2011 American Control Conference
on O'Farrell Street, San Francisco, CA, USA
June 29 - July 01, 2011

Primal and Dual Stability Criteria for Systems with Time-Varying Gains

Ulf T. Jonsson

Abstract— Primal and dual stability criteria are derived for
systems with uncertain or time-varying components that can
be characterized using mixed multipliers. The constant part
of the multiplier is used to model time-varying components
while the frequency varying multiplier is used to model linear
time-invariant uncertainties. It is shown that the dual crite-
rion sometimes reduces to easy-to-use criteria that reveal the
structure of the problem.

I. INTRODUCTION

In this paper we present primal and dual stability criteria
for analysis of systems consisting of linear time-invariant
(LTD) dynamics interconnected over an uncertain network
which either is modeled as a time-varying matrix or a LTI
dynamics. The foundation of our analysis is to use quadratic
relaxation techniques to describe uncertainty. This results in
stability criteria that can be formulated as convex feasibility
tests involving the nominal system dynamics and the pa-
rameters/multipliers used for the relaxation, see e.g. [10],
[2], [9]. These primal stability criteria are in general infinite
dimensional convex feasibility problems and restriction to
a finite dimensional basis is necessary. The dual to these
criteria is generally also an infinite dimensional test that must
be tested numerically. There are, however, several reasons
to introduce the dual. The dual formulation of the stability
condition can benefit the user with 1) insight into essential
structural properties of the primal criterion 2) tests for in-
feasibility or lower bounds on the stability margin and 3)
alternative formulations that might be easier to use.

We illustrate the primal and dual criteria for a number
of simple examples. The traditional application domain is
robust control and our example indicate that multiplier based
tests sometimes have more explicit and intuitively appealing
dual counterparts. Another application domain is the use of
multiplier techniques to characterize the network structure
in large scale systems. We show by simple examples that
the dual criterion can be reduced to simple criteria on the
subsystem dynamics provided that appropriate multipliers are
used.

The primary contributions of this paper is to generalize
our recent primal-dual results in [9] to the case when time-
varying gains are used in the network interconnection. The
derivation is based on an earlier work, [6], where primal
and dual formulations of multiplier optimization was con-
sidered. We consider the case when unstable subsystems are

Ulf T. Jonsson is with the Division of Optimization and Systems Theory,
Department of Mathematics, Royal Institute of Technology, 10044 Stock-
holm, Sweden. E-mail: ulfj@math.kth.se. He is supported by the Swedish
Research Council (VR), the ACCESS Linneaus Centre, and the EU FP7
project FeedNetBack.

978-1-4577-0079-8/11/$26.00 ©2011 AACC

stabilized over a network. This leads us to use the integral
quadratic constraints to characterize unstable systems that are
pathwise connected in the v-gap metric. The proof of primal
stability follows from [8].

A. Notation and Preliminaries

The real and complex numbers are denoted R and C,
respectively. The complex conjugate of s € C is denoted 5
and the complex conjugate transpose of a matrix M € CP*™
is defined as M* = M7T. The largest and smallest singular
values of M are denoted opax (M) and opmin(M).

e Let X be a normed vector space. The dual of X
is the normed space consisting of all bounded linear
functionals on X and it is denoted by X*. If z € X
and 2* € X*, then (x, 2*) denotes the (real) value of
the linear functional z* at z. The vector spaces are in
this paper defined over the real scalar field.

o The (Cartesian) product of two vector spaces X; and
X5 is denoted X7 x X5 and it consists of all ordered
pairs © = (x1,x2), with 21 € X; and 22 € Xo.

e The dual of X; x X is given as X x X3, where X7
and X3 are the duals of X; and X, respectively. Given
x = (z1,22) € X1 xXp and z* = (27, 23) € X x X3,
we define (x, 2*) = (x1, z7) + (x2, x3).

o X% denotes the Cartesian product of N copies of X.

o XN _ 2, € XV denotes a N tuple z = (z1,...,7y) €
XN

e Let H : X — Y be a bounded linear operator. Then
the adjoint operator H* : Y* — X is defined by the
equation

(Hz, y") = (x, H*y"),

for all x € X and y* € Y*. We sometimes use the
alternative notation H* = H*.

The normed vector space X will in this paper be a Hilbert
space, i.e. a vector space that possess an inner product. In this
case X* = X, the linear functional (x, z*) is defined by the
inner product and the norm is defined as ||z|| = (z, x>1/2.

We let SG™™ ={X € C™*™ : X = X*} be the Hilbert
space of Hermitian matrices equipped with the inner product
(X,Y) = tr(XY) and the corresponding norm || X| =
tr(X?2)'/2 (the Frobenius norm). We use the standard no-
tation X > 0 (X > 0) to denote that the matrix X € S&*™
is positive definite (positive semidefinite).

Suppose K C S&™™ is a convex cone. Then the negative
polar cone is the closed convex cone defined as

K ={y esS&™:(X,Y)<0;VX € K}.
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The definition and the properties of Sgr =
{X e Rm™*™ : X = XT} is analogous to that of S&*™.

Finally, we will use the convex hull co{ws,...,w,} =
{>r asw; ta; > 0351 a; = 1}, the convex conic hull
cone{wsy,...,wy} = {> 1, a;w; : a; > 0}, and the direct
sum of matrices @}, M; = diag(M, ..., My,).

B. Signals and Systems

Let the time axis T be either Ry = [0,00), R =
(—00,00). The space L3*(T) is the Hilbert space of square
integrable R™ valued functions with inner product

(w0, 0) & {w, 0}y = [ wltol)d
T
and norm |lwlp,T) = (w, w>1/2. By defining v(¢) = 0,
t <0 for v € La(R4) we get the useful subset inclusion
Lo(Ry) C Lo(R).

The corresponding frequency domain spaces are denoted
L' (jR) and H3* and consists of Fourier transforms of
signals in L7'(R) and L3'(R.), respectively. The time
and frequency domain spaces are isometrically isomorphic,
ie. ||[vllL,r) = lI9llL,(jr). Where © denotes the Fourier
transform of v. We sometimes suppress the spatial dimension
m from the notation. Finally, we let

L (R) = {I1: jR — C™*™ : [[II]| < oo},

where ||II|| = sup,cr Omax(II(jw)). We use frequency
weighted quadratic forms defined by II € L™ as

0 0 = [

— 00

B(jw) T(jw) o (jw)dw.

It satisfies the bound (0, 119)y, gy < 1] - 10[I}, ;R

We let AP*™(3) be algebra of transfer functions obtained
as the Laplace transforms of the impulse response functions
(see [4], [3])

h(t) = t)+ > hid(t — t),

k=0
where e P*h.(t) € LY*™[0,00), hi, € RPX™, tq =0, t), >
0, k> 1, > 52 e Pt |hy| < oo, and where 6(-) is the unit
step function and 4(-) is the dirac distribution. To each H €

APX™ there is an associated causal time-domain operator
H:L(R;) — L5(R,) defined as

—|—th1} t—tr)

with induced norm |H|| = sup,cr amaX(H(]w)). The
extension H : L' (R) — LE(R) to the doubly infinite time
axis is defined in the same way except that the lower bound
of the integral is co.

We let APX™ = APX™(0) and AP = {AX™(B): B <
0}. The subsets of constantly proper transfer functions AL
and A?*"™ has hy = 0 for k > 1 which implies that the
transfer functions are continuous at infinity.

The Callier-Desoer class B2*" consists of transfer func-
tions where each element belongs to the quotient algebra

(Hv)(t):/th t— 1)

0

A_[Ax], where Ao = {G € A_ : limg) oo Tmin(G(8)) >
0}. Each transfer function from BP*™ have (see [1], [2]) nor-
malized right and left coprime factorizations H = UV~ =
VU, where U,U € A, V € A", V € AP an
such that

U(jw)*U(jw) + V (jw
U(jw)U(jw)* + V(jw

)V (jw) =1,
W (jw)* = I.

To H € BP*™ there is an associated causal time-domain
operator H : dom(H) € L7'(R4) — LY (R ) defined as

t (oo}
(Ho)(t) = / he(t = T)o(r)dr + 3 hyo(t — 1),
0 k=0
where he(t) + Y pe o hid(t —ti) = L71H(s) (inverse one-
sided Laplace transform) and the explicit expression for the
domain is

dom(H) = {v: 0 = Va; w € Ha}.

Note that H is unbounded outside this domain of definition
and is therefore regarded as an unstable system.

In this paper we will make use of a nu-gap distance of
the form introduced in [11]. In particular, its generalization
and interpretation in the context of time-varying system
in [8] is used. For this purpose we restrict attention to the
subclass BE ™ for which the v-gap always is well defined.
Each matrix element of BZX™ belongs to the quotient
algebra Acp, _[Acp o], Where Agp oo = {G € Ay
limg|—oo Omin(G(s)) > 0}. Any two Hy,Hy € BLX™
have normallzed left and right coprime factorizations H k=
U vt Vk 104, k = 1,2 from which we can define the
so-called right and left graph symbols

Gu, = [gﬂ € 'Aclz))jrm m’

@Hk _ [_ﬁk } € APX(pxm).

Ccp,—

We use the following version of the v-gap metric

(G Gr): 1(GmGip) >0 &
5,/(H17H2) = WHO(GHlG*HQ) =0 (1)
1, otherwise,
where

7(6H1 Gm,) = Sug UmaX(éH1 Gr,)(jw),
we

(G, Gi) = inf oin(Grr, G, ) (G0,
and where the winding is defined as

wno(G) = lim M8(CU) —arg(G(—jw))

w—00 21

Finally, let

K={K:R— R™P": K(-) is piecewise continuous
and sup,cg Omax (K (t)) < co}.
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II. PRIMAL AND DUAL STABILITY CRITERIA

We consider the interconnection [I', H] defined as

er =Tey + 11, @)
es = Hey + 1o,
where H : dom(H) ¢ LJ'(R;) — LS(Ry) and T :
dom(T") c LE(R ) — LJ*(R.) are linear causal operators.
This interconnection is called stable if 1) the mapping r =
(ri,7m2) — (e1,ez2) is causal and 2) there exists ¢ > 0 such
that [le||r, ) < cll7llL.(r,). for all 7 € Lo(R ).

The following cases will be considered in this paper:

1) H is defined by a transfer function from either A?X™
or the Callier Desoer class BZX™ defined above.

2) T is either defined by a transfer function from A™*P
or from B"*P, or is a time-varying matrix gain, i.e.
(Tw)(t) =T (t)w(t), where T' € K™*P,

Our main analysis criterion is a frequency-wise criterion
on the transfer function H that defines H. For this purpose
we define the operator My : Sg)+m)x(p+m) — S§&”™ and
its adjoint M) : SEX™ — SETmXpFm) uql

MHH:G}}HGH7 and MEZ:GHZGE,

where Gy = [‘[ﬁ
represent a frequency evaluation of a right (inverse graph)
symbol of the transfer function H(s) = U(s)V ~1(s).

Our stability criteria will be formulated in terms of integral
quadratic constraints (IQC) defined by multipliers. For any
I € Le+m)x(e+m) (4R such that I1(jw) = II(jw)* we say
I' € IQC*(II) if and only if

€ Ctm)xm ig g matrix that will

(i, Ty, ;py <0, Vuw € Gr,

where Gr = {w = (wi,we) : we € LY(Ry);wy =
T'wy € LY (R4)}. In this paper, a combination of constant
and frequency varying multipliers are used to characterize
structural properties of I'. The multipliers will be defined in
terms of a convex cone on the form

Iy = {®+ ¥ : & e LEF*Em)(jR);
®(jw) € ®p, Yw e R; ¥ € U}, (3)

where & C Sg+m)x(p+m) and U C Sngm)X(erm) are
closed convex cones.
Assumption 1 (Assumptions under known T'):

(a) there exists a set IIr of multipliers of the form (3),
where O C {® € Sprmxprm) ®yy < 0} and
Ur C {¥ € Sg’+m)xc€p+m) : Uyy =< 0} are closed
convex cones such that T' € IQC(II), VII € Ilr.

(b) there exists a causal LTI operator Hy such that [T, Hy]
is stable and moreover such that H and H are defined

UIf the transfer function H has no poles on the imaginary axis then we
can equally well define the operators My and M ;} as

- [ n[f] s [£]2[ 1]

where H = H(jw).

by transfer functions that has right and left coprime
factorizations on the form

H=Uv'=V~'UeBym
Hy = U()Vil = ‘771(70 € Bg;(m
Remark 1: The assumption implies that H and H, have
the same unstable poles. Note that the coprime factorizations
do not need to be normalized.
Theorem 1: Under Assumption 1, the system in (2) is

stable if either of the following equivalent conditions are
satisfied

(a) Primal condition: There exists IT € IIr such that for

every w € RU {o0}
(MyIl)(jw) = 0 and (Mg, ID(jw) = 0.  (4)

(b) Dual condition: For every grid Qn = {w1,...,wn}
of N = dim(¥r) + 1 frequencies it hold (if 0 # ri Up
then N = dim(¥r))

(Mg Zy 1) (wi) + (My, Zo 1) (jwr) € OF, Ywi, € Qn
N
> Re[(M} Zy ) (jwr) + (M}, Zo k) (jwr)] & ¥R
k=1
&)
for all 2N-tuples Z = X&_,(Z1 j, Zo i) € Z, where

Z={Z e (SF*™ x SE*™N : Z k, Zay, = 0;

N
> w(Zuig) + tr(Zog) = 1}, (6)
k=1

Proof: A proof can be found in the appendix. |

It is often the case that the network interconnection is not
exactly specified or known. Assume that I' € Sp, where
Sr is a set of operators defined either by transfer functions
from Sp C B[} *P or a time-varying matrix gains from Sp C
K™*P such that the following assumption holds

Assumption 2 (Assumptions under uncertain I' € Sp):

(a) there exists a set I of multipliers of the form (3) where
or C $g+m)x(p+m) and ¥ C Sl({)er)X(erm) are
closed convex cones such that every I' € Sr satisfies
I' € IQCS(II), VII € IIr. Note that the constraints
®99 X 0 and P9y =< 0 are no longer necessary to
include.

(b) the set Sr is pathwise connected (in the topology
defined by the v-gap distance if I' is defined by a
transfer function from B[} *P).

(c) there exists I'y € Sr such that the interconnection
[To, H] is stable.

Given these assumptions we get the alternative result

Corollary 1: Under Assumption 2, the system in (2) is
stable if either of the following equivalent conditions are
satisfied

(a) Primal condition: There exists II € IIr such that for
every w € RU {00}

(MpII)(jw) >~ 0. (7
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(b) Dual condition: For every grid Qn = {w1,...,wn}
of N =dim(¥r) + 1 frequencies it hold (if 0 # ri Up
then N = dim(¥r))

(M Zi)(jwr) & OF, Vi € Qy

al (®)
> Re (M} Zy) (jwr) & WE
k=1
for all N-tuples Z = x_, Zy € Z, where
N
Z={Z2 e (SF™WN: Zr = 0; > tr(Z) =1},
k=1

III. APPLICATIONS

In this section we provide some examples illustrating the
primal and dual criterion. The purpose is to derive the dual
conditions and to show that they often can be reduced to
attractive and easy-to-use criteria.

Example 1: Consider the interconnection [I',H] in the
case when H is defined in terms of a transfer function
H e ngxm and T is defined by a transfer function I" € Sr,
where Sp is a pathwise connected subset (in the topology
defined by the v-gap metric) of

(T € B™ . T(jw) € A}

where A C C™*P is a bounded convex set. We assume
there exists I'g € Sp such [y, H] is stable.
In this case we may use the frequency varying multipliers

O = {q» e Clrrm)x(ptm) [ﬂ P [ﬂ <0; VA € A}

focormrm (o B o

VX € SET X = 0;A € A}

The polar cone can be formulated as

A Al”
o _ .
OF —clcone{[I}X[I} :

VXGS%XP;XEO;AGA}.

We will next see that the dual stability criterion in Corollary 1
may take very concrete forms. For example, let m = 1 and
A C CY™™ Tt is easy to see that the dual is violated at w
if and only if there exists X = 0 and § € A such that

16 [mci) = (1] %[3]

It is thus required that X = H(jw)H (jw)*. Tt follows that
the dual stability criterion holds if and only if for every w €
R U {0}, dH (jw) # I, i.e. if mH(jw)* g A.
Example 2: In this example we derive the dual criterion in
an example where unstable SISO LTI systems are stabilized
over constant respectively time-varying interconnections.
The obtained criteria will be of the form obtained in [7].
We consider the system equations in (2) with H defined by
a diagonal transfer function H = ®}_, Hy, where H, € B,,,.

We assume that either

1) T is defined by multiplication by a constant symmetric
matrix I' = T € R™*" with eig(T) € [, 3],
2) T is defined by multiplication by a time-varying sym-
metric matrix T'(¢) € K™*™ with eig(T'(¢)) € [, G,
where o < 8 < 0. Finally, we assume that the interconnec-
tion [yI, HJ, is stable for some oo < v < S3.

Let Sp = {(1-0)yI,+6I': 0 € [0,1]}, which obvi-
ously is pathwise connected. It then follows that Assump-
tion 2 holds if for the case 1) we use the frequency wise

multipliers from

B — 2z1 x>0
"= |~ (a+ Bzl + jyI yeR
while for case 2) we use the constant multipliers from

Ir= { [—(a2flﬁ)xl _(;agfl)xq 2 0} '

We may apply Corollary 1 for the stability analysis.

Claim 1: If we apply Corollary 1, then the dual criterion
for the two cases considered above hold if and only if Vw €
R U {0}

1) CO{(Hl, |‘E[1‘2)7 e

—(a+ Bzl +jyf] .
2a0xl )

 (Hy, [Hn|?) }(jw) (jw) N 21 # 0,
Hiw

J
)(jw) N Qs # 0,

2) co{(Hy, [Hi|?),. .., (Hn, [Hu|*) }
where
Q= {()\,r):lm)\:(); r < (;—f—;) Re ) — alﬁ}
Oy = {()\,r): r < (;—i—;) Re)\—alﬂ}
Proof: The polar cones becomes (W = [3//}; %;ﬂ)

L = {W € SF>*" : Imtr(Wia) = 0;
tr(Wu) - (a + ﬁ)Retr(ng) + aﬁtr(ng) < 0}

and

W = (W e Sn
tr(Wi1) — (e + B)Re tr(Wia) + aftr(Was) < 0}

The dual condition (M5 Z)(jw) ¢ ®F simplifies since it is
no restriction to make Z € Z diagonal. The dual condition
then reduces to

CO{<H17 |H1|2)7 ceey (Hna |Hn|2)}(.7w) N Q1 = @

where (2 is defined in the statement of the claim.

Since dim(¥r) = 1 and 0 ¢ ri Ur it is sufficient with one
frequency in the grid. The derivation is therefore analogous
to the first case. |

Example 3: Consider the feedback interconnection in Fig-
ure 1 with two SISO LTI systems defined by transfer
functions G, F € A.p, which are interconnected through
uncertainties d; and Jo. The system can be represented as
an interconnection between H = G @& F' and

Tesr= {{_%1 ‘ﬂ . 51,8 satisfies 1, 2), or 3)},

where either of the following three cases is considered
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Fig. 1. Feedback interconnection with two uncertainties.

1) 6y =0 € A, where |0(jw)| <1, k=1,2,
2) 6, € A with \§k(]w)| <1l k=12
3) 6, € K with 6;,(t) € [~1,1] forall ¢, k = 1,2.

Let I';, denote the interconnection matrix for the three
respective cases. Since H is assumed stable it follows that
[Ty, H] is stable for Tg = 0 € Sr and we may apply
Corollary 1.

For k = 1,2 we may use the frequency varying multipliers

X1 0 Y1 0

0 =z O Y2

n 0 -z 0

0 9o 0 —x1
x1,22 > 0,91 = eQMy, p=7yecCk=1
xl,xQZO,ylzyzzO,k:2 }’

O =

where at each frequency ¢ = arg(d(jw)). For k = 3 we may
use the constant multipliers in

Up = {diag(x1, x2, —x2, —21) : 1,22 > 0}

Claim 2: If we apply Corollary 1, the dual reduces to the
following criteria for the three cases considered above:

1) e*2jarg(5(jw))G(jw)F(jw) g (—o0,—1], Vw € R U

{oo}
2) |G(jw)F(jw)| <1, Vw € RU {c0}
3) IGIIEFN <1

Proof: To prove the first two cases we compute the
polar cone

w1l Wiz Wiz Wig
@1@ _ 13112 Wa W3 W4
Wiz W23 W33 Ws4
Wig Woq Waq Waq

w33 > Wag; Waa > wir; k=1and k=2
€2j¢’J)13 4+ woy =0if k = 1}

In case £k = 1,2 ¥ = 0, we need to consider only one
frequency in the grid. This gives the dual

forall wand all Z € Z. Itis no restriction to assume diagonal
variables Z = zg @ zr and thus the dual simplifies to the

condition that the following system
2¢|G(jw)* = zp
zp|F(jw))* > 2
26G(jw)e¥? + zpF(jw) =0 (if k=1)
2at+zr=1, 2¢,2r 20

must not have a solution for w € R U {oo}. An equivalent
formulation is that the system

G(jw)F(jw)| = 1,

arg(e ¥?G(jw)) + arg(F(jw)) = 2p+ V)m, (it k=1)

must not have a solution for w € R U {oo} and for any
integer p. This proves 1) and 2).
Finally, we will prove 3). The polar cone becomes

4 x4
\IJ?Z{WESRX 211)11—1113320,11)22—104420}.

Since N = dim(¥r) = 2 and 0 & ri ¥ it is sufficient with
two frequencies in the dual. In analogy to case 2) the dual
criterion reduces to the condition that the following system

21,6|G(jw1)|? + 22,6|G(jwa2)|* > 21,p + 207

21, p|F(jw1)|? + 20, |F (jws2)|? > 21,6 + 22
21, + 26+ 2, +2r=1
21,G5%22,G521,F, 22, F > 0

must not have a solution for any wi,ws € R U {oo}. One
can show that this is equivalent to 3). ]

IV. APPENDIX: PROOF OF THE MAIN RESULTS

The proofs of Theorem 1 and Corollary 1 consists of two
steps

1) Use convex duality results to show that the primal and
dual stability criteria are equivalent. The proof of this
equivalence between (a) and (b) in Theorem 1 can be
found in Subsection I'V-A.

2) Use the stability result in [8] to prove that the pri-
mal condition implies stability of the interconnection
[I', H]. The proofs can be found in Subsection IV-B.

A. Proof of Equivalence of the Primal and Dual Criterion

To prove that (a) and (b) are equivalent in Theorem 1, we
first derive a criterion for (a) being violated. We will use the
next lemma, which follows from the results in [6].

Lemma 1: For given w € RU {co} define

C,={¥ € ¥p:30 € ®p, s.t. My(jw)(d+ T) = 0}.

The condition (1, cg () Cow = 0 holds if and only if there
exists at most N = dim(Wr) + 1 frequencies wy,...,wy €
RU{oco} such that N}, C,,, = 0. Furthermore, if 0 & ri ¥r,
then N < dim(¥r).

Hence, the criterion in (a) is violated if and only if there
exist at most IV frequencies Qx = {w1,...,wn} such that
the following convex sets are disjoint

Cy ={My¥(®y,..., B, U) : & € p, U € Ur},
Cy ={X eSg*™: X =0}V,
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where MY
S&*™ is defined as (here we let Mp* = My (.,))

(Sg)+m) x(p+m) W ox Sl(:f-*-m) x(p+m)

—

Mgy (®y,. .., D, U)
= X7y (M (g + U), My (D + 1)).
By the separating hyperplane theorem [Theorem 11.3. in

[10]] there exists a nonzero tuple Z = xfﬁvzl(Zl}k,Zg’k),
21k, Za,,; = 0 such that (the argument w is suppressed)

<MI§—IZN((P17"'7@167\I})’ Z> S 0, v(I)k S (I)F, v e \I/F
= <(<I>1,...,<I>k,\11), (M,f}N)XZ> <0, ¥by, € b, U € Uy
where the dual (Mﬁ,”)X s ST (Sg+M)X(p+M))N «
SErmx@+m) ¢ defined as
(M)* Z =<y (M) Za g + (M) Zag),
N N
Re <Z(ka) 21k +Z (M) ZQ,k))~
k=1 k=1

This implies
(M) Zy 5 + (M;’If))XZQ,k €dF, k=1,...,n

N N
9
Re (Z(szl,k +Z<M;;'g>*z2,k> cup. ¥

k=1 k=1
Note that we may normalize the dual variables such that
Zivzl tr(Zy k) +tr(Zak) =1, ie., Z € Z, where Z defined
in (6) is a compact convex set.

In order to prove the theorem we need to establish the
reverse direction of the above duality result. Hence, if (9)
fails, i.e. (5) holds, then for every grid Qn = {w1,...,wN}
the two convex sets

Oy = {(M,‘}N)XZ Ze z},
Oy = (2F)" x U7
are disjoint. Since
(@2R)™ = (@r)"

where we used that ®r and ¥ are closed convex cones in
the topology defined by the Frobenius norm and therefore
®F® = ®r and analogously for Wr. Hence, since Cj is
convex and compact and C} is closed and convex it follows
that there exists a hyperplane that separates the two sets
strongly [Corollary 11.4.2 in [10]], i.e. there exists a nonzero
T = (‘bl, .. .7@]\],\1’) S (‘bF)N X Wp such that

<T, (Mﬁ”)XZ> ~0,VZeZ

x UE)© x Up,

N <M§}NY, Z> >0, VZ€eZ
o M@ +W) =0 and M (®y+ ) > 0,

for all wy, € Q. Hence, for any arbitrary grid Qy =
{wi,...,wn} we have ﬂszlek # (), which by?> Lemma 1

2The lemma is applied with system diag(H, Hp) and multipliers
daug(®, @), and daug(¥, ¥).

implies that (), €RU{oo} C,, # 0. It follows that the primal
statement holds, i.e. for each w € R U {oo} there exists
IT € TIr such that Mg ()11 = 0 and My, o)1 = 0.

B. Proof of Primal Stability Conclusion

The stability conclusions of Theorem 1 and Corollary 1
are proven using the main result in [8].

1) Proof of Primal Stability in Theorem 1: For the pur-
pose of using the result in [8] we recall that

1) H is defined by a transfer function from BZ™. In this
case the v-gap distance may be computed as in (1).

2) T is either defined by a normalized coprime factoriza-
tion from B"**P or a time-varying matrix gain. In the
later case we use normalized coprime factorizations

Gr = m (I+T°T)"\/2,
Gr=(I+TT*)"Y2[1-T].

Corollary 2: Consider system (2) under Assumption 1.
Then the system is stable if either of the equivalent con-
ditions (a) and (b) in Theorem 1 hold.

Proof: The proof follows by showing that the primal
criterion imply that the conditions in [8] hold. Indeed, by
Assumption 1 (a) and ()

1) there exist II € L®+H™*®+m)(jR) such that T' e

1QCe (1),

2) there exists Hy such that [T, Hy] is stable.

We will prove that there exists a parametrization Hy that
is continuous in the v-gap with H; = H and such that
Hy € SIQC(II), V& € [0,1], where SIQC denotes strict
IQC. Then the result follows from [8] .

We will construct normalized coprime factorizations such
that for any e € (0,1), we have §,(H,, Hy) < e whenever
la — bl is sufﬁ01ently small.

Let GHQ =5, LGy, where Gg is defined as

—(1—

and Sy is a spectral factor defined by a transfer function
satisfying Sg, S; ' € Agp,— and such that

Go = 0)0o — 0T 17}

GoGj = SyS;.

Note

Gy Gy, = Sy GoGy(S; )"

= 5,1 56S5(55) =1

Since the spectral factor is continuous in 6, see [5], it follows
that G H, is continuous as a function of 6. Hence, if |a — b|

is sufficiently small such that (G, (Gu, — Gu,)*) < €
then the identity
Gnu,Gy, =1+ Gn, (G, — Gp,)"

implies that

1Gu,Gr,) > 1-5(Gu, (Gu, — Gu,)") > 1—€>0.
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This implies that v(I) = 1 > W(éHa((N?Hb - Gpg,)Y)
and thus it follows that wno(Gp,G%,) = wno(I) = 0.

Moreover, it can be shown that
(Gr,Gm,)? =1-1(Gu,Gry,)* < e(2—e).

Hence Hy is continuous in the v-gap distance.
To prove Hy € SIQC(TI) we let Gy, = GyS, ' where

Go = [(1 - o)zvfo + GU] !

and where Sp € A, _ is the spectral factor satisfying S, ' €
Acp— and G;Gg = Sj;Sy. Hence,

(Mu, 1) (jw) = G, (jow) T(jw) G, (jw) = 0,

V6 € [0, 1], which follows by convexity since Iz (jw) =
(1)22 (]W) + \IJQQ j 0. |
2) Proof of Primal Stability in Corollary 1: We recall that

1) H is defined by a transfer function from B ™.
2) T is either defined by a normalized coprime factoriza-
tion from ngxf’ or a time-varying matrix gain. In the

later case the v-gap distance simplifies to

sup; omax (¥ (t)), ker(0(t)) #0, Vi

0,(Ty,Ty) =
( v) 1, otherwise

where

U(t) =(I+Ta(t)Ta(t)")"/2(Ty(t) — Tal(t))
X (T +Ty(t)Ty(t)") 12,
O(t) =(I +T.(H)TH(t)T).

Pathwise connectedness follows since the parametriza-
tion of I' is continuous.

Proposition 1: Consider system (2) under Assumption 2,
where the set St now is assumed pathwise connected in the
v-gap distance. Then the system is stable if either of the
equivalent conditions (a) and (b) in Corollary 1 hold.

Proof: Let us rewrite the system equations as

where H = T" and ' = H. Since S is pathwise connected in
the v-gap distance there exists a continuous parametrization
Hy = Ty with H; = T'; = T and where [T, Ho] = [H, T'(]
is stable by assumption. If we define

0 I

=7
and IT = —J7TLJ + €I then it follows that Hy € SIQC(IT),
6 € [0,1] and I" € IQC*(II) for some suitable small positive

number. Stability now follows from [8].
|

[1]

[6]
[7]

[8]

[9]

[10]
[11]

4360

REFERENCES

F. Callier and J. Winkin. Spectral factorization and Iq-optimal
regulation for multivariable distributed systems. International Journal
of Control, 52:55-75, 1990.

F. Callier and J. Winkin. The spectral factorization problem for
multivariable distributed parameter systems. Integral Equations and
Operator Theory, 34:270-292, 1999.

R. F. Curtain and H. Zwart. An Introduction to Infinite Dimensional
Linear Systems Theory. Springer-Verlag, New York, 1995.

C.A. Desoer and M. Vidyasagar. Feedback Systems: Input-Output
Properties. Academic Press, New York, 1975.

Birgit Jacob, Joseph Winkin, and Hans Zwart. Continuity of the
spectral factorization on a vertical strip. Systems & Control Letters,
37(4):183 — 192, 1999.

U. Jonsson and A. Rantzer. Duality bounds in robustness analysis.
Automatica, 33(10):1835-1844, 1997.

U. T. Jonsson and C.-Y. Kao. A scalable robust stability criterion for
systems with heterogeneous LTI components. [EEE Transactions on
Automatic Control, 55(10):2219-2234, 2010.

Ulf T. Jonsson and M. Cantoni. Robust stability analysis for feedback
interconnections of unstable time-varying systems. In Proceedings of
the American Control Conference, San Francisco, CA, USA, 2011. A.
U.T. Jonsson. Primal and dual stability criteria for robust stability and
their application to systems interconnected over a bi-partite graph.
In Proceedings of the American Control Conference, Baltimore, MD,
USA, 2010.

R.T Rockafellar. Convex Analysis. Princeton University Press, 1970.
G. Vinnicombe. Frequency domain uncertainty and the graph topology.
1IEEE Transactions on Automatic Control, 38(9):1371-1383, 1993.



