dzia(t) - i (1),
e ki jir...ip=1,...,n
“)

and the vector Hy(t), the matrix H;(t), the (r + 1)D tensor
H.(t) are defined in a similar way but of dimension m.
0t) eRP, p<n+nxn+...+NXN...p tmes ---7in (3)
is the state vector of unknown entries of Fy(0(¢),t) € R",
Fi(0(t),t) € R, L., Fp(0(t),t) € R ptr times =7,

The unknown entries in F;(6(¢),t), j = 0,...,p are such
that ,F()l.1 = el(t),l =1,....;pm <n, F1i1i2 = 91(t)7l =
ptloop<ntnxn .., o= 0(), 1 =

pr+p2+...+pp1+1l ... ,p<n+nxn+...+nxnx

<.p times - - -7 %1,%1%2,...,01%2 ..., represent known and
unknown parameters in Fy, F1, ..., F,. The initial condition
xo € RN™ is a Gaussian vector such that zo, W1 (t) and Ws(t)
are independent. It is assumed that G(t)G T (¢) is a positive
definite matrix. The coefficients in (1)-(2) are deterministic
functions of appropriate dimensions.

The estimation problem is to find the mean-square estimate
Z(t) of the system state x(t), based on the observation
process Y(t) = {y(s),0 < s < t}, that minimizes the
conditional expectation of the Euclidean 2-norm

T = B[((t) — 5(6) (2(0) — 3(0)) | 7Y

at every time moment t. E[£(t) | F}'] means the condi-
tional expectation of a stochastic process £(t) = (x(t) —
#(t)) T (x(t) — 2(t)) with respect to the o-algebra F} gener-
ated by the observation process Y (¢) in the interval of time
[to,t]. As known, this estimate is given by the conditional

expectation
[x(t) | 7]

of the system state x(t) with respect to the o-algebra F}
generated by the observation process Y (¢) in the interval of

i(t) = E

627

time [to,t]. As usual, the symmetric matrix function
P(t) = B [(x(t) — () ((t) - 2(t) " | 7]

is the estimation error variance.
The solution is based on the results of [23] and is given
as follows.

III. PROBLEM REDUCTION

It is considered that there is no useful information on
the values of the unknown parameters 0x(t), k = 1,...,p
and this uncertainty even grows as time tends to infinity.
In other words, the unknown parameters can be modeled as
Fi-measurable Wiener processes

do(t) = 5(t)dWs (), (5)

with unknown initial condition 6(¢y) = 6y € RP, where
(Ws(t), Fi, t > to) is a Wiener processes independent of
xo, W1 (t) and of Wa(t), B(t) € RP*P is an intensity matrix.

To apply the mean-square filtering equations from [23] to
the state vector z(t) = [z(t),0(t)], governed by equations
(1) and (5) over the nonlinear polynomial observations (2),
the state equation (1) should be transformed into a poly-
monial form and the observation equation (2) into a linear
form. For this purpose, a vector Ag(t) € R"*P, a matrix
Ay (t) € RFP)x(+p) an A, (t) tensor of dimension
(n+p) x(n+Dp)..ptr2...(n+p), a vector Cy € RN™,
a matrix C1(t) € R™*(*P) an (r + 1)D tensor C,.(t) €
RMX(FP)- (g1 dmes (" +P) are introduced as follows.

The equation for the ¢-th component of the state vector is
given by

dai(t) = (Fo () + 3 Fy, () (1)

+3° 3N B, (05, (025, (1)

J1= 172 1
+ Z Z Z bossaes (0T ()25, (1) .y, (£))dt
J1=1j2=1 Jp=1
+ 3 by (AW, (8),
xi(to)j;lxoi. i=1,...,n
Then: 1.

1) If the variable Fy, (¢) is a known function, then the i-th
component of the vector Ay(¢) is set to this function,
A, (t) = Fy,(t); otherwise, if the variable Fy,(t) is
an unknown function, then the (i,n + ki)-th entry of
the matrix A;(t) is set to 1, where k; is the number
of the current unknown parameter in the vector Fy(t).
If the variable Fy,; . . (t) is a known function, then
the (4, j1, jo, - - -, Ji)-th component of the tensor A;(t)
is set to this function, Ay, . (t) = Fi,; ;. (t);
otherwise, if the variable Fj,; , . (t) is an unknown
function, then the (4, j1, jo,-..,ji,n + k)-th entry of
the (I + 1)D tensor A;4q1(t) is set to 1, where k is
the number of the current unknown entry in the matrix
Fy and other matrices of lower dimension

2)

13201 (t)’



counting the unknown entries by rows from the first to
the n-th entry in each row.

All other unassigned entries of the vector Ag(t), matrix
A (t), ID-tensor Ay, . (t), are set to 0.

3)

2.

1y
2)

Co,i(t) :Ho,i(t), 1= 1,...,m,
Clihiz---]r (t) = Hlihjz---jr (t)’
1,...,m, jl,jz,...,jrzl,...,n
All other unassigned entries of matrix C(t), (r+1)D
tensor C.(t) are set to 0.

Using the introduced notation, the equations for the ex-
tended state vector z(t) [(t),0(t)] € R™P and the

polynomial observation process (2) can be rewritten like

1

3)

dz(t) = (Ag(t) + AL (t)2(t) + A (t)2(t) 2T (t) + . ..
+Apr1(B)2()2(t) - - pt1 times --- 2 (£))dt ©)
+diag(b(t), B(t)][dWy" (t), dW35 ()] T,
Z(to) = [1‘0,90],
dy(t) = (Co(t) + C1(t)2(t) + Ca(t)2(t)z " (t)
+oo OB 2()2(t) - - or times --- 2 (2))dE @)
+G(t)dWs(t),

where the vector Ag(t), matrix A;(t), ..., (p + 2)D ten-
sor A,11(t), vector Cy(t), (r + 1)D tensor C.,(t) have
already been defined. The right-hand sides of (6) and (7)
are polynomials with respect to the extended state vector
z(t) = [=(1),0(t)].

The estimation problem is now reformulated as to find the
mean-square estimate i, (t) = [Z,(¢), Zo(t)] of the system
state z(t) = [z(t),0(¢)], based on the observation process
Y(t) = {y(s),0 < s < t}. This estimate is given by the
conditional expectation

B () = [22(t), 2 (t)] = [E(x(t) | ), BO() | 7))

of the system state z(t) = [z(¢),6(¢)] with respect to the o
- algebra F} generated by the observation process Y (t) in
the interval [¢(, t]. The symmetric matrix function

P(t) = B[ ([o(6),0(t)] = [ (), 30(1))
% ([2(6),08)] = [2(8), 20 ()T | FY]

is the estimation error variance for this reformulated problem.

IV. MEAN-SQUARE JOINT STATE FILTER AND
PARAMETER IDENTIFIER DESIGN

Let us reformulate the problem by introducing the stochas-

tic process
z1(t) = h(z(t),t) = Co(t) + Ci(t)z(t) + Ca(t)z(t)z " (t)
Fo O ) 2(H)2(1) - o times -+ -2 (1)

Using the Ito formula (see [25], Section 5.10) for the
stochastic differential of the nonlinear function h(z,t), the
following equation is obtained for z;(t)

Bh(z t) (2 t)

dz (t) = dt + 22 (A (t) + Ay ()2 (t) + As(1)
xz(t)z T(t) -t p+1(t)2(t) (t) - pt1 times - -
2 (t ))dt + 24 Zt) (dlag[b(f% (O)[dW (t), dW3' (£)] T)dt

9 h(zt

+itr diag[b(t), B(t)]diag [b( ), B()] T dt
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with the initial condition 21 (0) = z1o.

The initial condition z19 € R™ is considered a condi-
tionally Gaussian random vector with respect to observa-
tions. This assumption is quite admissible in the filtering
framework, since the real distributions of z(t) and z;(¢) are
actually unknown. Indeed, as follows from [26], if only two
lower conditional moments, expectation &g and variance P,
of a random vector & = [219, 20 are available, the Gaussian
distribution with the same parameters, N (Zg, Fy), is the best
approximation for the unknown conditional distribution of
%o = [#10, 20] With respect to observations. This fact is also
a corollary of the central limit theorem [27] in the probability
theory.

A. Case study: Second degree polynomial state and
second degree polynomial observations

Let us consider the second degree polynomial functions

F(x(t),0(t),t) = Fo(0(t),t) + F1(6(2), t)x(t)
+F(0(t), ()2 (1)
h(a(t),t) = Ho(t) + Hi(t)z(t) + Ha(t)x(t)a" (1)

where z(t) is an n-dimensional vector and Fy(6(¢),t),
Fi(0(t),t), Fa(0(t),t), Ho(t), Hi(t) and Ho(t) were previ-
ously defined.

In this case, equations (6)-(7) take the following form

dz(t) = (Ao(t) + Ar(D)2(t) + Aa(D)2(1)2" (1)
+A3(t)z(t)z(t)2 T (t))dt
+diag[b(t), B()][dW, (), dW5 ()] T,

Z(to) = [1‘0,00]
(Co(t) + Cu(t)2(t) + Caft
+G(t)dWa(1),

and 2 (t) = Co(t) + C1(t)z(t) + Ca(t)z(t)z T (¢
Upon calculating the partial derivatives of h(z
tion (9), equation (8) takes the form

dzy (t) = (Co(t) + CL(t)z(t) + Co(t)z(t)zT (t))dt
+C1L(1)[Ag(t) + Ar(t)z(t) + Az (t)z(8)z" (1)
+A3(t)z(t)2(t)2 " (8)]dt + Ca(t)2(t)[Ao(t)
+AL()2(t) + Aa(t)2(t)2 T (t) + Az(t)z(t)2(t)2 T (¢)]
+C5[Ao(t )+A1(t) (t )+A2( 2(t )ZT(t
+A5(t)2(t)z(t)= (t)] Tt )dt + Ci(t)
Xdlag[ (t), BOIAW (), de O] + Ca(t)
xz2(t)(diag[b(t), B(1)][dW,' (t),dW3 ()] )T
+Cx(t)diag[b(t), B(t)][dW- ( ), dW3 ()] 2T (t) .
with the initial condition 21 (0) = z1¢. Equation (11) can be
written in the form

dy(t) =

Thus, the estimation problem is reformulated as
find the mean-square estimate () [22(1), T2, (1)]
[Z1(t) = (£2(t),Z0(t)), Z2(t)], for the state vector [z(¢)
(z(t),0(t)), 21(t)] governed by the polynomial equations
(10),(12), that is based on the observation process Y (t) =
{y(s),0 < s <t} satisfying the equation (13). The solution
of this problem is obtained using the mean-square filtering

)

(10)

dy(t) =

®) ¢ty
)-

t) in equa-

21 (t)dt + G(t)dWa(t). (13)

to



equations for fourth degree polynomial states over linear
observations [23] and given by

divy (t) = (Ao(t) + A1 (t)a1 (t) + Az ()[1 ()21 (¢)
P (0] + As(1)[32, () P(?) + a1 (821 ()21 (t)])dt
+P(H)(GH)GT (1)~ (dy(t) — 22(t)dt) 14

dia(t) = (C L(B)EL(t) + Cz( ) (&1 ()2 (t)

(t)+C
+P11( ))dt + Cr(t)(Ao(t) + A1 ()21
( )+P11( ) + As(t)(321(t) P (t)
& (t )))dt+02(t (1(t)Ag () +
+P11( )JAT (t) + [321(t) Pra(t)
x Ag (t >+3[P11 )Pr(t )+a:
+Ppi(t)a )+ (&

() ()
+Ca(t)(21(1) A ( [21(¢
[31‘1( )Pll( ’l}

(t) "u ) + 31 (8)2
1 (@1 (

(t
1t
)+
)+
t)P11(t) + @1

+Pa(t) (GG ()

+3[P11
x@] (t) +

(15)
with the initial conditions

=E [2(to) | Y], #a2(to) = E [21(to) | T

Z1(to)
and

dPi(t) = (A1
+2(As(t)in
XP11(t>+
+3($1(
+L(t)LT (¢

(t)Pri(t) + 245(t)2
()P ()" + 3(21 ()2
Pri(t)Pui(t)) + Pui(t)A
1T( JPia(t) + P (t )Pu(
Po(t)(G(H)GT (1)

1(t) Pra(t)
1 (1)
1T()

)T

Py (t))dt

(16)
)&
) -

dPy5(t) =
x (Py1(t
+QC’2( )&
XLL'l( )P
<] (1) P (1)
XP11( ) 3A
+4A3(t) (7
xPri(t)) " +
+3A5(t)(
+4A3(t)

(Ar(t) Py 1) Pra(t) + 3As(t)
)Pr2(t) + 2121 (1) Pr2(t)) + (C1(t)Pra(t)
1P (1) T + (Cr()(Ar () Pr(t) + 245(t)
(t )) + 3A3(8) (Pra () Pra(t) + 21(2)
)"+ (Ca(t) (Ao (t) Pra + 2A1( )1 (1)
(&) (Pt )](31 ) + &1 ()] (8)Pu(t))
t
ot
)

2(t )+2A2()

1 1(

1)1 ()] () Pua(t )+3931( )Pra(t)
+ (Ca(t)(Ao(t) P11 + 2A1( )&1(t) Pra(t)
Pri(t)Pra(t +~’U1( )& (t)Pr1(t))

€3 () 1() 2 ()Pn()+3$1(t)
xPry(t)Pii(t) ") + Lt ) ")y () + (t) ()
X (Co ()1 ()" + (L() T(lﬁ)(Cz() 1)) T

—Pro(t)(G()GT (1)) Poa(t))dt,
17

629

dPys(t) = (C1P12(t) + 20281 Pra(t) +
+2C521 Pria(t)) T + C1(8) (Ar(t) Pra(t) + 2A2( )&
X.Plg(t) + 3A3(t)(P11(t)P12(t) + i’l( )
+(C1(t) (A1 (1) Pra(t) + 2A2(t)f1( )P1

X(Pyy(t)Pra(t) + &1 (8)&] (t)Pra(t))))
x Ppa(t) + 2A1(t).’f71(t)P12( ) + 3A2<
i1 (8)2] (1) Pra(t)) + 4A5(t) (£ (t

X Prg + 321(t) P Pra(t))) + Co(t)(Ao(

x@1(t) Pr2(t) + 3A2(t) (Pra(t )Plz( )+ a1 ()2 (t)

X Pro(t)) + 4A3(t) (21 ()21 ()] (1) Pr2 + 3551( )

X Pii(t)Pra(t))) " + (Cz(t)(Ao(t)Plz(t) + 244 (t)1(t)
x P1a(t) + 3Aa(t )(Pn( )Pia(t) + &1(t)2] (t)Pi2(t))
+4A3(t) (21 (t) 21 (8) 2] (£)Pra + 381 (t) Pra(t) Pria(t)))) T
+(Ca(t) (Aot )Plz( ) +2A:(t)2 1(t)P12(t)
+3A42() (P (t) Pra(t )+l‘1( )& (t)Pra(t))
+4A3(t)(£i’1 (t)l‘l( ) ( )P12 + 3.’)3‘1( )PM
X Pra(t))) ") + CL(t) L) LT (t)CT + Cy(t)L(t)L(t)

X (Co(t)1 (1)) T + (CL(t) L(t) L(t)(Ca ()21 (£)) T) T
+C1 () L(t)(Ca(t)2(t)) LT () + (C1(t) L(t)(C: (t) ()

XLT(t))T 4 Cot)iy (t) L(t) Pra(t)Cao(t)E1 (£) LT (1)

H(Ca(t)21(t) L(t) P11 (t) O (t) 21 (t) ())T
+Co ()21 ()L (t) Py1 (t)Co ()21 (1) LT (¢
+H(Co(t)21 () LT () P11 (t)Co(t) 21 (1)L T (¢

—Poo ()G ()G T (t) Py (t))dt

(C1Pia(t)
1(t)
1 () P12(2)))
2( ) +3As(t)
+ Ca(t)(Ao(t)
(Pro(t P12(t
(() 1 ()

)
)1
)Pia(t) + 2A1( )

Co )@
( LT (
1(t )L (t)

N'

(18)
with the initial condition

P(to) = E[([2(t0), z1(t0)] —
x([2(t0), z1(to)] — [#1(to), 2

and

L(t) = diag[b(t), 5(t)]

Theorem 1. The mean-square filter for the extended
state vector [x(t),0(t),z1(t)], governed by the equations
(1),(5),(12), over the linear observations (13) is given by
the equations (14)-(15) for the mean-square estimate &(t) =
[@1(0) = (Fa(t),20(t),22(t) = &.,] = E([=(t)
(z(t),0(t)),z1(t)] | FY) and the equations (16)—(18) for
the estimation error variance P(t) E(([2(t), z1(t)] —
[21.(8), 2(0)]) ([2(8), 21 (8)] — [21(t), 22()))T | F). This
filter, applied to the subvector 6(t¢), also serves as the
identifier for the vectors of unknown parameters 6(t) in the
equation (1), yielding the estimate subvector Zy(¢) as the
parameter estimates.

Proof: The proof directly follows from the steps 1-3
for designing the coefficients in the extended state equations
(10),(12) and the mean-square filtering equations (14)-(18)
for fourth degree polynomial states over linear observations
which were obtained in [23]. |

V. EXAMPLE

This section presents an example of designing the mean-
square filter for a nonlinear polynomial stochastic system
with a multiplicative unknown parameter in the state equa-
tion, where a conditionally Gaussian state initial condition
for the extended state vector is additionally assumed.



Let the real scalar state variable z(t) satisfy the nonlinear
equation with an unknown multiplicative parameter

da(t) = (14 02%(t))dt +dWi(t) x(0) =z, (19)

and the scalar observation process be given by the nonlinear
equation

dy(t) = z*(t)dt + dWo(t)

where W1 (t) and Wh(t) are Wiener processes, independent
of each other and of a Gaussian random variable x( serving
as the initial condition in (19). Equations (19) and (20)
represent the conventional form for the equations (1) and
(2), where F(0(t),z(t)) and h(z(t)) satisfy the equations
given in (9). The parameter 6(¢) is modeled as a standard
Wiener process, i.e., satisfy the equation (8 = 1)

(20)

do(t) = dWs(t), 6(0) = 6o, 21
which can also be rewritten as
0(t) = v3(t), 0(0) = b

where 13(t) is a white Gaussian noise. The Wiener process
Ws(t) is independent of xg, W1 (¢), and Wa(¢).

The filtering problem is to find the mean-square estimate
Z,(t) = [Z4(t),2e(t)] for the nonlinear state (19) and
(20), z(t) = [z(¢),6(t)], using the nonlinear observation
(20), confused with independent and identically distributed
disturbances modeled as white Gaussian noises.

Let us reformulate the problem by introducing the stochas-
tic process z1(t) = h(x,t) = x2(t). Ito formula (see [25])
is used for the stochastic differential of x2(¢), where z(t)
satisfies the equation (19), the following equation is obtained
for 21 (t)

dz1(1)
z1(0) =

The initial condition 219 € R is considered a conditionally
Gaussian random variable with respect to observations. This
assumption is quite admissible in the filtering framework,
since the real distributions of z(¢) and z;(¢) are unknown.
In terms of the process z1(t), the observation equation (20)
takes the form

(1+20(t)z(t)=

210-

1 (t))dt + 25(}(t)dW1 (t),

(22)

dy(t) = z1(t)dt + dWs(t). (23)
The state equation (19) can be written as
dx(t) =14 0(t)z1(t)dt + dW4 (t) (24)

The obtained filtering system includes three equations,
(24), (21) and (22), for the partially measured state [z(t)
(z(t),0(t), 21 (t)] and an equation (23) for the observations
y(t), where z1 (t) is a completely measured third degree state,
z(t) = [z(t),0(t)] is an unmeasured second degree state,
and y(t) is a linear observation process directly measuring
the state z; (¢). Thus, the estimation problem is reformulated
as to find the mean-square estimate Z(t) = [Z,(t), ., (t)]
= [21(t) = (£2(t), Z9(t)), Z2(t)], for the state vector [z(t) =
(x(t),0(t)), z1(t)] governed by equations (24), (21) and (22),
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that is based on the observation process Y (¢) =
s <t} satisfying the equation (23).

The filtering equations (14)—(18) take the following form
for the system (24), (21) and (23)

{y(s),0 <

diz(t) = (14 &2(t)Te(t) + Poa(t))dt

+ P (t)(dy(t) — Z2(t)dt)
dzg(t) = Po(t)(dy — dza(t)) (25)
dzs(t) = (1 +28,(t)22(t)Te(t) + 62, (¢)

X Poa(t))dt + Pao(t)(dy(t) — Zo(t)dl)

with the initial conditions #,(0) = E(zo | y(0)), Z9(0)
E(9o | 9(0)) and 2(0) = E(x | y(0)). and

Pro(t) = (14 4o (t) Pog(t))dt — P2y(t)dt
dee(t) = (282Ppg(t) — PpaPos(t))dt
Ppo(t) = (282Pp2(t) + 624(t)22(t) Pro(t))dt
+(6Pp2(t) Pro(t) + 225 (t) — Pua(t) Po2(t))dt
dPgg(t) = (8% — Pyt ))dt
dPys(t) = (6 ()22(t) Pag(t) + 6Puo (t) Ppo (1)) dt
— Py (t)ng (t)dt
dPao(t) = 128,(t)22(t) Po2(t)dt + 12 Py (t) Py (t)dt
+(4235(t) + 4P,y (t) — P3y(t))dt

(26)
with the initial condition

P(0) = B(( [0, 00, 210] — [2(0), 0(0), #2(0)] )
% ([0, 0o, 210] = [(0), 30(0), &2(0)] ) " | 9(0) )

Here, 2, (t) is the estimate for the state x(t), ¢(t) is the
estimate for the state 6(¢) and Z5(¢) is the estimate for the
state 21 (t) = x2(t).

Numerical simulation results are obtained by solving the
systems of filtering equations (25)—(26). For the filter (25)-
(26) and the reference system (21)—(24), involved in simu-
lation, the following initial values are assigned: x(0) = .4,
Ppg(0) = 50, Py2(0) = 56, Pr3(0) = 150. The unknown
parameter 6 in the state equation is assigned as # = —0.5 in
the first simulation and as & = 0.5 in the second one, thus
considering stable and unstable cases. Gaussian disturbances
dWy(t), dWa(t), dWs(t) are realized using the built-in
MatLab white noise functions.

Figure 1 shows the graphs of the estimate for the parameter
Zo(t), (for § = —0.5), the reference state variable x(¢) and
its estimate #,(t), the state z;(t) = 2%(t) and its estimate
Zo(t), in the simulation interval [0,1]. Figure 2 shows the
graphs of the estimate for the parameter & (¢), (for = 0.5),
the reference state variable x(t) and its estimate i, (t), the
state 21(t) = 2%(t) and its estimate 2(t), in the simulation
interval [0,0.7]. The simulation results show very reliable
behavior of the designed filter and parameter identifier in
both cases.
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